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Preface

There is a unique way to teach: to lead the other person through
the same experience with which you learned.
Oscar Villarroya, cognitive scientit.

In this book, the mathematical aspects in our presentation of the basic thec
of block error-correcting codes go together, in mutual reinforcement, witl
computational discussions, implementations and examples of all the releve
concepts, functions and algorithms. We hope that this approach will facilitat
the reading and be serviceable to mathematicians, computer scientists ¢
engineers interested in block error-correcting cades.

In this hypertexpdf version, the examples can be run with just a mouse
click. Moreover, the examples can be modified by users and saved to the
local facilities for later work.

The program that handles the computations in the examples, togeth
with the interface that handles the editing (mathematics and text), here w
be calledwiris/cc. More specifically,wiRls stands for the interface, the
(remote) computational engine and the associated languagecatands
for the extension oWIRIS that takes care of the computational aspects tha
are more specific of error-correcting codes.

WIRIS/cc is an important ingredient in our presentation, but we do not
presuppose any knowledge of it. As it is very easy to learn and use, it |
introduced gradually, according to the needs of our presentation. A succi
description of the functions used can be found in the Index-Glossary at tf
end. The Appendix is a summary of the main features of the system.

This book represents the author’s response to the problem of teaching
one-semester course in coding theory under the circumstances that will
explained in a moment. Hopefully it will be useful as well for other teachers

ICognitive Research Center at the Universitat Autdonoma de Barcelona, interviewed t
Lluis Amiguet in“la contra”, LA VANGUARDIA, 22/08/2002.
2A forerunner of this approach was outlined in [34].



Preface iii

faced with similar challenges.

The course has been taught at the Facultat de Matematiques i Estadist
(FME) of the Universitat Politécnica de Catalunya (UPC) in the last few
years. Of the sixty sessions of fifty minutes each, nearly half are devoted
problem discussions and problem solving. The students are junior or seni
mathematics majors (third and fourth year) and some of them are pursuing
double degree in mathematics and telecommunications engineering.

The nature of the subject, the curriculum at the FME and the conte»
at the UPC advise that, in addition to sound and substantial mathematic
concepts and results, a reasonable weight should be given to algorithms ¢
the effective programming of them. In other words, learning should span
wide spectrum ranging from the theoretical framework to aspects that me
be labeled as ‘experimental’ and ‘practical’.

All these various boundary conditions, especially the stringent time cor
straints and the huge size of the subject, are to be pondered very carefully
the design of the course. Given the prerequisites that can be assumed (
linear and polynomial algebra, some knowledge of finite fields, and basi
facts about probability theory), it is reasonable to aim at a good understan
ing of some of the basic algebraic techniques for constructing block erro
correcting codes, the corresponding coding and decoding algorithms anc
good experimental and practical knowledge of their working. To give a mor:
concrete idea, this amounts to much of the material on block error correc
ing codes included in, say, chapters 3-6 in [29] (or chapters 4 to 8 in [24])
supplemented with a few topics that are not covered in these books, plust
corresponding algorithmics and programming in the sense explained abov

Of course, this would be impossible unless a few efficiency principle:
are obeyed. The basic one, some sort of Ockam’s razor, is that in the the
retical presentation mathematics is introduced only when needed. A simil
principle is applied to all the computational aspects.

The choice of topics is aimed at a meaningful and substantial climax i
each section and chapter, and in the book as a whole, rather than at an ol
ously futile attempt at completeness (in any form), which would be sensele:
anyway due to the immense size of the fields involved.

WIRIS /cc makes it possible to drop many aspects of the current present
tions as definitely unnecessary, like the compilations of different sorts of te
bles (as for example those needed for the hand computations in finite field:
As a consequence, more time is left to deal with conceptual matters.

Finally it should be pointed out that this digital version can be a key
tool for the organization of laboratory sessions, both for individual work
assignments and for group work during class hours. The system, togett
with the basic communications facilities that today can be assumed in mo
universities, makes it easier for students to submit their homework in digite
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form, and for teachers to test whether the computational implementatior
run properly.

The basic pedagogical assumptions underlying the whole approach &
that the study of the algorithms leads to a better understanding of the matt
matics involved, and that the discipline of programming them in an effective
way promotes a better understanding of the algorithms. It could be argue
that the algorithms and programs are not necessary to solve problems,
least not in principle, but it can also be argued that taking them into accoul
reinforces learning, because it introduces an experimental component in t
mathematical practice, and because it better prepares learners for future
plications.

Of course, we do not actually know whether these new tools and metho
will meet the high expectations of their capacity to strengthen the student
understanding and proficiency. But part of the beauty of it all, at least fo
the author, stems precisely from the excitement of trying to find out, by ex
perimenting together with our students, how far those tools and methods c
advance the teaching and learning of mathematics, algorithms and prograr

The growing need for mathematicians and computer scientists
in industry will lead to an increase in courses in the area of
discrete mathematics. One of the most suitable and fascinating
is, indeed, coding theory.

J. H. van Lint, [29], p. ix.

Acknowledgements

The character of this book, and especially the tools provided at
http://www.wiris.com/cc/,

would hardly be conceivable without thelRls system, which would not
have been produced without the sustained, industrious and unflappable c
laboration of Daniel Marqués and Ramon Eixarch, firstin the Projem @n

at the FME and afterwards, since July 1999, as partners in theMitthns

for More .

On the Springer-Verlag side, the production of this book would neve
have been completed without the help, patience and know-how of Clemel
Heine. Several other people at Springer have also been supportive in d
ferent phases of the project. My gratitude to all, including the anonymou
people that provided English corrections in the final stage.

It is also a pleasant duty to thank the FME and the Departament d
Matematica Aplicada Il (MA2) of the UPC for all the support and encour-
agement while in charge of the Coding Theory course, and especially t



Preface \%

students and colleagues for the everyday give-and-take that certainly has
fluenced a lot the final form of this text. Joan Bruna, for example, suggeste
an improvement in the implementation of the Meggitt decoder that has bece
included in Section 3.4.

Part of the material in this text, and especially the software aspects, we
presented and discussed in the EAGER school organized by Mina Teich
and Boris Kunyavski from the Emmy Noether Institute (German Minerve
Center) at Eilat (Israel, January 12-16, 2003). | am grateful to the organi:
ers for this opportunity, and to all the participants for their eager inquiring
about all aspects of the course. In particular, | have to thank Shmulik Ke
plan for suggesting an improvement of the alternant decoder implementatic
presented in Section 4.3.

Grateful thanks are due to Thomas Hintermann for sharing his enligh
ening views on several aspects of writing, and especially on English writing
They have surely contributed to improve this work, but of course only the at
thor is to be found responsible for the mistakes and blunders that have go
through undetected.

And thanks to my wife, Elionor Sed6. Without her enduring support
and love it would not have been possible to dedicate this work to her on tt
occasion of our thirtieth wedding anniversary, for it would hardly have beel
finished.

The author
L'Escala
20/1/03



Introduction

Error-correcting codes have been incorporated in numerous
working communication and memory systems.
W. Wesley Peterson and E. J. Weldon, Jr., [19], p. v.

This chapter is meant to be an informal introduction to the main ideas c
error-correcting block codes.

We will see that if redundancy is added in a suitable form to the infor-
mation to be sent through a communications channel (this process is call
coding), therit is possible to correct some of the errors caused by the chan
nelnoiseif the symbols received are processed appropriately (this process
called decoding).

The theoretical limit of how good coding can be is captured by Shannon’
concept of (channebapacityand Shannon’s epoch-making channel coding
theoren?®

At the end we will also explain how are we going to present the compu
tational discussions and materials.

How do we correct text mistakes?

‘A trap df ond milrian cileq begens wifh a single soep’,
Chinese saying
M. Bossert, [5], p. xiii.

Assume that you are asked to make sense of a ‘sentence’ like this: “Codit
theary zs bodh wntelesting and challenning” (to take a simpler example the
the Chinese saying in the quotation).

3«while his incredible inventive mind enriched many fields, Claude Shannon’s enduring
fame will surely rest on his 1948 pap&methematical theory of Communicatiand the on-
going revolution in information technology it engendered” (Solomon W. Golomb, in “Claude
Elwood Shannon (1916-2001)", Notices of the AMS, volume 49, number 1, p. 8).
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You realize that this proposed text has mistakes and after a little inspe
tion you conclude that most likely the writer meant “Coding theory is both
interesting and challenging”.

Why is this so? Look at ‘challenning’, for example. We recognize it is
a mistake because it is not an English word. But it differs from the Englisl
word ‘challenging’ in a single letter. In fact, we do not readily find other
English words that differ from ‘challenning’ in a single letter, and thus any
other English word that could be meant by the writer seems much mot
unlikely than ‘challenging’. So we ‘correct’ ‘challenning’ to ‘challenging’.
A similar situation occurs with the replacement of ‘theary’ by ‘theory’. Now
in ‘bodh’, if we were to change a single letter to get an English word, we
would find ‘bode, ‘body” or ‘both’, and from the context we would choose
‘both’, because the other two do not seem to make sense.

There have been several implicit principles at work in our correction pro
cess, including contextual information. For the purposes of this text, how
ever, the main idea is that most English words contatfundancyin the
sense that altering one letter (or sometimes even more) will usually still a
low us to identify the original word. We take this word to be the correct one
because, under reasonable assumptions on the source of errors, we think
it is themost likely

The repetition codarep(3)

Similar principles are the cornerstones of the theory and practice of erro
correcting codes. This can be illustrated with a toy example, which, despi
its simplicity, has most of the key features of channel coding.

Suppose we have to transmit a streambi$ uiusus--- (thuswu; €
{0, 1} for all 7) through a ‘noisy channel’ and that the probability that one
bit is altered isp. We assume that is independent of the position of the bit
in the stream, and of whether it is O or 1. This kind of channel is called :
binary symmetric channelith bit-error rate p.

In order to try to improve the quality of the information at the receiving
end, we may decide to repeat each bit three times (this is the redundancy
add in this case). Since for each information bit there are three transmissi
bits, we say that this coding scheme haie 1/3 (it takes three times longer
to transmit a coded message than the uncoded one). Thus every informat
bit v is coded into thecode worduuu (or [uwu] if we want to represent
it as a vector). In particular, we see that there are two code words, OC
and 111. Since they differ in all three positions, we say thatntiremum
distanceof the code is 3. The fact that the code words have 3 bits, that eac
corresponds to a single information bit, and that the two code-words differ i
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3 positions is summarized by saying that this repetition code, which we wil
denoterep(3), has typ€d3s, 1, 3].

If we could assume that at most one error is produced per each bloc
of three bits, then the redundancy added by coding suggests to decode e
block of three bits by a ‘majority vote’ decision: 000, 100, 010, 001 are
decoded as 0 and 111, 011, 101, 110 are decoded as 1. Of course, if twc
three errors occurred —a possibility that usually is much more unlikely thal
having at most one error—, then the decoder would give the wrong answe

All seems very good, but nevertheless we still have to ask whether th
scheme really improves the quality of the received information. Since thel
are three times more bits that can be in error, are we sure that this coding a
decoding is helping?

To decide this, notice that represents the proportion of error bits if no
coding is used, while if we useep(3) the proportion of bit errors will equal
the proportionp’ of received 3-bit blocks with 2 or 3 errors (then we may
call the decoded bit eode-erro). Since

P =3p*(1—p) +p°,

we see thap’ /p, which can be called therror-reduction factorof the code,
is equal to

3p(1 —p) +p® = 3p — 2p® = 3p(1 — 2p)

If pis small, as it usually is, this expression is also small, and we ca
use the (excess) approximatidp as its value. For exampl8p = 0.003 for
p = 0.001, which means that, on average, for every 1000 errors produce
without coding we will have not more than 3 with coding.

This is definitely a substantial improvement, although we are paying .
price for it: the number of transmitted bits has been tripled, and we also ha
added computing costs due to the coding and decoding processes.

Can we do better than in threp(3) example? Yes, of course, and this is
what the theory of error-correcting codes is about.

Remarks. There is no loss of generality in assuming, for a binary symmet:
ric channel, thap < 1/2 (if it were p > 1/2, we could modify the channel
by replacing any 0 by 1 and any 1 by 0 at the receiving end). If this conditiol
is satisfied, thep’ < p, with equality only forp = 0 andp = 1/2 (see Fig-
ure 1). Itis clear, therefore, that we can always assumerégB) reduces
the proportion of errors, except for= 1/2, in which case it actually does
not matter because the channel is totally useless. In Figure 1 we have a
drawn the graph of’ /p (the error reduction factor). Note that it4s 1 for

p < 1/2and< 1/2forp < 0.19.
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Figure 1: The graph ofp’ = 3p? — 2p? as a function ofy in the interval[0, 1]
is the concave arc. The convex arc is the graph in the same interya) pf(the
error-reduction factor)ltis < 1 for p < 1/2 and< 1/2 for p < 0.19. Note that in
the interval(0, 0.19] it decreases almost linearly to

Channel capacity and Shannon’s channel coding theorem

Shannon, in his celebrated paper [25], introduced the notiaapcityof

a channel — a numbe?' in the intervall0, 1] that measures the maximum
fraction of the information sent through the channel that is available at th
receiving end. In the case of a binary symmetric channel it turns out that

C =1+ plog,(p) + (1 — p)log,(1 — p),

where log is the base 2 logarithm function. Notice that = C(p) is
a strictly decreasing function in the intervi@l 1/2], with C'(0) = 1 and
C(1/2) =0, and thatC(p) = C(1 — p) (see Figure 2).

1

0 12 1

Figure 2: Graph of the capacity’(p), p € [0, 1], for a binary symmetric channel

Shannon'shannel coding theorestates that if? is a positive real num-



Introduction 5

ber less than theapacityC' of a binary symmetric channel (§o< R < C),
ande is any positive real number, then there are ‘codes’ vatie at leastR?
and with a probability of code-error less thafwe refer to [29], [15] or [24]
for details).

Shannon’s theorem shows that in theory it is possible to transmit infor
mation with sufficient confidence and with a transmission time increase b
a factor that can be as closepC as desired. Unfortunately, his methods
only show the existence of such codes, but do not produce them, nor the
coding and decoding, in affectiveway. It can be said that the main motiva-
tion of the theory of error-correcting codes in the last half century has beel
to a great extent, to find explicit codes with good rates, small code-errc
probabilities and with fast coding and decoding procedures.

Comments on our computational approach

Algorithms ... are a central part of both digital signal processing
and decoders for error-control codes...
R. E. Blahut, [4], p. vii.

Let us return to th&ep(3) example in order to explain how we are going
to deal with the algorithmic and computing issues. In this case we would lik
to define two functions, say andg, that express, in a computational sense,
the coding and the decoding we have been discussing. The result could
as in'The coderep(3) (click on this label). In this case it isldbrary, with a
Library Area (the area inside the rectangle below the title) a@dmputation
Area (the area below theibrary Area).

The syntax and semantics of the expressions is explained in more det
in the Appendix, but it should be clear enough at this point. The relevar
comment to be made here is that labels su#ﬁlaxs code Rep(3) ‘ are linked
to suitable files. When we click on a label, the corresponding file is displaye
on anwirRIS screen, and at that moment all the powewafis /ccis available
to the user.

There are two main kinds of tasks that we can do.

One is modifying the code in theibrary area. This is illustrated in
2An alternative decoder farep(3): we have added the functidn which is
another implementation of the majority decoder. In this case we are usir
the functionweight that returns the number of nonzero entries of a vector (it
is just one of the many functions knownworis/cc).*

“Here for simplicity we assume that the veclob c] is binary. Thus we have also omitted
the error handling message “Decoder error” wheb, ¢ are different.
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The other kind of tasks we can do is writing expressions inbm@pu-
tation Area (in this case the empty block underneath titgary Area) and
ask for their evaluation. This is illustrated in the link

3Some coding and decoding requests

A WIRIS/cc document can be saved at any time asam document in
the facilities available to the user. Thesenl files can be loaded and read
with a Web browser with Java, or can be ‘pasted’, without loosing any o
their functionalities, to otheintml documents. In fact, this is how we have
generated the listings we have been considering so far, and all the remaini
similar listings in this book.

WIRIS/cC

As indicated before, we usgIRIS /cc for all the algorithmic and program-
ming aspects. It may be thought of as the conjunction of the general purpo
language ofvIRIS and the special librargcfor the treatment of block error-
correcting codes. This language has been designed to be close to accej
mathematical practices and at the same time encompass various progre
ming paradigms. As with the mathematics, its features will be describe
when they are needed to understand the examples without assuming p
gramming skills on the part of the reader.

As an illustration, let us look at the decoder functigfior the Rep(3)
code which, for the reader’s convenience, we reproduce in théelcoder
for Rep(3). The formal parameter aof is a length 3 vectofabc|. Since
the components of this vector are named symbolically, and the names can
used in the body of the function (that is, the code written aftgr we see
thatwIRIS supports ‘pattern-matching’. In this case, the body of the functior
is anif ... then ... else ... end expression. The value of this expressiom is
whena andb are equal or when andc are equal, and it i8 whenb andc
are equal.

Of coursewIRIS can be used for many purposes other than codes. Figut
2 on page 4, for example, has been generated as indicated in th& tiek
capacity functior?

Goals of this book

The goal of this text is to present the basic mathematical theory of bloc
error-correcting codes together with its algorithmic and computational as

The graph is generated by evaluating the expressions that appear\&tRHe screen
when we click on this link.
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pects. Thus we will deal not only with the mathematics involved, but alsc
with the related algorithms and with effective ways of programming thest
algorithms. This treatment has been illustrated already in the case of tl
repetition codeRep(3) above: we have listed there, after explaining the con-
cepts of coder and decoder, a translation of them as algorithms (the functio
f andg) and programs (in this case, the fact tiisandg can be loaded and
run by a computer).

The book has four chapters. The first is a broad introduction to the subje
of block error-correcting codes. After a first section devoted to the presel
tation of the basic concepts, we study linear codes and the basic compu
tional issues of the syndrome-leader decoder. The third section is devoted
Hadamard codes, which in general are non-linear, and in the fourth sectic
we study the more outstanding bounds on the parameters of codes.

The second chapter is an independent introduction to finite fields an
their computational treatment to the extent that they are needed later. Usua
it is prefarable to cover its contents as the need arises while working on tt
material of the last two chapters.

Chapter 3 is devoted to cyclic codes, and to one of their practical deco
ing schemes, namely the Meggitt decoder. This includes a presentation
the two Golay codes, including its Meggitt decoding. The important Bose-
Chaudhuri-Hocquenghem codes, a subfamily of the cyclic codes, are al
considered in detail.

Chapter 4 is the culmination of the text in many respects. It is de
voted to alternant codes, which are generally not cyclic, and to their mai
decoders (basically the Berlekamp—Massey—Sugiyama decoder, based
the Euclidean division algorithm, and the Peterson—Gorenstein—Zierler &
gorithm, based on linear algebra, as well as some interesting variations
the two). It is to be noted that these decoders are applicable to the clas
cal Goppa codes, the Reed—Solomon codes (not necessarily primitive), a
the Bose—Chaudhuri-Hocquenghem codes (that include the primitive Ree
Solomon codes).

Chapter summary

e We have introduced theepetition coderep(3) for the binary sym-
metric channel and Shannon’s celebrated formula for d@pacity
C = 1+ plogy(p) + (1 — p)log,(1 — p), wherep is the bit-error
rate of the channel.

e Assumingp is small, the quotient of the code-error rateof Rep(3)
over the bit-error rate is aproximately3p. Hence, for example, if



8 Introduction

there is one bit error per thousand bits transmited (on average), the
using the code will amount to about three bit errors per million bits
transmitted (on average).

e The repetition cod®&ep(3) shows that error correction is possible at
the expense of the information transmission rate and of computation
costs. Shannon’s channel coding theorem, which says tiaaifde
denote positive real numbers such that R < C, where(C' is the
capacity, then there are ‘codes’ with a rate not less tRaand with
a code-error probability not higher than expresses the theoretical
limits of coding.

e Shannon only showed the existence of such codes, but no efficie
ways for constructing, coding and decoding them.

e The language in which the functions and algorithms are programme
WIRIS/cC, is very easy to learn and use, is explained gradually alon
the way and does not require any programming skills.

e There is a paper version of this book in which all the links are ex-
panded into suitable listings.

e The goal of this text is to present in the simplest possible terms, an
covering systematically the most relevant computational aspects, son
of the main breakthroughs that have occurred in the last fifty years il
the quest of explicit codes, and efficient procedures for coding an
decoding them, that approach Shannon’s theoretical limit ever mor
closely.

Conventions and notations

Exercises and Problems. They are labele&.m.n andP.m.n, respectively,
wheren is the n-th exercise or problem within chaptet. Problems are
grouped in a subsection at the end of each section, whereas exercises
inserted at any place that seems appropriate.

Mathematics andwirRis/cc. In the text, the expression of mathematical
objects and the correspondimgRISs/cc expression are written in different
types. This translation may not be done if the mathematicalares syn-
taxes are alike, especially in the case of symbolic expressions. For examp
we do not bother in typesetting.b or x|x’ for the WiRIS /cc expressions of
the mathematical range.b or the concatenatian|«’ of the vectors: andz’.
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Note that there may beiRis /cc objets (likeRange, a type) that are not
assigned an explicit formal name in the mathematical context.

The ending symbolJ . In general this symbol is used to signal the end
of a block (for example a Remark) that is followed by material that is nof
clearly the beginning of another block. An exception is made in the case ¢
proofs: we always use the symbol to denote the end of a proof, even if aft
it there is a definite beginning of a new block. On the other hand, since th
end of theorems without proof is always clear, the symbol is never used |
that case.

Quality improvement. We would be very appreciative if errors and sugges-
tions for improvements were reported to the author at the following emal
addresssebastia.xambo@upc.es.



1 Block Error-correcting Codes

Channel coding is a very young field. However, it has gained
importance in communication systems, which are almost incon-
ceivable without channel coding.

M. Bossert, [5], p. Xiv.

The goal of this chapter is the study of some basic concepts and constrt
tions pertaining to block error-correcting codes, and of their more salier
properties, with a strong emphasis on all the relevant algorithmic and con
putational aspects.

The first section is meant to be a general introduction to the theory ¢
block error-correcting codes. Most of the notions are illustrated in detal
with the example of the Hamming [7,4,3] code. Two fundamental results o
the parameters of a block code are proved: the Hamming upper-bound a
the Gilbert lower-bound.

In the second section, we look at linear codes, also from a general poi
of view. We include a presentation of syndrome decoding. The main exan
ples are the Hamming codes and their duals and the (general) Reed—Solon
codes and their duals. We also study the Gilbert—Varshamov condition on tl
parameters for the existence of linear codes and the MacWilliams identitie
between the weight enumerators of a linear code and its dual.

Special classes of non-linear codes, like the Hadamard and Paley cod
are considered in the third section. Some mathematical preliminairies c
Hadamard matrices are developed at the beginning. The first order Ree
Muller codes, which are linear, but related to the Hadamard codes, are al
introduced in this section.

The last section is devoted to the presentation of several bounds on t
parameters of block codes and the corresponding asymtotic bounds. S
eral procedures for the construction of codes out of other codes are al
discussed.
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1.1 Basic concepts

Although coding theory has its origin in an engineering prob-
lem, the subject has developed by using more and more so-
phisticated mathematical techniques.

F. J. MacWilliams and N. J. A. Sloane, [14], p. vi.

Essential points

e The definition of block code and some basic related notions (code
words, dimension, transmission rate, minimum distance, equivalenc
criteria for block codes).

e The definition of decoder and of the correcting capacity of a decoder
e The minimum distance decoder and its error-reduction factor.
e The archtypal Hamming code [7,4,3] and its computational treatmen

e Basic dimension upper bounds (Singleton and Hamming) and the nc
tions of MDS codes and perfect codes.

e The dimension lower bound of Gilbert.

Introductory remarks

The fundamental problem of communication is that of repro-
ducing at one point either exactly or approximately a message
selected at another point.

C. E. Shannon 1948, [25].

Messages generated by grfiormation sourceoften can be modelled as a
streamsy, so, ... of symbolschosen from a finite sef called thesource al-
phabet Moreover, usually we may assume that the titme¢aken by the
source to generate a symbol is the same for all symbols.

To send messages we needammunications channe/A communica-
tions channel can often be modelled as a device that takes a stream of sy
bols chosen from a finite s&t, that we will call thechannelor transmissioh
alphabet and pipes them to its destination (called theeiving endof the
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channel) in some physical form that need not concern us'h&sea result, a
stream of symbols chosen frdfarrives at the receiving end of the channel.

The channel is said to b®oiselessf the sent and received symbols al-
ways agree. Otherwise it is said to beisy, as real channels almost always
are due to a variety of physical phenomena that tend to distort the physic
representation of the symbols along the channel.

The transfer from the source to teending endf the channel requires
anencodey that is, a functionf : S — T from the set of source symbols
into the sefl™ of finite sequences of transmission symbols. Since we do nc
want to loose information at this stage, we will always assume that encode
are injective. The elements of the imagefoére called thecode-wordsof
the encoder.

In this text we will consider onllock encodersthat is, encoders with
the property that there exists a positive integesuch thatC' C T, where
C = f(S) is the set of code words of the encoder. The integisrcalled the
lengthof the block encoder.

For a block encoding scheme to make sense it is necessary that the sou
generates the symbols at a rate that leaves enough time for the opperatior
the encoder and the channel transmission of the code-words. We alwa
will assume that this condition is satisfied, for this requirement is taken int
account in the design of communications systems.

Since for a block encoder the mgp S — C' is bijective, we may con-
sider as equivalent the knowledge of a source symbol and the correspondi
code word. Generally speaking this equivalence holds also at the algorithrr
level, since the computation gfor of its inverse usually can be efficiently
managed. As a consequence, it will be possible to phrase the main isst
concerning block encoders in terms of the 6eaind the properties of the
channel. In the beginning in next section, we adopt this point of view as
general starting point of our study of block codes and, in particular, of th
decoding notions and problems.

1.1 Remarks. The set{0,1} is called thebinary alphabetand it is very
widely used in communications systems. Its two symbols are chitsd
With the addition and multiplication modulo 2, it coincides with the fiéld
of binary digits The transposition of the two bit® (—~ 1,1 — 0) is called
negation Note that the negation of a Hitcoincides withl + b.

1.2Example Consider therep(3) encoderf considered in the Introduction
(page 2). In this cas& andT are the binary alphabet add = {000,111},
respectively. Note that the inverse of the bijectipn S — C'is the map
000 — 0,111 — 1, which can be defined as— z;.

1The interested reader may consult [23, 5].
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Block codes

Only block codes for correcting random errors are discussed
F. J. MacWilliams and N. J. A. Sloane, [14], p. vii.

LetT = {t1,...,tq} (¢ > 2) be the channel alphabet. By a (blodqgde
of lengthn we understand any non-empty sub&eiC 7. If we want to
refer togq explicitely, we will say that”' is g-ary (binary if ¢ = 2, ternary
if ¢ = 3). The elements of’ will be calledvectors code-wordr simply
words

Usually the elements df™ are written in the forme = (z1,...,2zy),
wherez; € T. Since the elements @i can be seen as lengthsequences
of elements off’, the element will also be written a1 - . . . z,, (concate-
nated symbols), especially wh&h= {0, 1}.

If € T" andz’ € T, the expression|z’ will be used as an alternative
notation for the elemeritz, z') € 7"+, Similar notations such agz'|z"
will be used without further explanation.

Dimension, transmission rate and channel coding

If C'is a code of lengt, we will setkc = log, (|C]) and we will say that
k¢ is thedimensiorof C'. The quotientRc = k¢ /n is calledtransmission
rate, or simplyrate, of C.

1.3 Remarks. These notions can be clarified in terms of the basic notion:
explained in the first subsection (Introductory remarks). Indegg(|7™|) =
log,(¢") = n is the number of transmission symbols of any element'af
Sokc = log,(|C|) = log,(|S]) can be seen as the number of transmis-
sion symbols that are needed to capture the information of a source symb
Consequently, to send the information contenkgftransmission symbols
(which, as noted, amounts to a source symbol) we meeghsmission sym-
bols, and saR¢ represents the proportion of source information containec
in a code word before transmission. An interesting and useful special ca
occurs whenS = T*, for some positive integek. In this case the source
symbols are already resolved explicitely idteransmission symbols and we
havekc = k andR¢c = k/n. O

If C' has lengthn and dimensiork (respectively|C| = M), we say that
C has typ€n, k| (respectively typén, M)). If we want to havey explicitely
in the notations, we will writén, k], or (n, M),. We will often write C' ~
[n, k] to denote that the type @f is [n, k], and similar notations will be used
for the other cases.
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Minimum distance

Virtually all research on error-correcting codes has been based
on the Hamming metric.
W.W. Peterson and E.J. Weldon, Jr., [19], p. 307.

Givenz,y € T", the Hamming distancéetweenz andy, which we will
denotend(x, y), is defined by the formula

hd(z,y) = |{i € L.n|z; # yi}|.
In other words, it is the number of positioh& which x andy differ.

E.1.1 Check thatd is a distance off™*. Recall thatd : X x X — R is said
to be a distance on the s&tif, forall z,y,z € X,

1) d(z,y) > 0, with equality if and only ifz = y;
2) d(y, =) = d(z,y); and
3) d(z,y) < d(z,2) + d(z,y).

The last relation is callettiangle inequality

E.1.2 Letz,y € Z3 be two binary vectors. Show that
hd(z,y) = [z] + |y| — 2|z - y|

where|z| is the number of non-zero entries:ofit is called theweightof x)
andz -y = (z1y1, -+ , TnlYn)- O

We will setd = d¢ to denote the minimum of the distandegc, ¢’), where
¢, € C andc # ¢, and we will say thatl is the minimum distancef C.
Note that for the minimum distance to be defined it is necessaryhat 2.
For the codeg’ that have a single word, we will see that it is convenient to
putdc = n + 1 (see the Remark 1.12).

We will say that a cod€” is of type[n, k, d] (or of type (n, M, d)), if
C has lengthn, minimum distancel, and its dimension i& (respectively
|C| = M). If we want to havey explicitely in the notations, we will write
[n, k,d]q or (n,M,d),. Inthe case = 2 it is usually omitted. Sometimes
we will write C' ~ [n, k,d], to denote that the type & is [n, k, d],, and
similar notations will be used for the other cases.

The rational numbedc = d¢/n is calledrelative distanceof C.

E.1.3 Let C be a code of typén, M, d). Check that ift = n, thend = 1.
Show also that if\f > 1 (in order thatd is defined) andl = n thenM < ¢,
hencekqs < 1.
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1.4Example(A binary code (8,20,3))Let C be the binary cod&, 20) con-
sisting of 00000000, 11111111 and all cyclic permutations of0101010,
11010000 and11100100. From the computation in the lifkCyclic shifts of
a vectorit is easy to infer thatl = 3. ThusC'is a code of typ€8, 20, 3).

1.5 Remark. A code with minimum distanceé detectup tod — 1 errors, in
the sense that the introduction of a number of errors betweamnld — 1 in
the transmission gives rise to a word that is no€inNote thatd — 1 is the
highest integer with this property (by definition &f.

However, [the Hamming distance] is not the only possible and
indeed may not always be the most appropriate. For exam-
ple, in (Fio)® we have d(428,438) = d(428,468), whereas in
practice, e.g. in dialling a telephone number, it might be more
sensible to use a metric in which 428 is closer to 438 than it is
to 468.

R. Hill, [9], p. 5.

Equivalence criteria

We will say that two codeg’ andC’ of lengthn arestrictly equivalentf

C’ can be obtained by permuting the entries of all vector§’ iwith some
fixed permutation. This relation is an equivalence relation on the set of a
codes of lengtm and by definition we see that it is the equivalence relation
that corresponds to the natural actiorSafonT™, and hence also on subsets
of T™.

In the discussion of equivalence it is convenient to include certain pel
mutations of the alphabét in some specified positions. This idea can be
formalized as follows. Ler = (I'y,...,I',,), wherel'; is a subgroup of per-
mutations off’, that is, a subgroup @&, (1 < ¢ < n). Then we say that two
codesC andC’ arel'-equivalenif C’ can be obtained fror@' by a permuta-
tiono € S, applied, as before, to the entries of all vectorg’ofollowed by
permutations; € I'; of the symbols of eachentéyi = 1,...,n. If I'; = S,
for all 7, instead ofl"-equivalent we will sayS,-equivalentor simplyequiv-
alent In the case in whicff" is a finite fieldF andI'; = F — {0}, acting onF
by multiplication, instead of -equivalent we will also sa¥-equivalent or
F*-equivalent or scalarly equivalent

Note that the identity and the transpositionZaf = {0, 1} can be repre-
sented as the operations— x+0 andx — x+1, respectively, and therefore
the action of a sequeneg, . . ., 7,, of permutations 0%, is equivalent to the
addition of the vector € Z3 that corresponds to those permutations.

In general it is a relatively easy task, givento obtain from a codé€’
other codes that arg-equivalent toC, but it is much more complicated to
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decide whether two given codes dreequivalent.

E.1.4. Check that two (strongly) equivalent codes have the same paramete
n, k andd.

E.1.5. Show that given a codé€' C 7" and a symbot € T, there exists a
code equivalent t6¢’ that contains the constant watgl.

E.1.6. Can there be codes of tyge, ¢, n), which are not equivalent to the
g-ary repetition code? How many non-equivalent codes of {ype&, d),
there are?

Decoders

The essential ingredient in order to use a céde 7™ at the receiving end
of a channel to reduce the errors produced by the channel noiseding
function In the most general terms, it is a map

g:D—C,whereCCDCT"

such thayy(z) = « for all z € C. The elements oD, the domain of;, are
said to bey-decodable By hypothesis, all elements 6f are decodable. In
caseD = T, we will say thaty is afull decoder(or acomplete decodér

We envisage working, again in quite abstract terms, as follows. Given
x € C, we imagine that it is sent through a communications channel. Le
y € T™ be the vector received at the other end of the channel. Since tt
channel may be noisy,may be different fromx, and in principle can be any
vector ofT™. Thus there are two possibilities:

e if y € D, we will take the vector’ = ¢g(y) € C as the decoding af;

e otherwise we will say thag is non-decodableor that adecoder error
has occurred.

Note that the conditiog(z) = = for all x € C says that when a code
word is received, the decoder returns it unchanged. The meaning of this
that the decoder is assuming, when the received word is a code-word, tha
was the transmitted code-word and that no error occurred.

If we transmitz, andy is decodable, it can happen thét# . In this
case we say that an (undetectaldelle errorhas occurred.

Correction capacity

We will say that the decoderhascorrecting capacity, wheret is a positive
integer, if for anyz € C, and anyy € T" such thahd(z,y) < ¢, we have
y € D andg(y) = z.
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1.6Example Consider the codrep(3) and its decodey considered in the
Introduction (page 2). In this cagé = {0,1}, C = {000,111} andD =

T3, so that it is a full decoder. It corrects one error and undetectable coc
errors are produced when 2 or 3 bit-errors occur in a single code-word.

1.7 Remark. In general, the problem of decoding a cadés to construcD
andg by means of efficient algorithms and in such a way that the correctin
capacity is as high as possible.

Minimum distance decoder

Let us introduce some notation first. Givan € 7" and a non-negative
integerr, we set

B(w,r) ={z € T" |hd(w, z) < r}.

The setB(w, r) is called theball of centerw andradiusr.

If C = {z,...,2M}, let D; = B(z%,t), wheret = |(d — 1)/2], with
d the minimum distance of’. It is clear thatC N D; = {z'} and that
D;ND; = 0if i # j (by definition of¢ and the triangular inequality of
the Hamming distance). Therefore, if we g&t = | |; D;, there is a unique
mapg: Dc — C such thaty(y) = 2* for all y € D;. By constructiong
is a decoder of” and it corrects errors. It is called theninimum distance
decoderof C.

E.1.7. Check the following statements:

1. g(y) is the wordz’ € C such thahd(y, z') < t, if such anz’ exists,
and otherwisg is non-decodable fay.

2. If y is decodable andl(y) = 2/, then
hd(z,y) >t forall z € C — {z'}.

1.8 Remarks. The usefulness of the minimum distance decoder arises fror
the fact that in most ordinary situations the transmissions y that lead to

a decoder errornf¢ D), or to undetectable errorg € D, buthd (y, z) > t)

will in general be less likely than the transmissians— y for which y is
decodable and(y) = x.

To be more precise, the minimum distance decoder maximizes the like
lihood of correcting errors if all the transmission symbols have the sam
probability of being altered by the channel noise and if ghe 1 possible
errors for a given symbol are equally likely. If these conditions are satis
fied, the channel is said to be @gdry) symmetric channelJnless otherwise
declared, henceforth we will understand that ‘channel’ means ‘symmetri
channel.
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From the computational point of view, the minimum distance decodet
as defined above, is inefficient in general, evedidfis known, for it has to
calculatend(y, x), for x € C, until hd(y, z) < ¢, so that the average number
of distances that have to be calculated is of the ordéf'pf= ¢*. Note also
that this requires having generated tfieelements of”.

But we also have to say that the progress in block coding theory in th
last fifty years can, to a considerable extent, be seen as a series of milesto
that signal conceptual and algorithmic improvements enabling to deal wit
the minimum distance decoder, for large classes of codes, in ever more ¢
ficient ways. In fact, the wish to collect a representative sample of thes
brilliant achievements has guided the selection of the decoders presentec
subsequent sections of this book, starting with next example.

1.9 Example(TheHamming cod¢7,4,3]). Let K = Z, (the field of binary
digits). Consider thd(-matrix

1 110
R=[11 01
1 011

Note that the columns a® are the binary vectors of length 3 whose weight is
at least 2. Writing/,. to denote the identity matrix of order let G = I4|R”
andH = R|I3 (concatenatd, and R”, and alsoR and I3, by rows). Note
that the columns off are precisely the seven non-zero binary vectors of
length 3.

Let S = K* (the source alphabet) affd = K (the channel alphabet).
Define the block encoding : K* — K7 by u + uG = uluRT. The image
of this function isC = (G), the K-linear subspace spanned by the rows of
G, sothatC' is a[7, 4] code. Since

T
GH” = (I4]RT)(};—) =R"+R" =0,
3

because the arithmetic is mod 2, we see that the rows, @fnd hence the
elements of”, are in the kernel of7Z'. In fact,

C={ye K |yH" =0},

as the right-hand side contaids and both expressions af€-linear sub-
spaces of dimension 4. From the fact that all columngioére distinct,
it is easy to conclude thal- = 3. ThusC has type[7,4, 3]. Since|C| -
vol(7,1) = 24(1 +7) = 28 = |K8|, we see thaD¢ = K.

As a decoding function we take the map K7 — C defined by the
following recipe:
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1. Lets = yH" (this length 3 binary vector is said to be thygndromeof
the vectory).

2. If s = 0, returny (as we said above, = 0 is equivalent to say that
y e ).

3. If s # 0, letj be the index of as a row ofH .

4. Negate theg-th bit of 3.

5. Return the first four components gf

Let us show that this decoder, which by construction is a full decode
(D = KT), coincides with the minimum distance decoderdeed, assume
thatx € C'is the vector that has been sent. If there are no errorsthen,
s = 0, and the decoder returns Now assume that thgth bit of z € C'is
changed during the transmission, and that the received vecjoriée can
write y = x + e;, wheree; is the vector with 1 on thg-th entry and 0 on the
remaining ones. Thea= yH' = xHT + ¢;HT = ¢;HT, which clearly
is the j-th row of HT. Henceg(y) = y + e; = z (note that the operation
y — y + e; is equivalent to negating thieth bit of ). O

The expression of this examplewnris /ccis explained in the link Hamming
code [7,4,3[ThewIRIS elements that are used may be consulted in the Ap
pendix, or in the Index-Glossary.

The notion of an correcting code was introduced by Hamming
[in 1950]
V.D. Goppa, ], p. 46.

Error-reduction factor

Assume thap is the probability that a symbol &f is altered in the transmis-
sion. The probability thaf errors occur in a block of length is

(?)pj(l —p)".

ot = Y (M)pa-pr =130 (M- o

Jj=t+1 Jj=0

Therefore

gives the probability that + 1 or more errors occur in a code vector, and
this is the probability that the received vector is either undecodable or th:
an undetectable error occurs.
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If we assume thalv blocks ofk symbols are transmitted, the number of
expected errors isk N if no coding is used, while the expected number of
errors if coding is used is at mo&N - P.(n,t,p)) - k (in this product we
count as errors all the symbols corresponding to a code error, but of cour
some of those symbols may in fact be correct). Hence the quotient

p(nvtvp) = Pe(n7t7p)/p7

which we will call theerror reduction factorof the code, is an upper bound
for the average number of errors that will occur in the case of using coc
ing per error produced without coding (cf. E.1.8). Rosmall enough,
p(n,t,p) < 1 and the closer to O, the better error correction resulting from
the code. The value ¢f(n, t, p) can be computed with the functierf(n,t,p).

1.10Example(Error-reduction factor of the Hamming codé)ccording to
the formula [1.1], the error-reduction factor of the Hamming cdde~
[7,4, 3] for a bit error probabilityp has the form

(Yot

which is of the ordeR1p for p small. Note that this is 7 times the error-
reduction factor of the codrep(3), so that the latter is more effective in
reducing errors than’, even if we take into account that the true error re-
duction factor ofC is smaller thar1p (because in the error-reduction factor
we count all four bits corresponding to a code error as errors, even thoug
some of them may be correct). On the other hand the rat€sasfdRep(3)
are4/7 and1/3, respectively, a fact that may lead one to pre&feio Rep(3)
under some circumstances.

8Probability of code error and error-reduction factor

E.1.8 Letp’ = p/(n,t, p) be the probability of a symbol error using a code
of lengthn and correcting capacity, Letp = P.(n,t,p). Prove thapp >

P = p/k.

Elementary parameter bounds

In order to obtain efficient coding and decoding schemes with small errc
probability, it is necessary thatandd are high, inasmuch as the maximum
number of errors that the code can correat is |(d — 1)/2] and that the
transmission rate is, given proportional tok.

It turns out, however, that and d cannot be increased independently
and arbitrarily in their ranges (for the extreme cakes n or d = n, see
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E.1.3). In fact, the goal of this section, and of later parts of this chapter, i
to establish several non trivial restrictions of those parameters. In practic
these restrictions imply, for a givem, that if we want to improve the rate

then we will get a lower correcting capability, and conversely, if we want tc
improve the correcting capability, then the transmission rate will decrease.

Singleton bound and MDS codes

Let us begin with the simplest of the restrictions we will establish.

1.11 Proposition(Singleton bound) For any code of typén, k, d],
k+d<n+1.

Proof: Indeed, ifC is any code of typén, M, d), let us writeC’ C T +1
to denote the subset obtained by discarding thedastl symbols of each
vector of C. ThenC’ has the same cardinal &% by definition ofd, and so
" =M =|C| =1|C"| < ¢"4'. Hencek < n—d+ 1, which is equivalent
to the stated inequality. O

MDS codes. Codes that satisfy the equality in the Singleton inequality are
called maximum distance separabb®des, orMDS codedor short. The
repetition codeRep(3) and the Hamming code [7,4,3] are MDS codes. The
repetition codeof any lengthn on the alphabef’, which by definition is
Rep,(n) = {t,|t € T}, is also an MDS code (since it haslements, its
dimension is 1, and it is clear that the distance between any two distin
code-words is).

1.12 Remark. If C' is a code with only one word, thety- = 0, butd¢
is undefined. If we want to assign a conventional valuédahat satisfies
the Singleton bound, it has to satisty: < n + 1. On the other hand, the
Singleton bound tells us thdt: < n for all codesC' such thatC'| > 2. This
suggests to putc = n + 1 for one-word code€’, as we will do henceforth.
With this all one-word codes are MDS codes.

The function A,(n, d)

Given positive integers. andd, let R,(n,d) denote the maximum of the
ratesRc = k¢ /n for all codesC of lengthn and minimum distance.

We will also setk, (n, d) andA,(n, d) to denote the corresponding num-
ber of information symbols and the cardinal of the code, respectively, so th
Ry(n,d) = ky(n,d)/n andA,(n,d) = ¢*4).

A code(C (of lengthn and mimimum distancé) is said to beoptimalif
Rc = Ry(n, d) or, equivalently, if eithekc = ky(n,d) or Mo = Ay(n, d).
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Values of Ay(n, d)
n d=3 d=5 |d=7
5 4 2 —
6 8 2 —
7 16 2 2
8 20 4 2
9 40 6 2
10 72-79 12 2
11| 144-158 24 4
12 256 32 4
13 512 64 8
14 1024 128 16
15 2048 256 32
16 | 2720-3276) 256-340| 36-37

Table 1.1: Some known values or bounds s (n, d)

E.1.9. If ¢ > 2is an integer, show that,(3,2) = ¢*. In particular we have
that A»(3,2) = 4 and A3(3,2) = 9. Hint: if T = Z,, consider the code
C={(z,y,x+y) € T?|z,y €T}

E.1.10 Show thatd,(3k, 2k) = 4 for all integersk > 1.

E.1.11 Show thatdy(5,3) = 4.

The exact value ofl,(n, d) is unknown in general (this has often been
called themain problenof coding theory). There are some cases which are
very easy, liked,(n,1) = ¢", A2(4, 3) = 2, or the cases considered in E.1.9
and E.1.11. The value$,(6,3) = 8 and A»(7, 3) = 16 are also fairily easy
to determine (see E.1.19), but most of them require, even for smailich
work and insight. The table 1.1 gives a few valuesdgfn, d), when they
are known, and the best known bounds (lower and upper) otherwise. Sor
of the facts included in the table will be established in this text; for a more
comprehensive table, the reader is referred to the table 9.1 on page 248
the book [7]. Itis also interesting to visit the web page

http://lwww.csl.sony.co.jp/person/morelos/ecc/codes.html
in which there are links to pages that support a dialog for finding the be:
bounds known for a given pain, d), with indications of how they are as-
certained.

E.1.12 In the Table 1.1 only values ol (n, d) with d odd are included.
Show that ifd is odd, thenAs(n,d) = As(n + 1,d 4+ 1). Thus the table
also gives values for even minimum distanéént: given a binary codé’
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of lengthn, consider the cod€ obtained by adding to each vector@fthe
binary sum of its bits (this is called thgarity completiorof C).

The Hamming upper bound

Before stating and proving the main result of this section we need an auxi
iary result.

1.13 Lemma. Letr be a non-negative integer ande 7. Then
T n )
Bl =3 (7)1
=0

Proof: The number of elements @ that are at a distanédrom an element

xeTm™is
(?) (¢—1)
and so .
Bl =3 (7)1,
=0
as claimed. O

The lemma shows that the cardinal Bz, r) only depends om andr,
and not onz, and we shall writeol,(n, ) to denote it. By the preceeding
lemma we have

voly(n,7) = |B(z,r)| = 3 (?) (q — 1) [1.2]
=0

(see the link Computation ofol,(n, ).

1.14 Theorem(Hamming upper bound)if t = |(d — 1)/2], then the fol-
lowing inequality holds:

n

q

A d) £ ——.
o(n,d) volg(n, t)

Proof: Let C' be a code of typén, M, d),. Taking into account that the
balls of radiug = |(d — 1)/2] and center elements 6f are pair-wise dis-
joint (this follows from the definitiort and the triangular inequality of the

Hamming distance), it turns out thgt |B(z,t)| < |T"| = ¢™.
zeC
On the other hand we know that

|B(z,t)| = volg(n,t)
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and hence

q¢" = > |B(z,t)] = M -volg(n,t).
zeC

Now if we takeC' optimal, we get
Ay(n, d)voly(n,t) < ¢,
which is equivalent to the inequality in the statement. O

1.15 Remark. The Hamming upper bound is also callgghere-packing up-
per bound or simply sphere upper bound.
(see the link'®The sphere upper bound

E.1.13 Let m ands be integers such that< s < m and letey, ..., ¢y €
™, whereF is a finite field withg elements. Show that the number of vectors
that are linear combinations of at mastvectors from amongy, . . ., ¢, iS

bounded above byl (m, s).

[Hamming] established the upper bound for codes
V.D. Goppa, ], p. 46.

Perfect codes

In generalD¢ is a proper subset @f", which means that there are elements
y € T for which there is nac € C with hd(y,z) < t. If Do = T™, then
C'is said to beperfect In this case, for every € T" there is a (necessarily
unique)z € C such thahd (y, z) < t.

Taking into account the reasoning involved in proving the sphere-bounc
we see that the necessary and sufficient condition for a €Coikebe perfect

is that ,
n i _
> () (a=D'=q"/M (=q""),
i=0
whereM = |C| = ¢* (this will be called thesphereor perfectcondition).

The total code/™ and the binary repetion code ofld length are exam-
ples of perfect codes, with parametérs ¢”, 1) and (2m + 1,2,2m + 1),
respectively. Such codes are said tottdaal perfect codes We have also
seen that the Hamming code [7,4,3] is perfect (actually this has been check
in Example 1.9).

E.1.14 In next section we will see that ifis a prime-power and a positive
integer, then there are codes with parameters

(¢"=1)/(¢—=1),(¢" = 1)/(g —1) = r,3]).

Check that these parameters satisfy the condition for a perfect code. Nc
that forq = 2 andr = 3 we have the parameters [7,4,3].
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E.1.15 Show that the paramete3, 12, 7], [90, 78, 5] and[11, 6, 5] satisfy
the perfect condition.

E.1.16 Can a perfect code have even minimum distance?

E.1.17 If there is a perfect code of lengthand minimum distancd, what
is the value of4,(n, d)? What is the value afl,(7, 3)?

E.1.18 Consider the binary code consisting of the following 16 words:

0000000 1111111 1000101 1100010
0110001 1011000 0101100 0010110
0001011 0111010 0011101 1001110
0100111 1010011 1101001 1110100

Is it perfect?Hint: show that it is equivalent to the Hamming [7,4,3] code.

1.16 Remarks. The parameters of any non-triviglary perfect code, witly

a prime power, must be those of a Hamming codé2&yr12, 7], or[11, 6, 5|3
(van Lint and Tietavainen (1975); idependently established by Zinovi'ev an
Leont’ev (1973)). There are non-linear codes with the same parameters
the Hamming codes (Vasili'ev (1962) for binary codes; Schénheim (1968
and Lindstrom (1969) in general). Codes with the paramésr2'2, 7) and
(11,3%,5)5 exist (binary and ternary Golay codes; see Chapter 3), and the
are unigue up to equivalence (Pless (1968), Delsarte and Goethals (197
see [29], Theorem 4.3.2, for a rather accessible proof in the binary case, a
[14], Chapter 20, for a much more involved proof in the ternary case).

One of the steps along the way of characterizing the parameterargf
perfect codesy a prime power, was to show (van Lint, H.W. Lenstra, A.M.
Odlyzko were the main contributors) that the only non-trivial parameter:
that satisfy the perfect condition are those of the Hamming codes, the Gol:
codes (see E.1.15, and also P.1.7 for the binary case)9an2®, 5),. The
latter, however, cannot exist (see P.1.8).

Finally let us note that it is conjectured that there are no non-trivial
ary perfect codes fog not a prime power. There are some partial results
that lend support to this conjecture (mainly due to Pless (1982)), but th
remaining cases are judged to be very difficult.

The Gilbert inequality

We can also easily obtain a lower bound féy(n, d). If C' is an optimal
code, any element &f" lies at a distancel d — 1 of an element ot”, for
otherwise there would be a wogde T™ lying at a distance= d from all
elements of” andC' U {y} would be a code of length, minimum distance
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d and with a greater cardinal than |C|, contradicting the optimality.ofhis
means that the union of the balls of radilis 1 and with center the elements
of C'is the whol€l™. From this it follows that4,(n, d) -vol4(n,d—1) > ¢".
Thus we have proved the following:

1.17 Theorem(Gilbert lower bound) The function4,(n, d) satisfies the fol-
lowing inequality:

q’I’L
Ag(n,d) > volg(n,d — 1)’

What is remarkable about the Gilbert lower bound, with the improvemen
we will find in the next chapter by means of linear codes, is that it is the
only known general lower bound. This is in sharp contrast with the variet
of upper bounds that have been discovered and of which the Singleton a
sphere upper bounds are just two cases that we have already establist
(See the link 1 Gilbert lower boundl

1.18 Remark. The Hamming and Gilbert bounds are not very close. For
example, we have seen that< A»(8,3) < 28, 12 < A2(9,3) < 51,

19 < A3(10,3) < 93 and31 < Ay(11,3) < 170. But in factAy(8,3) =

20 (we will get this later, but note that we already ha¥g(8,3) > 20 by
E.1.4), A5(9,3) = 40 and the best known intervals for the other two are
72 < A2(10,3) < 79 and144 < Ay(11,3) < 158 (see Table 1.1).

E.1.19 The sphere upper bound for codes of typel, 3) turns out to be

M < 9 (check this), but according to the table 1.1 we haiyé6,3) = 8,

so that there is no code of tygé, 9, 3). Prove this.Hint: assuming such a
code exists, show that it contains three words that have the same symbols
the last two positions.

Summary

¢ Key general ideas about information generation, coding and transmi:
sion.

e The definition of block code and some basic related notions (code
words, dimension, transmission rate, minimum distance and equivs
lence criteria between codes).

e Abstract decoders and error-correcting capacity.

e The minimum distance decoder and its correcting capacity
to=1[(d—-1)/2].

e The Hamming codé7, 4, 3] (our computational approach includes the
construction of the code and the coding and decoding functions).
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e Error-reduction factor of a code.
e Singleton boundk < n+1—d.

e The functionA4,(n,d), whose determination is sometimes called the
‘main problem’ of block error-correcting codes.Table 1.1 provides son
information onAs(n, d).

e Hamming upper bound:
Aq(n,d) < ¢"/voly(n,t), wheret = | (d —1)/2].
e Perfect codes: a code, M, d), is perfect if and only if

zt: (7) (g—1)'=q"/M (=q¢"").

=0

o Gilbert lower bound:4,(n,d) > ¢"/voly(n,d — 1).

Problems

P.1.1 (Error-detection and correctiarijVe have seen that a codéof type

(n, M,d) can be used to detect up #io— 1 errors or to correct up to =

| (d —1)/2] errors. Show that’ can be used to simultaneously detect up to
s > t errors and correct up toerrors ift + s < d.

P.1.2 Prove thatd,(8,5) = 4 and that all codes of typ, 4, 5)» are equiv-
alent. Hint: by replacing a binary optimal code of length 8 and minimum
distance 5 by an equivalent one, we may assume0Od@i0000 is a code
word and then there can be at most one word of wejglt

P.1.3 Show that for binary codes of odd minimum distance the Hamminc
upper bound is not worse than the Singleton upper bound. Is the same tr
for even minimum distance? And fgrary codes withy > 2?

P.1.4 Prove thatds(n, d) < 2A2(n — 1,d). Hint: if C is an optimal binary
code of lengtm and minimum distancé, we may assume, changidginto

an equivalent code if necessary, that both 0 and 1 appear in the last positi
of elements of”, and then it is useful to consider, for= 0, 1, the codes
Ci={zeC|x, =1i}.

P.1.5 (Plotkin construction, 1960)Let C; andCs be binary codes of types
(n, My, dy) and(n, Ms, ds), respectively. Le€ be the lengtt2n code whose

words have the fornx|(x + y), for all z € C; andy € C,. Prove that

C ~ (2n, M1 M>, d), whered = min(2d;, dz).
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P.1.6 Show thatds(16,3) > 2560. Hint: use Example E.1.4 and the Plotkin
construction.

P.1.71f C ~ (n, M, 7) is a perfect binary code, prove that= 7 orn = 23.
Hint: use the sphere upper bound.

P.1.8 Show that there is no code with parametgg, 278, 5). Hint: Ex-
tracted from [9], proof of Theorem 9.7: @ were a code with those param-
eters, letX be the set of vectors i@ that have weight 5 and begin with two
1s,Y the set of vectors i@gﬂ that have weight 3 and begin with two 1s, and
D = {(z,y) € X xY|S(y) € S(z)}, and countD| in two ways ©(z) is
the support ofz, that is, the set of indicesin 1..90 such thatc; = 1).
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1.2 Linear codes

In an attempt to find codes which are simultaneously good in
the sense of the coding theorem, and reasonably easy to im-
plement, it is natural to impose some kind of structure on the
codes.

R. J. McEliece, [15], p. 133.

Essential points

e Basic notions: linear code, minimum weight, generating matrix, dua
code, parity-check matrix.

e Reed-Solomon codes and their duals.
e Syndrome-leader decoding algorithm.

e Gilbert—Varshamov condition op n, k, d for the existence of a linear
code(n, k, d|,.

e Hamming codes and their duals.
¢ Weight enumerators and the MacWilliams theoremidentities).

Introduction

The construction of codes and the processes of coding and decoding :
computationally intensive. For the implemetation of such opperations ar
additional structure present in the codes can be of much help.

In order to define useful structures on the codes, a first step is to enric
the alphabef” with more structure than being merely a set. If we want, for
example, to be able to add symbols with the usual properties, we could u
the groupZ, as7T'. Since this is also a ring, the alphabet symbols could
also be multiplied. If we also want to be able to divide symbols, then we
are faced with an important restriction, because divisiofijrby nonzero
elements is possible without exception if and only i§ prime.

We will have more room in that direction if we allow ourselves to use
not only the fieldsZ,, p prime, but also all other finite fields (also called
Galois field3. As we will see in the next chapter in detail, there is a field of
g elements if and only iy is a power of a prime number, and in that case the

2For an interesting theory for the cafe= Z,, see Chapter 8 of [29].
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field is unique up to isomorphism. Henceforth this field will be dendtgd
(another popular notation &F (q)).

12Prime powers less than N

So let us assume that the alphaleis a finite fieldIF,. Then we can
consider the code§ C Fg that are anF,-vector subspace dﬂ"g. Such
codes are calleinear codesand we devote this section to the study some
of the basic notions related to them. Note thaCifis a linear code and
its dimension as afff-vector space i, then|C| = ¢* and therefore:
coincides with the dimension @f as a codedim g, (C) = dim (C).

Linear codes are important for diverse reasons. The more visible al
that they grant powerful computational facilities for coding and decoding
If we revisit the Hamming code [7,4,3] (example 1.9), we will realize that
linear algebra ove¥., plays a major role there, and similar advantages will
be demonstrated for several families of codes from now on. A more subt
motive, which is however beyond the scope of this introductory text, is the
fact that Shannon’s channel coding theorem can be achieved by means
linear codes.

1.19Example(The International Standard Book Numhef)he ISBN code

of a book is 10-digit codeword assigned by the publisher, like the 3-54C
00395-9 of this book. For the last digit the symbol(whose value is 10) is
also allowed. For example, the ISBN of [7] is 0-387-96617-X. The hyphen:
divide the digits into groups that have some additional meaning, like the fir:
0, which indicates the language (English), and the groups 387-96617, whi
identify the publisher and the book number assigned by the publisher. Tt
last digit is acheck digitand is computed by means of the followwwegighted

check sum
10

D iz =0 (mod 11),
=1
or equivalently
9

10 :ZZCL‘Z (mod 11),
i=1
with the convention that the remainder 10 is replacedXbyFor some in-
teresing properties of this coding scheme, which depend crucially on the fa
thatZ,, is a field, see P.1.9. See also the lifksBN code for the compu-
tation of the ISBN check digit and the examples of the two books quoted i
this Example.

Notations and conventions

To ease the exposition, in this secticodewill meanlinear codeunless ex-
plicitely stated otherwise. Often we will also writeinstead off,. We will
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simply write M* () to denote the matrices of tygex n with coefficients
in F. Instead ofM/(IF) we will write My (F).
The usual scalar product of y € F™ will be denotedz|y):

(zly) = 2y" = 2101 + ... + Ty

Weights

We will let | |: F* — N denote the map — d(z,0). By definition, |z| is
equal to the number of non-zero symbolswoE F”. We will say that|z|,
which sometimes is also denotedz), is theweightof .

E.1.20 The weight is anormfor the spacé&™: for all x,y, z € F", |0| = 0,
|z| > 0if z # 0, and|z + y| < |z| + |y| (triangle inequality). O

If C is a linear code, then thminimum weighof C, w¢, is defined as
the minimum of the weightge| of the non-zera: € C.

1.20 Proposition. The minimum weight af’ coincides with the minimum
distance o’ d¢o = we.

Proof: Letz,y € C. If C'is linear, thenr — y € C and we haveéd (z,y) =

|x — y|. Sincex —y # 0if and only if z # y, we see that any distance
between distinct elements is the weight of a nonzero vector. Conversel
since|z| = hd(z,0), and0 € C because is linear, the weight of any
nonzero vector is the distance between two distinct elemernts dfow the
claimed equality follows from the definitions df; andwc. O

1.21 Remark. For a general cod€' of cardinalM, the determination af~
involves the computation of th&/ (M — 1)/2 Hamming distances between
its pairs of distinct elements. The proposition tells us that i§ linear then
the determination ofl involves only the computation ¥/ — 1 weights.
This is just an example of the advantage of having the additional linear stru:
ture.

It is important to take into account that the norirand the scalar product
(| ) arenot related as in Euclidean geometry. In the geometrical context w
have the formuldz|? = (z|z) (by definition of|z[), while in the present
context|z| and(z|x) have been defined independently. In fact they are quite
unrelated, if only because the values of the norm are non-negative intege
and the values of the scalar product are elemenis of

E.1.21 Let C be a linear code of typg, k| overF = F,. Fix any integer
j such thatl < 5 < n. Prove that either all vectors @ have 0 at the
j-th position or else that every elementlbfppears there in precisef§
vectors ofC'.
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E.1.22 Given a binary linear cod€’, show that either all its words have
even weight or else there are the same number of words with even and o
weight. In particular, in the latter ca$€| is even.

Generating matrices

Given a codeC' of type [n, k], we will say that a matrixG' € MF(F) is a
generating matribof C' if the rows of G form a linear basis of’.

Conversely, given a matri& € M’ (F) the subspacéG) C F" gener-
ated by the rows of7 is a code of typen, k], wherek is the rank ofG. We
will say that(G) is the code generated lty.

1.22 Remark. For the knowledge of a general code we need to have a
explicit list of its M vectors. In the case of linear codes of dimensign
M = ¢*, but theM code vectors can be generated out of th@ws of a
generating matrix. This is another example of the advantage provided by tl
additional linear structure.

1.23Examples a) The repetition code of length is generated by,,.

b) A generating matrix for the Hamming cod®& 4, 3] is G = I4|R”
(notations as in the example 1.9, p. 18).

c) If C C F™is a code of dimensiog, let C C F**! be the image
of C by the linear magf” — F” x F = F**! such thatr — x| — s(x),
wheres(z) = . x;. ThenC is a code of typén + 1, k] which is called the
parity extensiorof C' (the symbol-s(z) is called theparity check symbaif
the vectorz). If G is a generating matrix of’, then the matrixG obtained
by appending td> the column consisting of the parity check symbols of its
rows is a generating matrix @f. The matrixG will be called theparity
completion(or parity extension) of7. The link 4Parity completion of a
matrix shows a way of computing it.

E.1.23 The elements: € F**! such thats(z) = 0 form a codeC of type
[n + 1,n] (it is called thezero-parity codef lengthn + 1, or of dimension
n). Check that the matriZ,,|17) is a generating matrix af'.

Coding
Itis clear that ifG is a generating matrix af’, then the map
f:FF S F ue— uG

induces an isomorphism & onto C' and hence we can ugeas a coding
map forC.
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If A€ Mp(F)isan invertible matrix (in other wordsl € GL,(TF)), then
AG is also a matrix ofC. From this it follows that for each cod€ there
exists an equivalent code which is generated by a matrix that has the for
G = (I;|P), wherely, is the identity matrix of ordet and P € M* , (F).
Since in this cas¢ (u) = uG = (uluP), for all u € F¥, we see that the
coding ofu amounts to appending the vecteP ¢ F"~* to the vectoru
(we may think ofu P as a ‘redundancy’ vector appended to the ‘information
vector' u).

The codeg” (this time not necessarily linear) of dimensibrior which
there arek positions in which appear, when we letun in C, all sequences
of k& symbols, are said to bgystematigwith respect to thosé positions).
According to the preceding paragraph, each linear code of dime#si®n
equivalent to a systematic code with respect to the figspsitions.

1.24Example(Reed—Solomon codeshet n be an integer such thdt <

n < ¢ganda = ai,...,a, € F a sequence of distinct elements oF.
For every integek > 0, let F[X]; be theF-vector space whose elements
are polynomials of degree k with coefficients inF. We haveF[X], =
(1,X,...,X*Ng anddim (F[X]) = k. If & < n, the map

e: F[X]x — F", [ (flar),..., flan))

is injective, since the existence of a non-zero polynomial of degree
vanishing on all thex; impliesn < k (a non-zero polynomial of degree
r with coefficients in a field can have at mostoots). The image of is
therefore a linear cod€ of type [n, k].

We claim that the minimum distance 6fisn—k-1. Indeed, a non-zero
polynomial f of degree< k can vanish on at mogt— 1 of the elementsy;
and hence the weight @ff (1), . .., f(ay,)) is not less tham — (kK — 1) =
n — k4 1. On the other hand, this weight can be exaetly k£ + 1 for some
choices off, like f = (X — a;)--- (X — ax—1), and this proves the claim.

We will say thatC' is a Reed—SolomorRE) code of lengt and dimen-
sionk, and will be denote@&s. (k). When thex; can be understood by the
context, we will simply writerRs(k), or RS(n, k) if we want to display the
lengthn. It is clear that therRs codes satisfy the equality in the Singleton
bound, and so they are examples of MDS codes. On the other hand we he
n < ¢, and so we will have to take high values pto obtain interesting
codes.

Sincel, X, ..., X*~lis a basis off[X], theVandermonde matrix

Vilag,...,an) = (o?) (1<i<n, 0<j<k)

(2

is a generating matrix farS o, (k).
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The dual code

The linear subspace &Y ortogonal to a subsef C F™ will be denotedZ .
Let us recall that the vectors of this subspace are the veetarsF™ such
that(z|z) = 0forall z € Z.

If C'is a code, the cod€" is called thedual codeof C.

Since the scalar produgt| ) is non-degenerate, by linear algebra we
know thatC* has dimensiom — k if C' has dimensiork. In other words,
C+ is of type[n,n — k] if C is of type[n, k].

As C C C*+, tautologically, and both sides of this inclusion have di-
mensionk, we infer thatC++ = C.

Usually it happens thaf' and C have a non-zero intersection. Even
more, it can happen th&t C C*, or thatC = C*. In the latter case we
say thatC' is self-dual Note that in order to be self-dual it is necessary that
n = 2k.

E.1.24 If C is the lengthn repetition code ove€’, check thatC is the
zero-parity code of length.

E.1.25 If G is a generating matrix of', prove thatC' C C* is equivalent
to the relationGG” = 0. If in addition we haven = 2k, prove that this
relation is equivalent t@ = C-*. As an application, check that the parity
extension of the Hamming cod® 4, 3] is a self-dual code.

E.1.26 LetC;,C, C F} be linear codes. Show the'; +Cs)*+ = Cf-NCs-
and(01 N CQ)J_ = Cf‘ + CZJ‘

Parity-check matrices

If H is a generating matrix of- (in which caseH is a matrix of type
(n — k) x n) we have that

zeC ifandonlyif zHT =0,

because ifs is a row of H we haverh” = (x|h). Said in other words,
the elements: € C are exactly those that satisfy the- k linear equations
(x|h) = 0, whereh runs through the rows dff .

Givenh € C+, the linear equatioriz|h) = 0, which is satisfied for all
x € C, is called thecheck equationf C corresponding téd. By the previous
paragraph(' is determined by the — k check equations corresponding to
the rows ofH, and this is why the matri¥/ is said to be aheck matrixof
C (or also, as most authors sayparity-check matribof C, in a terminology
that was certainly appropriate for binary codes, but which is arguably nc
that good for general codes).
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The relation
C={zecPFlzHT =0}
can also be interpreted by saying thais the set of linear relations satisfied
by the rows o 7, that is, by the columns df. In particular we have:

1.25 Proposition. If any» — 1 columns off are linearly independent, then
the minimum distance @f is at leastr, and conversely.

1.26Example(The dual of arrRs code) LetC = RS, ... o, (k), Wwherea =
ai,...,o, are distinct nonzero elements of a finite fiédd Then we know
thatG = Vi (a1, ..., ay,) is a generating matrix af' (Example 1.24). Note
that the rows of7 have the form(ad, ..., a%), withi = 0,..., k — 1.

Now we are going to describe a check matthof C, thatis, a generating
matrix of C+. Recall that if we definé(as, . .., a,) as the determinant of
the Vandermonde matri¥, (a1, . . ., ;) (Vandermonde determingnthen

D(Oq, ceey an) = H(Oéj - Ozi).
i<j
Define the vectoh = (h4, ..., hy) by the formula

h; = (—1)2;1D(041, e G, Qg 1y e ) [ D, o)
=1/([J(05 — )
J#i
(remark that in the last product there are precigely 1 factors with the
indices reversed, namely the — a; with j < 7). Then the matrix

H =V, i(a1,...,ap)diag (hi,...,hy)

is a check matrix ot”.

To see this, it is enough to prove that any ron(bfs orthogonal to any
row of H becausdl has clearly rank. — k. Since the rows off have the
form (hiad, ..., hpad,), with j = 0,...,n — k — 1, we have to prove that

S ahy = 0if 0 < i < k—1and0 < j < n—k—1. Thus itwill be enough
=1

to prove thatzn: ajh; = 0(0 < s < n —2). Multiplying throughout by the
=1

nonzero dete_rminadf)(al, ..., ay), and taking into account the definition
of h;, we wish to prove that

af(—l)l_lD(al, e Q1,011 Q) = 0.

M=

~

1
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But finally this is obvious, because the left hand side coincides with th
determinant

of ... a
1 o 1
oy ... fo'

n—2 n—2
o cooooan

(developed along the first row), and this determinant has a repeated row.
As we will see in Chapter 4, the form of the matiX indicates that
RS« (k) is an alternant code, and as a consequence it will be decodable wi
any of the fast decoders for alternant codes studied in that chapter (sectic

4.3 and 4.4).

E.1.27 Check that the dual of ars(n, k) code is scalarly equivalent to an
RS(n,n — k). In particular we see that the dual oRs code is an MDS
code. O]

Let us consider now the question of how can we obtain a check matrix fror
a generating matrixs. Passing to an equivalent code if necessary, we ma:
assume thatr = (I;|P) and in this case we have:

1.27 Proposition. If G = (Ix|P) is a generating matrix of’, then H =
(—PT|I,_;) is a generating matrix o+ (note that—P” = PT in the
binary case)

Proof: Indeed,H is a matrix of type(n — k) x n and its rows are clearly
linearly independent. From the expressions-o0énd H it is easy to check
that GHT = 0 and hencg H) C CT. Since both terms in this inclusion
have the same dimension, they must coincide. O

1.28Example In the binary case, the matré{ = (1;|1) is a check matrix
of the parity-check cod&” ~ [k + 1, k], which is defined as the parity ex-
tension of the total code of dimensién The only check equation far' is
ijll x; = 0, which is equivalent to say that the weight is even for allz.

For the repetition code of lengthrelative to an arbitrary finite field,
the vectorl,, = (1/1,,_1) is a generating matrix anfl = (1Z_,|I,,_1) is a
check matrix. Note that the check equations corresponding to the roifis of
arer; =z fori=2,... n.

1.29Example If H is a check matrix for a cod€ of type[n, k], then

— 1 1
(3 o)
Hoor,

is a check matrix of the parity extensiéhof C.
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1.30Example LetF be a field ofg elements and lef* = {ay,...,a,},
n=gq— 1. LetC = RS,, ., (k). Then we know that the Vandermonde
matrix G = Vi(aq,...,ay) is a generating matrix of’. Now we will see
that the Vandermonde matrix

H=Vipplon,....,0n) =(af), 1<i<n—k1<j<n,
is a check matrix ot”.

Indeed, as seen in Example 1.26, there is a check matiix thfat has
the formV,,_i(au, ..., ap)diag (ha, ..., hn), With h; = 1/, (0 — o),
and in the present case we hadve= «; (as argued in a moment), so that
Vim—k(a1,...,an) = Vo_g(ai,...,op)diag (aq,...,a,) is a check ma-
trix of C.

To see that; = «, first note thaf [, ,;(; — «;) is the product of all
the elements df*, except—«;. Henceh; = —«; /P, whereP is the product
of all the elements of*. And the claim follows because = —1, as each
factor in P cancels with its inverse, except 1 and, that coincide with their
own inverses.

Remark that the dual ats,, . ., (k) is not anrRS,,, . ., (n — k), be-
causeH = Vj ,_p(oq,...,ap) is notV,,_(ai,...,a,). Buton dividing
the j-th column of 4 by o; we see that the dual &s,,, ... ., (k) is scalarly
equivalent taRS,, .. o, (n — k).

E.1.28 Let G be the generating matrix of a codé~ [n, k] and assume it
has the fornG = A|B, whereA is ak x k non-singular matrixdet(A) # 0).
Show that if we putP = A~ B, thenH = (—P7)|I,_; is a check matrix
of C.

E.1.29 In Proposition 1.27 the matrik, occupies the firsk columns, and

P the lasth — k. This restriction can be easily overcome as follows. Assume
that I, is the submatrix of a matrik’ € M?*(F) formed with the columns

j1 < -+ < jp,andletP € ij_k(F) be the matrix left fronG after remov-
ing these columns. Show that we can form a check mafrix M ~*(IF) by
placing the columns of PT successively in the columns, .. ., j, and the
columns ofl,,_;, successively in the remaining columns. [For an illustration
of this recipe, see the Example 1.36]

E.1.30 We have seen (E.1.27; see also Example 1.30) that the dual of
RS code is scalarly equivalent tors code. Sincers codes are MDS, this
leads us to ask whether the dual of a linear MDS code is an MDS cod
Prove that the answer is affirmative and then use it to prove that a linear co
[n, k] is MDS if and only if anyk columns of a generating matrix are linearly
independent.
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1.31 Remark. The last exercise includes a characterization of linear MDS
codes. Several others are known. An excellent reference is [24], §5.3. NC
that Theorem 5.3.13 in [24] gives an explicit formula for the weight enumer
ator of a linealn, k,, hence in particular fors codes:

a; = (?) (¢—1) ii(_l)j (z ; 1> P

j=0

15\Weight enumerator of a linear MDS code

Syndrome decoding

Let C be a code of typén, k| and H a check matrix ofC'. Giveny € F",
the element
yHT e pn*

is called thesyndromeof y (with respect tad). From what we saw in the last
subsection, the elements ©fare precisely those that have null syndrome:
C={reF"|zHT =0}.

More generally, gives € F* %, letC, = {z € F*|zH” = s} (hence
Co = C). Since the maw : F* — F"* such thaty — yH7” is linear,
surjective (because the rank Bfis n — k) and its kernel i€”, it follows that
C, is non-empty for any € F*~* and thatC, = z, + C for any z, € Cs.

In other words(; is a class modul@’ (we will say that it is the class of the
syndromes).

The notion of syndrome is useful in general for the purpose of minimun
distance decoding @ (as it was in particular for the Hamming [7,4,3] code
in example 1.9). The key observations we need are the followingg bet
the minimum distance decoder. Lete C be the transmitted vector and
the received vector. We know thais g-decodable if and only if there exists
a2’ € C such thahd(y,2’) < t, and in this case’ is unique andj(y) = z'.
With these notations we have:

1.32 Lemma. The vectory is g-decodable if and only if there existss F™
such thatyH” = eH™ and|e| < t, and in this case is unique and;(y) =
y—e.

Proof: If y is g-decodable, let’ = g(y) ande = y — 2’. TheneH” =
yHT — 2'HT = yHT, because the syndrome of ¢ C is 0, and|e| =
d(y,z') < t.

Conversely, let satisfy the conditions in the statement and consider the
vectorz’ =y —e. Thenz’ € C, because’H” = yHT —eH" = 0 (by the
first hypothesis om) andd(y, 2’) = |e| < t. Then we know that’ is unique
(hencee is also unique) and thaty) = 2’ (sog(y) =y — e). O
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E.1.31If e,e’ € Cs and|el,|e’| < t, prove thate = ¢'. In other words, the
classC; can contain at most one elemenwith |e| < t.

Leaders’ table

The preceeding considerations suggest the following decoding scheme. Fi
precompute a tabl& = {s — es},cpn—+ With e € Cs and in such a way
thate; has minimum weight among the vectors@h (the vectore; is said

to be aleaderof the clasg”, and the tableZ will be called aleaders’ table

for C). Note thate, is unique ifles| < ¢ (exercise E.1.31); otherwise we will
have to select one among the vectorg'othat have minimum weight. Now
thesyndrome decodearan be described as follows:

Syndrome-leader decoding algorithm

1) find the syndrome of the received vecigisays = yH;

2) look at the leaders’ tabl& to find e;, the leader of the class corre-
sponding tos;

3) returny — es.

1.33Example Before examining the formal properties of this decoder, it
is instructive to see how it works for the codé = Rep(3). The matrix

H = G (1] (1)> is a check matrix for the binary repetition codé =
{000,111}. For eachs € Z3, it is clear thate, = 0|s has syndrome.
Thus we haveCyy = C = {000,111}, Cip = €}, + C = {010,101},
Co1 = e, +C = {001,110}, C1; = €j; + C = {011,100}. The leaders
of these classes argy = ¢, = 000, e19 = €}, = 010, eg1 = e(; = 001,

e11 = 100. Hence the vectorg in the classC, are decoded ag + e,
(we are in binary). For exampl@,]1 is decoded a811 + 100 = 111 and
100 as100 + 100 = 000, like the majority-vote decoding explained in the
Introduction (page 3). In fact, it can be quickly checked that this coindidenc
is valid for ally € Z3. O

The facts discovered in the preceeding example are a special case of
following general result:

1.34 Proposition. If D = | |, .~ B(z,t) is the set of decodable vectors by
the minimum distance decoder, then the syndrome-leader decoder coincic
with the minimum distance decoder for ale D.

Proof: Letx € C andy € B(z,t). If e = y —z, then|e| < t by hypothesis.
Moreover, ifs = yH' is the syndrome of, then the syndrome efis also
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s, because
eHT = yHT —zH" = s.

Sincee, has minimum weight among the vectors of syndrome;| < |e| <
t. Soe = ¢, (E.1.31) andy(y) =y — es = y — e = z, as claimed. O

1.35 Remarks. With the syndrome decoder there are no docoder errors, fc
the tableE = {s — e} is extended to alk € F"~*, but we get an unde-
tectable error if and only i# = y — x is not on the tablev.

For the selection of the table valuesthe following two facts may be
helpful:

a) Let e, be any element with syndrome If the classe), + C' contains
an element such thate| < t, thene is the only element i’ with
this property (E.1.31) and sQ = e.

b) If the submatrix ofH formed with its last: — & columns is the identity
matrix I, (note that this will happen iff has been obtained from
a generating matrixz of C' of the form (I;|P)), then the element
e’ = (0x|s) has syndrome and hence the search @f can be carried
outinCs = e/, +C. Moreover, it is clear that for all such thats| < ¢
we havee; = €.

1.36Example See the link'6A binary example of sydrome decodirfigr
how the computations have been arranged.d’et (G), where

|

In the link, C' is returned as the list of its eight vectors.
Then we compute the table = {s — Cs}sezg of classes modul@’

and get

0
0
1

—_ o

1
0
0

O = O
I

) € M3(Zs).

X ={[0,0] — {[0,0,0,0,0],[1,0,0,1,1],[0,0,1,0,1],[1,0,1,1,0],
[1,1,0,0,1],[0,1,0,1,0],[1,1,1,0,0],[0,1,1,1,1] },

0,1] — { [0,0,0,0,1],[1,0,0,1,0],[0,0,1,0,0],[1,0,1,1,1],
[1,1,0,0,0],[0,1,0,1,1],[1,1,1,0,1],[0,1,1,1,0] },

[1,0] — { [1,0,0,0,0],[0,0,0,1,1],[1,0,1,0,1],[0,0,1,1,0],
[0,1,0,0,1],[1,1,0,1,0],[0,1,1,0,0],[1,1,1,1,1] },

[1,1] — { [1,0,0,0,1],[0,0,0,1,0],[1,0,1,0,0],[0,0,1,1,1],
[0,1,0,0,0],[1,1,0,1,1],[0,1,1,0,1],[1,1,1,1,0] } }

Note that to eachl there corresponds the list of vectors@f. Of course,

the list corresponding tf, 0] is C..
Let M be the table{s — MS}SEZ%’ where M, is the set of vectors

of minimum weight inCs. This is computed by means of the function
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min_weights, which yields, given a list of vectors, the list of those that have
minimum weight in that list. We get:

M = {[0,0] — {]0,0,0,0,0]},][0,1] — {]0,0,0,0,1],[0,0,1,0,0]},
[1,0] — {[1,0,0,0,0]},[1,1] — {][0,0,0,1,0],[0,1,0,0,0]}}.

A leaders’ tableF! = {s — e} 52 is found by retaining the first vector of
M. We get:

E = {[0,0] — [0,0,0,0,0],[0,1] — [0,0,0,0,1],
[1,0] — [1,0,0,0,0],[1,1] — [0,0,0,1,0]}.

We also need a check matrix. Since the idenfifyis a submatrix ofG,
although this time at the second, third and forth columns, we can construct
check matrix ofC' using E.1.29, as we do in the listing:

1 1 0 10
i = (0 111 1) '
Now we can decode any vectgrasy + E(yH"). For example, ify =

[0,1,0,0,1], thenyHT = [1,0] and the decoded vector |8,1,0,0,1] +
[1,0,0,0,0] =[1,1,0,0,1].

1.37Example The link” Ternary example of syndrome decodisgimilar
to the previous example. Here the I&tcontains3? elements; the tabl&’
has 9 entries, and the value assigned to each syndrome is a8fistlenents;
the classes of the syndromes

[0,1],[0,2], [1,0], [1,1],[2,0], [2,2]
contain a unique vector of minimum weight, namely

[0,0,0,0,1],[0,0,0,0,2],]0,0,0,1,0],[1,0,0,0,0],0,0,0,2,0], [2,0,0,0,0],

while

0[1,2] = {[07 07 0) 17 2]7 [Oa 07 21 07 2]) [07 1) 07 170]1 [07 1) 27070]7
1,0,0,0,1],[1,2,0,0,0],[2,0,0,2,0],[2,0,1,0,0]}

(Cl2,11 Is obtained by multiplying all the vectors @@, 5 by 2). With all this,
it is immediate to set up the syndrome-leader tablerhe link contains the
example of decoding the vectgr=[1,1,1,1,1].

Complexity

Assuming that we have the table = {e;}, the decoder is as fast as the
evaluation of the produat = yH” and the looking up on the tablg. But
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for the construction o2 we have to do a number of operations of the order
¢"™: there areg”* entries and the selection ef in C needs a number of
weight evaluations of the ordef on the average. In case we know that
H = (-PT|I,_}), the time needed to select thecan be decreased a little
bit for all s € F*~* such thats| < t, for we may take:, = 04|s (note that
this holds forvol,(n — k,t) syndromes). In any case, the space needed t
keep the tabld® is of the order of;”* vectors of lengt.

Bounding the error for binary codes

As we noticed before (first of Remarks 1.35), an error occurs if and only i
the error patterm = y — x does not belong to the table = {e;}. If we let

«; denote the number ef, whose weight ig, and we are in the binary case,
then

n
P.=) ai(1—p)"'p
i=0

is the probability thatr’ = z, assuming thap is the bit error probability.
Note that(1 — p)"~‘p’ is the probability of getting a given error-pattern.
HenceP. = 1 — P, is the code error probability. Moreover, sinee= (")
foro<i<tandl =", (7)p'(1—p)" ",

- n i n—i
Pezl—Pc:Z<<i>—ai>P(1—p) :
i=t+1

If pis small, the dominant term in this sum can be approximated by

noy 41
(1) -aw)s

and the error reduction factor by

<(t11) _O‘“) v

In general the integers; are difficult to accertain foi > t.

Incomplete syndrome-leader decoding

If asking for retransmission is allowed, sometimes it may be useful to modif
the syndrome-leader decoder as followss i§ the syndrome of the received
vector and the leadet, has weight at mogt then we retury — e, otherwise

we ask for retransmission. This scheme is callhedmplete decoding-rom

the preceding discussions it is clear that it will correct any error-pattern c
weigt at most and detect any error-pattern of weight 1 or higher that is
not a code word.
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E.1.32 Given a linear code of length, show that the probability of an
undetected code error is given by

n

Py(n,p) =Y ap'(l—p)" ™,
i=1
whereq; is the number of code vectors that have weiglit< ¢ < n). What
is the probability of retransmission when this code is used in incomplet
decoding?

Gilbert—Varshamov existence condition

1.38 Theorem. Fix positive integers:, k, d such thatt < n and2 < d <
n + 1. If the relation

voly(n —1,d —2) < ¢"*

is satisfiedthis is called th&silbert—Varshamov conditignthen there exists
a linear code of typén, k, d'] with d’ > d.

Proof: Itis sufficient to see that the condition allows us to construct a matri
H € M *(FF) of rankn — k with the property that any — 1 of its columns
are linearly independent. Indeed, if this is the case, then the Catifined
as the space orthogonal to the rowsFthas lengthn, dimensionk (from
n — (n — k) = k), and minimum weight!’ > d (since there are no linear
relations of length less thathamong the columns aff, which is a check
matrix of C).

Before constructingd, we first establish that the Gilbert—\Varshamov
condition implies thatl — 1 < n — k (note that this is the Singleton bound
for the parameterg andk). Indeed,

voly(n — 1,d — 2) = %_2 (n - 1) (q—1)

j=0 J
d—2
d—2 .
> < . >(q - 1)
=0~ 7

and hence;?2 < ¢"* if the Gilbert-Varshamov condition is satisfied.
Therefored — 2 < n — k, which for integers is equivalent to the claimed
inequalityd — 1 < n — k.

In order to constructd, we first select a basis, ..., c,_; € F*F.
Sinced — 1 < n— k, anyd — 1 vectors extracted from this basis are linearly
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independent. Moreover, a matriX of type (n — k) x m with entries inF
and which contains the columﬁ,j =1,...,n—k,hasrank: — k.

Now assume that we have constructed, for séraeln — k, n], vectors
ci,...,c¢; € F»~k with the property that any — 1 from among them are
linearly independent. If = n, it is sufficient to taked = (cf,...,cl)
and our problem is solved. Otherwise we will have n. In this case, the
number of linear combinations that can be formed with at nies® vectors
from amongcy, . . ., ¢; is not greater thawol (i, d — 2) (see E.1.13). Since
i <n—1,voly(i,d —2) < volg(n — 1,d — 2). If the Gilbert-Varshamov
condtion is satisfied, then there is a veatgr, € F*~* which is not a linear
combination of any subset df— 2 vectors extracted from the ligt, ..., ¢;,
and our claim follows by induction. O

Since 4,(n,d) > Ay(n,d') if d > d, the Gilbert-Varshamov condition
shows thatd,(n, d) > ¢". This lower bound, called th@ilbert—\Varshamov
bound often can be used to improve the Gilbert bound (theorem 1.17). In th
link 18Gilbert—Varshamov lower boungve define a function that computes
this bound Ip_gilbert_varshamov).

Hamming codes

Hamming codes were discovered by Hamming (1950) and Go-
lay (1949).
R. Hill, [9], p. 90.

We will say that ag-ary codeC' of type [n,n — r] is aHamming code
of codimension if the columns of a check matrik € M (F) of C form
a maximal set among the subsetd6fwith the property that any two of its
elements are linearly independent (of such a matrix we will say that it is
g-ary Hamming matrix of codimensian).

E.1.33 Fori =1,...,r, let H; be the matrix whose columns are the vectors
of F” that have the form{0, ...,0, 1, @jy1, ..., o), With a11,..., 0, € F
arbitrary. LetdH = Hi|Hs|- - - |H,. Prove that is ag-ary Hamming matrix

of codimension (we will say that it is anormalizedg-ary Hamming matrix

of codimension). Note also thaff; hasg”~* columns and hence that has

(¢" —1)/(g—1) columns. The link®Normalized Hamming matrixdefines

a function based on this procedure, and contains some examples.

1.39 Remark. Since two vectors df” are linearly independent if and only if
they are non-zero and define distinct points of the projective spdcy, we
see that the numberof columns of aj-ary Hamming matrix of codimension

o , : . -1 . .
r coincides with the cardinal &(F"), which isn = a T This expression
q—
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agrees with the observation made in E.1.33. It also follows by induction fron
the fact thatP™—! = P(F") is the disjoint union of an affine space !,
whose cardinal ig" !, and a hyperplane, which isPi—2. O

Itis clear that two Hamming codes of the same codimension are scalar
equivalent. We will writeHam, () to denote any one of them anem, (r) to
denote the corresponding dual code, that is to say, the code generated by
check matrixd used to definelam,(r). By E.1.33, it is clear thatiam,(r)
has dimensiok = n —r = (¢" — 1)/(¢ — 1) — r. Its codimension, which
is the dimension oflam, (1), is equal tor.

1.40Example The binary Hamming code of codimensiont&ms(3), is
the codd7, 4] that has

1001101
H=10 1 01011
0010111

as check matrix. Indeed, the columns of this matrix are all non-zero binar
vectors of length 3 anth the binary case two non-zero vectors are linearly
independent if and only if they are distinct

E.1.34 Compare the binary Hamming matrix of the previous example with
a binary normalized Hamming matrix of codimension 3, and with the matri
H of the Hamming7, 4, 3] code studied in the Example 1.9.

1.41 Proposition. If C' is any Hamming code, thefy = 3. In particular,
the error-correcting capacity of a Hamming codelis

Proof: If H is a check matrix of’, then we know that the elements@fare

the linear relations satisfied by the columnsidf Since any two columns
of H are linearly independent, the minimum distanc&’af at least 3. On
the other hand?' has elements of weight 3, because the sum of two column
of H is linearly independent of them and hence it must be proportional t
another column off (the columns off contain all non-zero vectors &t

up to a scalar factor). O

1.42 Proposition. The Hamming codes are perfect.

Proof: SinceHam,(r) has type(¢" —1)/(¢ —1),(¢" —1)/(¢ — 1) — r, 3],

we know from E.1.14 that it is perfect. It can be checked directly as well
the ball of radius 1 with center an element®f containsl +n(q — 1) = ¢"
elements, so the union of the balls of radius 1 with center an eleménisof

a set withg"~"¢" = ¢" elements. O

1.43 Proposition. If C' = Ham, (r) is the dual of a Hamming cod€ =
Ham,(r), the weight of any non-zero elementdfis ¢" 1. In particular, the
distance between any pair of distinct element§ois ¢" 1.
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Proof: Let H = (h;;) be a check matrix of’. Then the non-zero vectors of
C’ have the formx = aH, a € F", a # 0. So thei-th component of has the
form z; = a1h1; + - - - + a.-h,;. Therefore the condition; = 0 is equivalent
to say that the poinP; of P"~! = P(F") defined by the-th column of H
belongs to the hyperplane Bf ~! defined by the equation

aix1+ ...+ ayx,. = 0.

Since{P,...,P,} = P! (cf. Remark 1.39), it follows that the number of
non-zero components efis the cardinal of the complement of a hyperplane
of P!, Since this complement is an affine space!, its cardinal is;" !
and so any non-zero element@f has weight;" . O

Codes such that the distance between pairs of distinct elements is a fix
integerd are calledequidistantof distanced. ThusHam, (r) is equidistant
of distance;” .

E.1.35 Find a check matrix oflam7(2), the Hamming code ovét; of codi-
mension 2, and use it to decode the message

3523410610521360.

Weight enumerator

Theweight enumeratoof a codeC' is defined as the polynomial
Aty =) At
i=0

whereA; is the number of elements 6f that have weight.
It is clear thatA(t) can be expressed in the form

Aty =t

zeC

for the termt? appears in this sum as many times as the number of solutior
of the equationz| =i,z € C.

Note thatA, = 1, since0,, is the unique element af’ with weight 0.
On the other handy; = 0 if 0 < 7 < d, whered is the minimum distance
of C'. The determination of the othet; is not easy in general and it is one
of the basic problems of coding theory.
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MacWilliams identities

A situation that might be favorable to the determination of the weight enu
merator of a code is the case when it is constructed in some prescribed w
from another code whose weight enumerator is known. Next theorem (7
which shows how to obtain the weight enumeratolCaf from the weight

enumerator of” (and conversely) is a positive illustration of this expectation.

Remark. In the proof of the theorem we need the notionchfracterof
a groupG, which by definition is a group homomorphism Gfto U(1) =
{z € C||z| = 1}, the group of complex numbers of modulus 1. The constan
mapg — 1 is a character, called thenit character A character different
from the unit character is said to ®n-trivial and the main fact we will
need is that the additive group of finite fieR} has non-trivial characters.
Actually any finite abelian group has non-trivial characters. Let us sketc
how this can be established.

It is known that any finite abelian grou@ is isomorphic to a product of
the form

Lipy X -+ X Ly,

with k a positive integer and, . . ., n; integers greater than 1. For example,
in the case of a finite fielll,, we have (ifg = p”, p prime),
Fg ~ 7,

sinceF, is vector space of dimensioroverZ,. In any case, itis clear that if
we know how to find a non-trivial character@f,, then we also know how to
find a non-trivial character af (the composition of the non-trivial character
of Z,,, with the projection ofZ,,, x --- x Z,, ontoZ,, gives a non-trivial
character of7). Finally note that ifn. is an integer greater than 1 agg# 1

is ann-th root of unity then the mag : Z,, — U(1) such thaty(k) = ¥ is
well defined and is a non-trivial character®f.

E.1.36 Given a groupQ, the setGY of all characters ofy has a natural
group structure (the multiplicatiopy’ of two characters andy’ is defined
by the relation(xx’)(g) = x(9)x'(g)) and with this structur&’ is called
thedual groupof G. Prove that ifz is an integer greater than 1 afid U(1)

is a primitive n-th root of unity, then there is an isomorphisfy ~ Z,

m — Xm, Wherex,, (k) = £€m*. Use this to prove that for any finite abelian
groupG there exists an isomorphist ~ G".

1.44 Theorem(F. J. MacWilliams) The weight enumeratds(¢) of the dual
codeC of a codeC' of type[n, k] can be determined from the weight enu-
merator A(t) of C according to the following identity:

1—t

k * 4\ N *
B(t)=(1+4¢"t)"A =q-—1.
¢ B(t) =(1+4+q"t) (1 q*t>, ¢ =q
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Proof: Let x be a non-trivial character of the additive grouplbf= F,
(see the preceeding Remark). Thus we have axnap — U (1) such that
x(a + B) = x(a)x(B) for anya, 8 € F with x(v) # 1 for somey € F.
Observe thad . x(a) = 0, since

NI x(@)=> x(e+7) =) xla)

acF a€elF a€elF

andyx(y) # 1.
Now consider the sum

=35 xwmpi,

z€C yeFn

wherex(z,y) = x((z|y)). After reordering we have

S = Z ¢yl Z x(z,y).

yeln zeC

If y € C*, then(z|y) = 0 for all z € C and soy(xz,y) = 1 forallz € C,
and in this cas&" .~ x(z,y) = |C|. If y ¢ C*, then the mag' — F such
thatz — (z|y) takes each value & the same number of times (because
it is an[F-linear map) and hence, using thal, . x(o) = 0, we have that

> zcc X(z,y) = 0. Putting the two cases together we have that

S=1C| >t =¢"B()
yeCL

On the other hand, for any givene C, and making the convention, for
all « € F, that|a| = 1if a # 0 and|a| = 0 if « = 0, we have

Z X(l', y)tly‘ = Z X(I’lyl + ...+ ;L'nyn)t|y1‘+-"+‘yn|
yern Y1y, Yn €F
- Z HX Ty t"%
Y1, Yn €F i=1
n
H ( Z X(%Od)tm') -
i=1 «a€lF

But it is clear that

Syl = { 1T =0
’ 1—¢ if @ #0

aclF
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becausg .y x(o) = —1. Consequently

_ |
> X(@ia)tll = (1+q')" (11 - qit>

a€clF
and summing with respect toe C' we see that

1—1t )
1+ g t’’

S =(1+qt)"A(

as stated. O

1.45Example(Weight enumerator of the zero-parity cod@he zero-parity

code of lengthn is the dual of the repetition codg of lengthn. Since the

weight enumerator of” is A(t) = 1 + (¢ — 1)t", the weight enumerator
B(t) of the zero-parity code is given by the relation

gB(t)=(1+ (¢— 1)t)"(1 +(g—1) (Hl(q__tl)tﬁ

=@+ (g-)"+ (-1 -1)"
In the binary case we have
2B(t) = (14+t)" + (1 —t)",

which yields
i<n/2 n
_ 2
B(t) = Z <2i>t .
=0
Note that this could have been written directly, for the binary zero-parity
code of lengtin has only even-weight words and the number of those havin
weight2i is (5;).

1.46 Example(Weight enumerator of the Hamming code¥Ye know that
the dual Hamming codelam, () is equidistant with minimum distance
q"~! (Proposition 1.43). This means that its weight enumerator/3ay; is

the polynomial
1

B(t) =1+ (¢" —1)t7

because” — 1 is the number of non-zero vectors tiam, () and each of
these has weight —'. Now the MacWilliams identity allows us to determine
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the weight enumerator, say(t), of Ham,(r):

CAw) = a0s (1)

(11—
(1+ g )
—(1+g)"+ (@ - DA+ 7 (1-t)7

=@ty ()T 4 (@ - Dby
r—1_4

— ()T (A" @ =D -n7 ),

=(1+qt)"+ ("= D)(A+g"t)"

r—1

sincen = (¢" —1)/(¢ —1)andn —¢" ' = (¢""' = 1)/(¢ - 1).
In the binary case the previous formula yields that the weight enumeratc
A(t) of Ham(r) is

2A@) = (10 T (AT @ - -2 ).
Forr = 3, Ham(3) has typ€7, 4] and
8A) =1+t (L+)*+7(1—1)),
or
Aty =1+ 72 47t + 17

This means thaﬂo =A; =1, A1 = Ay =A5=A =0 andA3 = Ay =

7. Actually it is easy to find, using the description of this code given in the
example 1.40 (see also the example 1.9) that the weight 3 vectaesd8)

are

[1,1,0,1,0,0,0],[0,1,1,0,1,0,0], [1,0,1,0,0,1,0], [0,0,1,1,0,0,1],
1,0,0,0,1,0,1], [0,1,0,0,0,1,1],[0,0,0,1,1,1,0]
and the weight 4 vectors are
,1,1,0,0,0,1},[1,0,1,1,1,0,0], [0,1,1,1,0,1,0], [1,1,0,0,1, 1, 0],
[0,1,0,1,1,0,1],[1,0,0,1,0,1,1],[0,0,1,0,1,1,1]
Note that the latter are obtained from the former, in reverse order, by inte
changing 0 and 1.

(See the link®Weight enumerator of the Hamming code and MacWillian
identities.

Summary
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e Basic notions: linear code, minimum weight, generating matrix, dua
code, check matrix.

e Syndrome-leader decoding algorithm. It agrees with the minimun
distance decoder on the setD of g-decodable vectors.

e The Gilbert—Varshamov conditiowl,(n — 1,d — 2) < ¢" " guar-
antees the existence of a linear code of typek, d] (n, k, d positive
integers such that < n and2 < d < n). In particular the condition
implies that4,(n,d) > ¢, a fact that often can be used to improve
the Gilbert lower bound.

e Definition of the Hamming codes

Hamg(r) ~ [(¢" —1)/(¢ = 1),(¢" = 1)/(¢ — 1) — 7, 3]

by specifying a check matrix @ary Hamming matrix of codimension
7). They are perfect codes and the dual cede, (r) is equidistant
with distance;” 1.

e MacWilliams indentities (Theorem 7): K(¢) andB(t) are the weight
enumerators of a cod€ ~ [n, k| and its dual, then

1—t

k * 1\ N *
Bt)=(1+q¢t)"A =q—1.
q () ( Q) <1 q*t>’ q q

The main example we have considered is the determination of th
weight enumerator of the Hamming codes (example 1.46.

Problems

P.1.9 The ISBN code has been described in the Example 1.19. Prove th
this code:

1. Detects single errors and transpositions of two digits.
2. Cannot correct a single error in general.
3. Can correct a single error if we know its position.

If instead of the ISBN weighted check digit relation we used the the relatiol
Z}Ql x; =0 (mod 11),

which of the above properties would fail?
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P.1.10(The Selmer personal registration code, 19&7s used in Norway
to assign personal registration numbers and it can be defined as the—set
(Z11)" formed with the vectors: such thate; # 10 fori = 1,...,9 and

37618 945210
T _ —
zH' =0, whereH = (5 41397605 43 9 1). Show that
R can:
1) Correct one error if and only if its position is not 4 or 10.
2) Detect a double error if and only if it is not of the fortfes — £1¢),
teZi.
What can be said about the detection and correction of transpositions?

P.1.11 Encode pairs of information bitg0, 01, 10, 11 as 00000, 01101,
10111, 11010, respectively.

1. Show that this code is linear and express each of the five bits of th
code words in terms of the information bits.

2. Find a generating matrix and a check matrix.

3. Write the coset classes of this code and choose a leaders’ table.

4. Decode the word1111.

P.1.12 The matrix

O = =
_= o = O
= =0 O
— o O O
SO O
QU O o

is the check matrix of a binary code.

1. Find the list of code-words inthe case=b = c=d = 1.

2. Show that it is possible to chooseb, ¢, d in such a way that’ corrects
simple errors and detects double errors. Is there a choice that wou
allow the correction of all double errors?

P.1.13 LetG; andG; be generating matrices of linear codes of typask, di ],
and(n, k, d2] 4, respectively. Prove that the matrices

G 0
Gz = ( 01 G2> , Gy = G1|G2

generate linear codes of types + ng, 2k, ds|, and[n; + na, k, da], with
ds = min(dl, dg) anddy > di + do.



1.2. Linear codes 53

P.1.14 Letn = rs, wherer ands are positive integers. L&t be the binary
code of lengthn formed with the wordse = ayas ... a, such that, when
arranged in am x s matrix

a/l ... a/r
Gry1 T agr
A(s—1)r+1 " Qsr

the sum of the elements of each row and of each column is zero.

1. Check that it is a linear code and find its dimension and minimurr
distance.

2. Devise a decoding scheme.

3. Forr = 3 ands = 4, find a generating matrix and a check matrix
of C.

P.1.15 A binary linear code” of length 8 is defined by the equations

T5 = X9+ X3+ T4
T =1+ T2+ X3
Ty =21+ T2+ x4

Tg =21+ T3+ x4

Find a check matrix fot”, show thatd- = 4 and calculate the weight enu-
merator ofC'.

P.1.16(First order Reed—Muller coded)et L,,, be the vector space of poly-
nomials of degreeC 1 in m indeterminates and with coefficientslih The
elements of.,,, are expressions

ag+a1 X1+ ...+ amXm,

where Xy, ..., X,, are indeterminates ang, a1, . . ., a,, are arbitrary ele-
ments offF. Sol, Xy,..., X, is a basis of_,,, over[F and, in particular, the
dimension ofL,,, ism + 1.
Let n be an integer such that*~! < n < ¢™ and pick distinct vectors
x =z, ..., 2" € F™. Show that:
1) The linear mag: L,, — F" such thak(f) = (f(z'),..., f(z"))is
injective.

2) The image of is a linear code of typér, m + 1,n — g™~ 1].
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Such codes are called (first ordétged—Mullercodes and will be denoted
RMZ(m). In the casen = ¢™, instead ofRMT(m) we will simply write
RM, (m) and we will say that this isfull Reed—Muller code. Thusm,(m) ~
(™ m+1,q" (g —1)).

1.47 Remark. There are many references that present results on the deco
ing of RM codes. The following two books, for example, include a lucid and
elementary introduction: [1] (Chapter 9) and [31] (Chapter 4).
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1.3 Hadamard codes

The first error control code developed for a deep space appli-
cation was the nonlinear (32, 64) code used in the Mariner '69
mission.

S.B. Wicker, [32], p. 2124.

Essential points

o Hadamard matrices. The matricE$™ .

e The order of a Hadamard matrix is divisible by 4 (if it is not 1 or 2).

e Paley matrices.

e Uses of the Paley matrices for the construction of Hadamard matrice
e Hadamard codes. Example: the Mariner code.

e The Hadamard decoder.

e Equivalence of some Hadamard codes with first order Reed—Mulle
codes.

Hadamard matrices

A Hadamard matribof ordern is a matrix of typen x n whose coefficients
arel or —1 and such that
HHT = nI.

Note that this relation is equivalent to say that the rows{fohave norm
v/n and that any two of them are orthogonal. Singeis invertible and
H" = nH~', we see thati”"H = nH~'H = nI and henced” is also
a Hadamard matrix. Therefor is a Hadamard matrix if and only if its
columns have normy/n and any two of them are orthogonal.

If H is a Hadamard matrix of order, then

det(H) = +n™2.

In particular we see that Hadamard matrices satisfy the equality in the Had
mard inequality

n n

det(A)] < JTO a3)'?,

i=1 =1
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which is valid for alln x n real matricesA = (a;;).

E.1.37. Show thatn”/? is an upper-bound for the value dét(A) when A
runs through all real matrices such that;| < 1, and that the equality is
attained only if4 is a Hadamard matrix. O

If the signs of a row (column) of a Hadamard matrix are changed, then the ri
sulting matrix is clearly a Hadamard matrix again. If the rows (columns) of ¢
Hadamard matrix are permuted in an arbitrary way, then the resulting matr
is a Hadamard matrix. Two Hadamard matrices are said eghéalent(or
isomorphig if it is possible to go from one to the other using a sequence o
these two operations. Observe that by changing the sign of all the columi
whose first term is-1, and then of all the rows whose first term-id, we
obtain an equivalent Hadamard matrix whose first row and columrn.are
and1”, respectively. Such Hadamard matrices are said tadsenalized

n?

Hadamard matrices. For example,

1 _ 1 1
=i )

is the only normalized Hadamard matrix of orderMore generally, if we
defineH™ (n > 2) recursively by the formula

-1 ppn-1)
(n) —
H - (H(nl) _H(n1)> )

then H(™ is a normalized Hadamard matrix of ord#t for all n (see the
link 2Computation of the matrice (™).

It is also easy to check thatif andH’ are Hadamard matrices of orders
n andn/’, then the tensor produéf ® H’ is a Hadamard matrix of ordem’
(the matrixH @ H', also called th&ronecker producbf H andH’, can be
defined as the matrix obtained by replacing each entrgf A by the matrix
a;; H'). For example, i is a Hadamard matrix of order, then

1) _(H H
mon- (4 1)

is a Hadamard matrix of ordémn. Note also that we can write
HM = gU) & g1

E.1.38 Check that the functiotensor defined in the link¥2Tensor product
of two matricesyields the tensor or Kronecker product of two matrices.

1.48 Proposition. If H is a Hadamard matrix of orden > 3, thenn is a
multiple of4.
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Proof: We can assume, without loss of generality, #hés normalized.

First let us see that is even. Indeed, if andr’ are the number of times
that1 and—1 appear in the second row &f, then on one hand the scalar
product of the first two rows aff is zero, by definition of Hadamard matrix,
and on the other it is equal to— r/, sinceH is normalized. Hence’' = r
andn =r + 1" = 2r.

Now we can assume, after permuting the columnH d@f necessary, that
the second row off has the form

(17”| - 17‘)
and that the third row (which exists becausg: 3) has the form
(18| - 1t|]-s/’ - ]-t’)a

with
s+t=s5+t =7

Since the third row containstimes 1 and- times—1, we also have that
s+ =t+t =r

The equations + ¢ = r ands + s’ = r yield s = t. Similarly, ¢’ = s from
s+t =randt+t = r. Hence the third row off has the form

(18| - 1t‘1t| - 13)-

Finally the condition that the second and third row are orthogonal yields the
2(s —t) =0and hence = ¢, r = 2s andn = 4s. O

E.1.39 Forn = 4 andn = 8, prove that any two Hadamard matrices of
ordern are equivalent.

The Paley construction of Hadamard matrices

Assume thay, the cardinal off, is odd (that isqg = p", wherep is a prime
number greater than 2 amds a positive integer). Let

x: F* — {£1}

be theLegendre characteof F*, which, by definition, is the map such that

x(z) =

1 if z isasquare
—1 if z isnotasquare

We also extend to F with the convention tha(0) = 0.
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1.49 Proposition. If we setr = (¢ — 1)/2, thenx(z) = z" for all x € F.

Moreover,y takesr times the valud andr times the value-1 and hence
> wer X(7) = 0.

Proof: Since(z")? = 22" = z(@=1 = 1 (becausé™* has order; — 1; cf.

Proposition 2.29), we see that = +1. If z is a square, say = w?, then
2" =w? =1.

Note that there are exactlysquares irff*. Indeed, sincé—z)? = 22,
the number of squares coincides with the number of distinct gairs-x}
with x € F* and it is enough to observe thatt —z, for all z, because is
odd.

Since the equatiom” = 1 can have at most solutions inF*, and ther
squares are solutions, it turns out thét+ 1 for the » elements off™ that
are not squares, hengé = —1 for all z that are not squares. Thus the value
of 2" is 1 for the squares and1 for the non-squares, as was to be sedn.

The elements off that are squares (non-squares) are also said to b
quadratic residuegquadratic non-residugsof F. The link 23The Legen-
gre character and the functions QR and N@RIudes the functiohegen-
dre(a,F), that computes(?~1/2 (¢ = |F|) for a € F*, and the functions
QR(F) and QNR(F) that return, respectively, the sets of quadratic residue:
and quadratic non-residues of any finite fi&ld

Paley matrix of a finite field of odd characteristic

Letxg = 0,1, ..., 2,1 denote the elements Bf in some order, and define
the Paley matrixof IF,
Sq = (sij) € My(F),
by the formula
Sij = X(w; — xj)-
For its computation, see the lifkPaley matrix of a finite field

1.50 Proposition. If U = U, € M,(FF) is the matrix whose entries are dl|
thenS = S, has the following properties:

1) S17 =of 2) 1,58 =0,
3) SST =qI, —U 4) ST = (—1)l@=1D/2g.

Proof: Indeed, 1 and 2 are direct consequences of the equality

> x(z) =0,

z€eF

3For the convenience of the reader, the funcliegendre is defined and used here in-
stead of the equivalent built-in functidegendre.
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which in turn was established in proposition 1.49.
The relation 3 is equivalent to say that

Z e = {11 it =i
R N P

The first case is clear. To see the secondy leta; — a, andy = a; — a;, SO
thata; — a, = =+ y. With these notations we want to show that the value of

S—ZX x(z+vy)

is —1 for all ¥y # 0. To this end, we can assume that the sum is extende
to all elementse such thatr # 0, —y. We can writex + y = xz,, where

z; = 1 4 y/z runs through the element$ 0, 1 whenz runs the elements
# 0, —y. Therefore

s= Y x@)Px(z) = > x(z)=-1

x#0,—y 2#0,1

Finally the relation 4 is a consequence of the the formylal) =
(—1)(e=1/2 (proposition 1.49). O

Construction of Hadamard matrices using Paley matrices
1.51 Theorem.If n = ¢ + 1 = 0 (mod4), then the matrix

1 1
H, = 's)
" (1qT —I, £ 5,

is a Hadamard matrix of orden.

Proof: The hypothesis = ¢+ 1 = 0 (mod4) implies that(¢ — 1)/2 is odd
and henceS = S, is skew-symmetric§{’? = —S). Writing 1 instead oft,
for simplicity, we have

r (1 1 1 1
H"Hn_<1T ~I,+5)\1T —1,-8

B 1+1-17 14+1(-1,—95)
17+ (-1, + 917 1T .1+4+1,+ 887

and the preceeding proposition implies that this matrix is equal to Note
that1 - 17 = gand1? - 1 = U,. We have shown the caseS; the case-S
is analogous. O

(see the linkk5Hadamard matrix of a finite field with+ 1 = 0 mod 4).
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1.52 Remark. Wheng + 1 is not divisible by 4, in E.1.42 we will see that
we can still associate a Hadamard matrixfto but its order will be2q + 2.
Then we will be able to definkadamard_matrix(F:Field) for any finite field
of odd characteristic by using the formula in the Theorem 1.51 wheri

is divisible by 4 (in this case it returns the samehadamard_matrix_) and
the formula in E.1.42 wheq + 1 is not divisible by 4.

The name conference matrix originates from an application to
conference telephone circuits.
J.H. van Lint and R.M. Wilson, [30], p. 173.

Conference matrices and their use in contructing Hadamard matrices

E.1.40 A matrix C of ordern is said to be @onference matri¥ its diagonal

is zero, the other entries atel andCCT = (n — 1)I,. Prove that if a
conference matrix of ordet > 1 exists, them is even. Prove also that
by permuting rows and columns &f, and changing the sign of suitable
rows and columns, we can obtain a symmetric (skew-symmetric) conferen
matrix of ordern for n = 2 (mod4) (n = 0 (mod4)).

E.1.41 Let S be the Paley matrix of a finite fiell,, ¢ odd, and let = 1 if
S'is symmetric and = —1 if S is skew-symmetric. Prove that the matrix

_ 0 ]-q
¢= (51;; s)

is a conference matrix of order+ 1 (for the computation of this matrix, see
the link 26Conference matrix This matrix is symmetric (skew-symmetric)
if ¢ =1 (mod4) (¢ = 3 (mod4)). Note that in the case = 3 (mod4) the
matrix I,, + C'is equivalent to the Hadamard mattik, of theorem 1.51.

E.1.42 If C is a skew-symmetric conference matrix of ordershow that
H = I, + Cis a Hadamard matrix (cf. the remark at the end of the previou:
exercise). IfC' is a symmetric conference matrix of ordershow that

7_( I+ C —I.+C
S \-I,+C —-I,-C

is a Hadamard matrix of ordén. O

The last exercise allows us, as announced in Remark 1.52, to associ
to a finite field[F,, ¢ odd, a Hadamard matrix of ordgr+ 1 or 2q + 2
according to whethey + 1 is or is not divisible by 4, respectively. For the
computational details, see the liRkHadamard matrix of a finite fieldThe
function in this link is callechadamard_matrix(F), and extends the definition
of hadamard_matrix_ that could be applied onlyf + 1 =0 mod 4.



1.3. Hadamard codes 61

1.53 Remark. The Hadamard matriced(?), H®), H®  H®) have orders
4,8,16,32. Theorem 1.51 applies for = 7,11,19, 23, 27,31 and yields
Hadamard matrice&lg, Hi2, Hog, Ha4, Hog and Hss. The second part of
the exercise E.1.42 yields Hadamard matriflgs, Ho, H g from the fields
Fs5, Fg andFq3.

It is conjectured that for all positive integensdivisible by 4 there is a
Hadamard matrix of ordet. The first integem for which it is not known
whether there exists a Hadamard matrix of ondés 428 (see [30] or [2]).

The matricesH®) and Hg are not equal, but we know that they are
equivalent (see E.1.39). The matridés, and H |, are also equivalent (see
P.1.19). In general, however, it is not true that all Hadamard matrices of tr
same order are equivalent (it can be seen, for examplefhaand H o are
not equivalent).

For more information on the present state of knowledge about Hadama
matrices, see the web page

http://www.research.att.com/"njas/hadamard/

Hadamard codes

One of the recent very interesting and successful applications
of Hadamard matrices is their use as co-called error-correcting
codes.

J.H. van Lint and R.M. Wilson, [30], p. 181.

We associate a binary codé = Cy of type (n,2n) to any Hadamard
matrix H of ordern as follows: C = C’ LU C”, whereC’ is obtained by
replacing all occurrences ofl in H by 0 andC"” is the result of comple-
menting the vectors i’ (or replacing—1 by 0 in — H).

Since any two rows off differ in exactlyn /2 positions, if follows that
the minimum distance af'y is n/2 and so the type of'y; is (n, 2n,n/2).

For the construction af'y; as a list of code-words, see the liffkConstructiot
of Hadamard code@o save space in the examples, instead of the matrix o
code-words we have written its transpose).

E.1.43 Are the Hadmanard codes equidistant? Can they have vectors
weight less tham /27?

E.1.44 Show that the cod€’y, is equivalent to the parity extension of the
Hamming([7,4, 3] code. It is therefore a linear code (note that a Hadamarc
code of length cannot be linear unlessis a power of 2.

1.54Example The codeC = Cy; ), whose type is(32,64, 16), is the
code used in the period 1969-1972 by the Mariner space-crafts to trar
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mit pictures of Mars (this code turns out to be equivalent to the linear cod
RM2(5); see P.1.21). Each picture was digitalized by subdividing it into
small squares (pixels) and assigning to each of them a number in the ran
0..63 (000000..111111 in binary) corresponding to the grey level. Finally
the coding was done by assigning each grey level to a code-watrdinfa
one-to-one fashion. Hence the rate of this coding is 6/32 and its correctir
capacity is 7. See figure 1.1 for an upper-bound of the error-reduction fact
of this code. Decoding was done by the Hadamard decoder explained in t
next subsection. For more information on the role and most relevant aspe
of coding in the exploration of the solar system, see [32].

0.0005
0.0004
0.0003
0.0002

0.0001

0 001 002 003

Figure 1.1: The error-reduction factor of the Mariner code is given by
Z?is (*2)(1 = p)*~ipi='. For p = 0.01, its value is8.49 x 1075, and for
p=0.001itis 1.03 x 10~4.

Decoding of Hadamard codes

Let C' = Cy be the Hadamard code associated to the Hadamard n#atrix
Let n be the order ofH andt = [(n/2—1)/2] = |[(n—2)/4]. Since
dc = n/2, tis the correcting capacity @f.

Given a binary vectoy of lengthn, letg € {1,—1}" be the result of
replacing any occurrence of 0 ijnby —1. For example, from the definition
of C it follows that if z € C’ (or z € C"), thenz (or —z) is a row of H.

E.1.45 Let y be a binary vector of length, z be the result of changing the
sign of one component @f andh be any row of. Then(z|h) = (y|h) +2.

1.55 Proposition. Let C = Cg, whereH is a Hadamard matrix of order
n. Assumer € (' is the sent vector, that is the error vector and that
y = x + e is the received vector. Lét| = s and assume < ¢. Then there is
a unique rowh,, of H such that (g|h) | > n/2, and all other rowsh’ of H
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satisfy| (y|h) | < n/2. Moreover: = h,, or & = —h, according to whether
(glh) > 0or (y|h) < 0.

Proof: Assumer € C’ (the caser € C” is similar and is left as an exercise).
Thenh = & is arow of H and(z|h) = (h|h) = n. Sincey is the result of
changing the sign of components of, E.1.45 implies thaty|h) = n £ 2r,
with 0 < r < s < t, and so(g|h) > n + 2t > n/2. For any other rowy’

of H we have thatiz|h’) = (h|h’) = 0 and again by E.1.45 we obtain that
(glh'y = £2r, with0 < r < s < t, and henceé (g|h') | < 2t < n/2. O

The preceding proposition suggests decoding the Hadamard(¢ede
Cy with the algorithm below (for its implementation, s&The Hadamard
decode).

Hadamard decoder
0) Lety be the received vector.
1) Obtaing.
2) Computec = (g|h) for successive rows of H, and stop as soon as

lc| > n/2, or if there are no further rows left. In the latter case return
a decoder error message.

3) Otherwise, output the result of replacirg by O inh if ¢ > 0 or in
—hif ¢ <O.

1.56 Corollary. The Hadamard decoder corrects all error patterns of weight
up tot.

E.1.46(Paley codes) et S = S, be the Paley matrix of orderassociated
toF,, ¢ odd. LetC, be the binary code whose elements are the rows of th
matrices} (S +1+U) andi(—S+1+U), together with the vecto®, and
1,,. Show thatC, has type(q, 2¢ + 2, (¢ — 1)/2) (for examples, see the link
30Construction of Paley codgt save space, the example has been writter
in columns rather than in rows). Note that fpe= 9 we obtain &9, 20, 4)
code, hence also &8, 20, 3) code (cf. E.1.4).

Summary

e The definition of Hadamard matrices (for example the matri¢€3s,
n > 1) and the fact that the order of a Hadamard matrix is divisible by
4 (oris equal to 1 or 2).

e The Paley matrix of a finite field of odd orderand their properties
(Proposition 1.50).

e The Hadamard matrix associated to a finite field of odd ogd&uch
thatq + 1 is divisible by 4 (Theorem 1.51).
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e Conference matrices. Symmetric and skew-symmetric conference m
trices of ordem have an associated Hadamard matrix of ordand
2n, respectively (E.1.42).

e To each Hadamard matrix of orderthere is associated a code
Cy ~ (n,2n,n/2).

The codeg”y are the Hadamard codes.

e To each finite field of odd ordey there is associated a Paley code
Cq~ (4,2 +2,(q—1)/2).

e The Hadamard code of the matdk(™ is equivalnent to the (linear)
Reed—Muller cod&msy(m) (P.1.21).

Problems

P.1.17. Compare the error-reduction factor of the binary repetition code o
length 5 with the Hadamard cod82, 64, 16).

P.1.18 Prove that the results in this section allow us to construct a Hadamal
matrix of ordern for all n < 100 divisible by 4 except = 92.

P.1.19 Prove that any two Hadamard matrices of order 12 are equivalent.

P.1.2Q Fix a positive integer and define binary vectors, . . ., u,_1 S0 that

ug = [bo(k), ..., br—1(k)],

whereb; (k) is thei-th bit in the binary representation &f Show thatA (")
coincides with the” x 2" matrix (—1){“/“), For the computations related
to this, and examples, see the litkBit-product of integers and Hadamard
matrices

P.1.21 As seen in P.1.16, the cod®,(m) has type(2™,2m+1 2m=1),
Prove that this code is equivalent to the Hadamard code corresponding
the Hadamard matrig (™). Thus, in particularRM,(5) is equivalent to the
Mariner code Hint: If H is the control matrix oHamy(m), then the matrix
H obtained fromH by first adding the colume®,,, to its left and then the
row 1om On top is a generating matrix ey (m).
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1.4 Parameter bounds

Probably the most basic problem in coding theory is to find the
largest code of a given length and minimum distance.
F. MacWilliams and N.J.A. Sloane, [14], p. 523

Essential points

e The Griesmer bound for linear codes.

e The Plotkin and Elias bounds (for genegaary codes) and the John-
son bound (for general binary codes).

e The linear programming upper bound of Delsarte and the functior
LP(n,d) implementing it (follwing the the presentation in [14]).

e Asymptotic bounds and related computations: the lower bound o
Gilbert—-Varshamov and the upper bounds of Singleton, Hamming
Plotkin, Elias, and McEliece—Rodemich—Rumsey—Welch.

Introduction

The parameters, k (or M) andd of a code satisfy a variety of relations.
Aside from trivial relations, such a8 < k& < nandl < d < n, we know
the Singleton inequality

d<n—-k+1

(Proposition 1.11), the sphere upper bound
M < ¢"/voly(n,t)
(Theorem 1.14) and the Gilbert lower bound
M > ¢"/voly(n,d —1)
(Theorem 1.17). We also recall thayifs a prime power and
voly(n —1,d —2) < ",

then there exists a linear code of type k, d’] with d > d and hence that
A(n,d) > ¢* (Theorem 1.38). Moreover, it is not hard to see that this bounc
is always equal or greater than the Gilbert bound (see P.1.22).
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In this section we will study a few other upper bounds that provide a bet
ter understanding of the functiofy, (n, d) and the problems surrounding its
determination. We include many examples. Most of them have been chos
to illustrate how far the new resources help (or do not) in the determinatio
of the values on Table 1.1.

Redundancy adds to the cost of transmitting messages, and the
art and science of error-correcting codes is to balance redun-
dancy with efficiency.

From the 2002/08/20 press release on the Fields Meda
awards (L. Laforgue and V. Voevodski) and Nevanlinna Prize
awards (Madhu Sudan). The quotation is from the description
of Madhu Sudan’s contributions to computer science, and in
particular to the theory of error-correcting codes.

The Griesmer bound

Consider a linear codé€’ of type [n, k,d] and a vectorz € C such that
|z| = d. Let
S(z)={i€l.n|z #0}

(this set is called theupportof z) and
s F* — Fn—d

the linear map that extracts, from each vectoFin the components whose
index is not inS(z). Then we have alinear cogeg(C) C F"~¢ (we will say
that it is theresidue ofC' with respect to).

If G is a generating matrix of’, thenp.(C) = (p.(G)), wherep,(G)
denotes the matrix obtained by applyingto all the rows ofG (we will also
say thatp,(G) is theresidue of G with respect taz). Sincep,(z) = 0, itis
clear thaidim (p,(C)) < k — 1.

1.57 Lemma. The dimension g, (C) is k — 1 and its minimum distance is
at least[d/q].

Proof: Choose a generating matiixof C whose first row is;, and letG’ be
the matrix obtained from.(G) by omiting the first row (which i, (z) =
0). It will suffice to show that the rows af’ are linearly independent.

To see this, let us assume, to argue by contradiction, that the ro@s of
are linearly dependent. Then there is a non-trivial linear combinatioh
the rows ofG other than the first such that = 0 for ¢ ¢ S(z) (in other
words, S(z) € S(z) and hencgz| < |z| = d). Since the rows ot are
linearly independent, we have bath## 0 and\x # z for all A € F. But
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the relationz # 0 allows us to find\ € F* such thatz; = Ax; for some
i € S(z), and from this it follows thatz — Az| < d, which is a contradiction
because — Az € C — {0}.

To bound below the minimum distane® of p.(C), we may assume,
after replacingC' by a scalarly equivalent code if necessary, thét) =
{1,...,d} and thatz; = 1 for all i € S(z). Then, given a non-zero vec-
tor 2’ € p,(C) of minimum weightd’, let z € C be any vector such that
p-(z) = /. We can writex = y|2/, with y € F¢. We claim that we can
choosey in such away thaly| < d—[d/q]. Indeed, letx € IF be an element
chosen so that the numbeiof its ocurrences iry is maximum. With this
condition it is clear thatq > d (which is equivalent ta > [d/q]) and that
T = x — az € C has the formz = ¢/|2’ with || < d —s < d — [d/q].
Now we can bound’ below:

d =2'| = |z| = || > d— (d—[d/q]) = [d/q],
which is what we wanted. O

E.1.47 Leti be a positive integer. Check that

= a1 =[a]

1.58 Proposition(Griesmer, 1960) If [n, k, d] are the parameters of a lin-

ear code, and we let
k—1 d
Galk,d) =) {W ,
=0

then
Gq(k,d) < n.

Proof: If we let IV, (k, d) denote the minimum length among the linear
codes of dimensiok > 1 and minimum distancé, it will be sufficient to
show thatG, (k, d) < Ny(k,d). Since this relation is true fdr = 1, for the
value of bothV, (1, d) andG,(1, d) is d, we can assume that> 2.

Suppose, as induction hypothesis, tbgtk — 1,d) < Ny(k — 1,d) for
all d. LetC be a code of typén, k, d], with n = Ny(k,d). LetC’ be the
residue ofC' with respect to a vector € C' such thatz| = d. We know
thatC’ is a code of typégn — d, k — 1,d'], with @’ > [d/q| (Lemma 1.57).
Therefore

Ny(k,d)—d=n—d> Ny(k—1,d") > Gy(k—1,d") > Gq(k—1,[d/q]).

Taking into account E.1.47, the last term turns out tahék, d) — d and
from this the stated relation follows. O
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1.59 Remark. Let us see that the Griesmer bound is an improvement o
the Singleton bound. The term corresponding te 0 in the summation
expression of7,(k, d) in Proposition 1.58 ig/ and each of the othér — 1
terms is at least 1. Henc&,(k,n) > d + k — 1 and soG'(k, n) < nimplies
thatd + k& — 1 < n, which is equivalent to the Singleton relation. O

1.60 Remark. In the proof of Proposition 1.58 we have introduced the func-
tion N,(k,d), which gives the minimum possible length ofyaary linear
code of dimensiok and minimum distancé, and we have established that

NQ(k7d) 2 dJr Nq(k - 1a (d/c.ﬂ)

Using this inequality recursively, we have proved thgtk, d) > G, (k, d).

There are two main uses of this inequality. One is that if a ¢ade, d|,
exists, therG,(d, k) < n, and hencé7,(d, k) yields a lower bound for the
lengthn of codes of dimensiokg and miminum distancé. In other words,
to search for codefs:, k, d],, with k£ andd fixed, the tentative dimension to
start with isn = G,(k, d). For exampleG,(4,3) = 3+ [3/2] + [3/2?] +
[3/2%] =3+ 2+ 1+ 1= 7and we know that there is[&, 4, 3] code, so
Ny(4,3) = 7, thatis, 7 is the minimum length for a binary code of dimension
4 with correcting capacity 1. For more examples, see 1.61.

The other use of the Griesmer inequality is that the maxiniuthat
satisfiesG, (k,d) < n, for fixedn andd, yields an upper boungt for the
function B, (n, d) defined as4,(n, d), but using only linear codes instead of
general codes. Note that,(n,d) > By(n,d).

We refer to32Griesmer boundior implementations and some examples.
The functiongriesmer(k,d,q) computesG, (k, d), which we will call Gries-
mer functionandub_griesmer(n,d,q) computes the upper bound &) (n, d)
explained above.

1.61Examples According to the linkGriesmer bound , and Remark 1.60,
we haveBs(8,3) < 32, Bx(12,5) < 32, B2(13,5) < 64, Bo(16,6) < 256.
As we will see below, none of these bounds is sharp.

The first bound is worse than the Hamming bouAd(g, 3) < 28), and
in fact we will see later in this section, using the linear programming bounc
that A5(8, 3) = 20 (which implies, by the way, thaBs (8, 3) = 16)).

The boundB; (13, 5) < 64 is not sharp, because if there wergd 3, 6, 5]
code, then taking residue with respect to a weight 5 code vector would lee
to a linear codé¢s, 5, d] with d > 3 (as|d/2]| = 3) andd < 4 (by Singleton),
but both[8, 5, 4] and|[8, 5, 3] contradict the sphere bound.

Let us see now that@6, 256, 6) code cannot be linear. Indeed, if we had
alinear codé16, 8, 6], then there would also exis{#, 8, 5] code. Selecting
now from this latter code all words that end with, we would be able to



1.4. Parameter bounds 69

construct a codé¢l3, 6, 5] that we have shown not to exist in the previous
paragraph.

The fact that the bound,(12,5) < 32 is not sharp cannot be settled
with the residue operation, because it would lead {8, 4, 3] code, which
is equivalent to the linearam(3). The known arguments are much more
involved and we omit them (the interested reader may consult the referenc
indicated in [19], p. 124, or in [29], p. 52).

The last expresion in the same link says tBat14,9) < 4, but it is not
hard to see that this is not sharp either (cf. [29], p. 53, or Problem P.1.23).
In the listing we also have tha¥s(5,7) = 15, G2(12,7) = 22 and
G(6,5,3) = 11. The techniques developed in Chapter 3 will allow us to

construct code$l5, 5, 7] (a suitableBCH code) and11, 6, 5]3 (the ternary
Golay code). This implies thaV(5,7) = 15 and N3(6,5) = 11. On the
other hand, there is N@2, 12, 7] code, because these parameters contradic
the sphere bound, but in Chapter 3 we will construf312, 7] code (the
binary Golay code) and thereforé,(12,7) = 23.

1.62 Remark. If we select all words of a cod€' whosei-th coordinate is

a given symbol\, and then delete this comma#th coordinate\ from the
selected words, we get a codé ~ (n — 1, M’,d), with M" < M. We
say that thisC” is ashorteningof C' (or the A\-shortening ofC' in the i-th
coordinate). IfC is linear, a0-shortening is also linear, but)ashortening

of a linear code is in general not linear fdr£ 0. In the previous examples
we have used this operation twice in the argument to rule out the existen
of linear codeg$16, 8, 6].

The Plotkin bound

We will write 3 to denote the quotiery — 1)/¢ = 1 — ¢~ !. Although

the proof of the proposition below can be found in most of the books ot
error correcting codes (see, for example, [29] (5.2.4) or [24], Th. 4.5.6)
we include it because it illustrates an interesting method that is relevant ft
subsequent exercises, examples and computations.

1.63 Proposition(Plotkin, 1951) For any code” of type(n, M, d), we have

. BnM

d < )
M—-1

or, equivalently,
M(d— fpn) < d.

Proof: The basic idea is that the average of the distances between pairs
distinct elements of’ is at least.
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In order to calculate this average, arrange the elemertsiofin M x n
matrix. For a given columm of this matrix, letm, denote the number of
times that\ € F appears in that column, and note that

ZmA:M

The contribution ofc to the sum of the distances between pairs of distinct
elements of” is

Se —Zm,\ M —my) Zm/\
AeF AeF

But

=X ma)’ <q)_mj,

XS AEF
by the Cauchy—Schwartz inequality, and$o< SM?2. If we let S denote
the sum of theS,, wherec runs through all columns of the matrX, then
S < nBM?. Now it is clear that\/ (M — 1)d < S and so
M(M —1)d < n3M?,
and this immediately yields the stated inequality. O

1.64 Corollary (Plotkin upper bound)If d > n, then

a2,

E.1.48 Prove that the inequality < gnM/(M — 1) is an equality if and
only if the codeC' is equidistant and the numbers, are the same for al.

1.65Example For the dual Hamming codes the Plotkin inequality is an
equality. Indeed, iC" = Ham, (r), we know thatC" has type[n, r, d], with
d=q¢ tandn = (¢" —1)/(qg—1). Sincefn =q¢" ' —q¢ ! < ¢! =d,
Plotkin’s upper bound can be applied. &8(d — fn) = ¢", which is the
cardinal ofC,
qr -1 r—1\ _ r

Aq(q_l,q )=4q"
This formula explains the entrie$;(6,3) = A2(7,4) = 8 andA(14,7) =
Ay(15,8) = 16 on the Table 1.1. Another example: wigh= 3 andr = 3
we find A3(13,9) = 27.
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E.1.49 (Improved Plotkin bound)For binary codes3 = 1/2, and the
Plotkin upper bound, which is valid #d > n, says that

Az(n,d) < [2d/(2d —n)] .
But this can be improved to
As(n,d) <2|d/(2d—n)].

Moreover, ifd is odd andh < 2d + 1, thenAs(n,d) = As(n+1,d+1) and
n+1 < 2(d+ 1), so that

Ag(n,d) <2[(d+1)/(2d+1—n)].

Hint: With the notations of the proof of Proposition 1.63, we h&ye=
2mo(M — mo) and soS. < M?/2if M is even andS. < (M2 —1)/2 if
M is odd; it follows thatM (M — 1)d < S < nM?/2if M is even and
M(M —1)d < S < n(M?—1)/2if M is odd.

E.1.50 Let C be a code of typgn, M,d),. Prove that there is a code of
type (n — 1, M’,d), with M’ > M/q. If C is optimal, we deduce that

Aqy(n,d) < qAq(n — 1,d) Hint: This can be achieved with the operation of
shorteningC': choose a symbol € F whose occurrence in the last position
is maximum, and le€’ = {z € F*~!| (z|\) € C}.

1.66 Remark. If C'is a code of typdn, M,d) andd < (n, then we can-
not apply the Plotkin bound as it is. But we can use the exercise E.1.50
find a codeC’ of type (n — m, M’',d) such thatd > ((n — m) and with

M’ > M/q™, whereupon we can bound by ¢"*M’ and M’ by the Plotkin
bound corresponding te: — m, M’, d). Note thatd > 3(n — m) is equiv-
alenttom > n —d/f = (n8 — d)/B. These ideas, together with those of
the previous exercise in the binary case, are used to optimize the functit
ub_plotkin defined in33Plotkin upper bound

E.1.51 Show that ford even,A,(2d, d) < 4d, and ford odd A2(2d+1,d) <
4d 4+ 4.

1.67 Remark. The second expression in the liRlotkin upper bound shows
thatA,(32,16) < 64. Butwe know that there is a code (32,64,16), and hence
A5(32,16) = 64. In other words, the Mariner codev (5) is optimal.

The same listing shows that the Plotkin bound gives the correct value
4,8,16 (ford = 3),2,2,2,4,6,12,24 (ford = 5)and2, 2,2, 2,4, 4, 8,16, 32
(for d = 7) on the Table 1.1. Note that it gives good results wtés large
with respect to. Whend is small with respect ta, the sphere bound is bet-
ter. For example, the Plotkin bound gives (8, 3) < 32, while the sphere
bound is45(8,3) < 28.
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Elias upper bound

From the proof of the Plotkin bound it is clear that we cannot hope that i
is sharp when the distances between pairs of distinct elements of the co
are not all equal (cf. E.1.48). The idea behind the Elias bound (also calle
Bassalygo—Elias bound) is to take into account, in some way, the distributic
of such distances in order to get a better upper estimate.

1.68 Proposition(Elias, 1954, Bassalygo, 1965hssume tha, n,d andr
are positive integers witly > 2 andr < [Bn. Suppose, moreover, that
r?2 — 20Bnr + Bnd > 0. Then

pnd q"
r?2 —20nr 4+ fnd volg(n,r)

AQ(”? d) g

Proof: It can be found in many reference books, as for example [29] (5.2.11
or [24], Th. 4.5.24, and we omit it. O

(see3Elias upper bouny

1.69 Remark. The methods used by Elias and Bassalygo are a refineme
of those used in the proof of the Plotkin bound, but are a little more involvec
and the result improves some of the previous bounds only for large value
onn.

For example, for all values of andd included in Table 1.1, the Elias
bound is strictly greater than the corresponding value in the table, and t
difference is often quite large. Thus the Elias boundAe(13,5) is 162,
when the true value of this function is 64 (this will be establshed with the
linear programming method later in this section).

The first value of: for which the Elias bound is better than the Hamming,
Plotkin and Johnson bounds (the Johnson bound is studied belaw %9,
and in this case only fof = 15. Forn = 50 (n = 100), the Elias bound is
better than the same three boundsdan the rangel5..20 (21..46). For the
precise asymptotic behaviour of this bound, see E.1.58.

Johnson’s bound

Let us just mention another approach, for binary codes, that takes into a
count the distribution of distances. This is done by means of the auxiliar
function A(n, d,w) that is defined as the greatest cardinélof a binary
code(n, M) with the condition that its minimum distancelsd andall its
vectors have weight (we will say that such a code has type M, d, w)).

1.70 Remark. Since the Hamming distance between two words of the sam
weight w is even, and not higher thatw, we haveA(n,2h — 1,w) =
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A(n,2h,w) and, ifw < h, then A(n,2h,w) = 1. So we may restrict
the study ofA(n,d,w) to evend, sayd = 2h, andw > h. Now we have
A(n,2h,w) = A(n,2h,n — w) (taking complements of the words of an
(n, M,d,w) code gives atin, M, d,n — w) code and viceversa).

E.1.52 Show thatA(n, 2k, h) = |n/h].

1.71 Proposition(Johnson, 1962)The functionA(n, d, w) satisfies the re-
lation
n
A(n, 2h,w) < L—A(n —1,2h,w — l)J .
w

Hence, by induction,

w2 < | 2|22 ).

Proof: Let C be a codgn, M, 2h,w) with M = A(n,2h,w). LetC’ =
{«/ € Z37'| (1]2') € C}and se’ = |C’|. ThenC'isan(n—1, M’ 2h, w—
1) code, and henc&!’ < A(n — 1,2h,w — 1). Arguing similarly with all
other components, we see that there are at mdét — 1, 2h, w — 1) ones in
all words ofC', and thusvM < nA(n — 1,2h,w — 1), which is equivalent

to the claimed bound. O
1.72 Theorem(Johnson, 1962)For d = 2t + 1,
2n
AZ (na d) g

SR
O

Note that this would be the binary sphere bound if the fraction in the denon
inator were omitted.

Proof. See, for example, [29] (5.2.15) or [24], Th. 4.5.14). O

The bounds in Proposition 1.71 and Theorem 1.72 are computed in tt
link 33Johnson upper boundith the functionub_johnson, the first bound
with the argumentgn,d,w) and the second with the argumefig). In the
Johnson bound the generally unknown tettm, d, d) is replaced by its up-
per bound given in Proposition 1.71 (notice that this replacement does n
decrease the right hand side of the Johnson bound). The case dvigere
even, sayl = 2t + 2, can be reduced to the odidcase with the equality
AQ(TL, 2t + 2) = Ag(n — 1, 2t + 1)

In the examples included ifohnson upper bound we can see that only
a few values on the Table 1.1 are given correctly by the Johnson bound. B
in fact the overall deviations are not very large and for a fixéloey become
relatively small whem increases.

.
I MH\
]
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Linear programming bound

The best bounds have been obtained taking into account, fonaw, d)
codeC, the sequencdy, ..., A, of non-negative integers defined as

A = {(2,y) € O x C|d(a,y) = i} |.

We will seta; = A;/M and we will say thaty,...,a, is thedistance
distribution, orinner distribution of C. We have:

AOZM, a(]:l; [13]
Ai:ai:Oforizl,...,d—l; [14]
Ag+Ag+-+A,=M?* ag+ag+--+ap, =M. [1.5]

1.73 Remark. For some authors the distance distribution of a code is the
sequencedy, ..., A,.

E.1.53 Givenzx € C, let A;(z) denote the number of word$ € C such that
hd(z, ") = i. Check thatd; = Y~ _~ A;(x). Show thatd;(z) < A(n,d, )
and thata; < A(n,d, ).

E.1.54 Show that ifC is linear then the distance distribution@fcoincides
with the weight enumerator.

The Krawtchouk polynomials

If C'is a linear code with weight enumeratay, . . ., a,, andbg,...,b, is
the weight enumerator @, then we know (Theorem 7) that

szf Zazl—z) (1+(g—1)2)"

=0
The coefficient o/ in (1 — 2)*(1 + (¢ — 1)2z)"‘is
n-—1 .
) — _1)i—s
K3t <>(J—3)q D
and hence .
i=0

forj =0,...,n. Note that

Kj(z) = i(—l)s (ﬁ) <7 - "“”) (¢ — 1) [1.7]

] — S
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is a polynomial inz of degreej, which will be denoted<(x,n, q) if we
need to make the dependenceroandq explicit.
Sincek;(0) = () anda; = 0fori =1,...,d — 1, the formula [1.6]

can be rewritten as .
b = (?) +3 " aik (). [1.8]
i=d

36K rawtchouk polynomials
The next proposition yields another interpretation of the expresg(s.

1.74 Proposition(Delsarte’s lemma) Letw € C be a primitiveg-th root of
unity and7' = Z,. Fori = 0,...,q, let W; be the subset df'Y whose
elements are the vectors of weighiThen, for any given € W;,

> Wl = K(i).

yGWj

Proof: Passing to an equivalent code if necessary, we may assume that
Oforl =i+ 1,...,n. Letv = {v,...,v;} be the support of, with

v < --- < vj,and letsin 0..j be the greatest subindex such that< ¢
(with the conventiors = 0 if i < v7). If we restrict the sum in the statement
to the setV;(v) formed with the vectors of weightwhose support is, we
have (withT" = T' — {0})

§ ol — E E Wrri Yt e Y,

yEW; (V) Y €T yy, €T

— (q_l)jfs E ’ § ’ w1 Yr Tt s Yy

Yy €T’ Yo €T

=(¢-1/ ] D w

=1 yeT’
= (=1)’(g—=1)""".

For the last equality note that the mgp : 77 — C such thaty — w®,
wherea € T is fixed, is a character of the additive groupofand hence,
fora # 0, > crxa(y) = 0andd_ v Xa(y) = —xa(0) = —1 (cf. the
beginning of the proof of Theorem 7). Now the result follows, because ther
are(}) (1) ways to choose. O

Delsarte’s theorem

With the notations above, notice thatif, . . . , a,, is the weight distribution
of alinear code, theh ™" , a;K;(i) > 0 (sinceb; > 0). The surprising fact
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is that if C' is an unrestricted code and, . .., a, is its inner distribution,
then the inequality is still true:

1.75 Theorem(Delsarte, 1973) A,(n,d) is bounded above by the maxi-
mum of

l4+ag+---+an

subjet to the constraints

a; =20 (d<i<n)

and
n
(7) +) aiK;(i) >0 for je{0,1,...,n},
J i=d
whereK; = K;(z,n,q), j =0,...,n, are the Krawtchouk polynomials.

Proof: We only have to prove the inequalities in the last display. RetC
C x C be the set of pairér, y) such thahd(z,y) = i. From the definition
of thea;, and using Delsarte’s lemma, we see that

MiCLZKJ(l) = i Z Z w<$—y|2>
i=0

1=0 (z,y)€D; 2€W;

= IS wp,

ZEWj zeC
which is clearly non-negative. O

1.76 Remark. In the case of binary codes addven, we may assume that
a; = 0for oddi. Indeed, from a codé, M, d) with d even we can get a code
(n—1,M,d—1) (asin E.1.12) and the parity extension of the latter is a code
(n, M, d) which does not contain vectors of odd weight. The #kinear
programming boundontains an implementation of the linear programming
bound for the binary case, basically following [14], Ch. 17, 84. Notice that ir
the case the constrained maximum is odd, then the funcBayoes through

a second linear programming computation that decreases the linear ter
(’;) of the relations. For this clever optimization (due to Best, Brouwer,
MacWilliams, Odlyzko and Sloane, 1977), see [14], p. 541.

(see the link¥7Linear programming bound
1.77 Remark. The expression$$i in the link Linear programming upper

bound constructs an identifier by appending to the identifi¢he integef
regarded as a character string. For exany#é3 is the identifiera3.
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1.78Examples So we see thatly(13,5) = As(14,6) < 64. Since there
is a codeY such thafY'| = 64, as we will see in Chapter 3, it follows that
A9(13,5) = Ay(14,6) = 64.

The third and fourth expressions in the linkear programming bound
show that we can pass a relation list as a third argumdrR t&uch lists are
meant to include any further knowledge we may gain on the numbgefsr
particular values of. andd, beyond the generic constraints introduced in
Theorem 1.75.

In the caseds(12,5) = Ay(13,6), it can be easily seen thats < 1,
a9 < 4, with a;g = 0 whena2 = 1, and so we have an additional relation
a2 + 4aio < 4. With this we find that the linear programming bound gives
Ay(12,5) < 32. Since we will construct a codé 2, 32, 5) in Chapter 3 (the
Nadler code), it turns out thats(12,5) = 32.

Finally we find thatA»(8,3) = A2(9,4) < 20 using the extra relations
ag < 1l andag + 4ag < 12. Hereag < A(9,4,8) = A(9,4,1) = 1 (see
Remark 1.70 and E.1.53)¢ < A(9,4,6) = A(9,4,3) < 3A(8,4,2) < 12,
and ifag = 1 then it is easy to see that < A(8,3,5), so thatag <
A(8,3,5) = A(8,4,5) = A(8,4,3) < [5A(7,4,2)| < [§|%]| =8.

Since we know that there are cod@&s20, 3) (Example 1.4, or E.1.46),
we conclude thatl»(8, 3) = 20.

The linear programming bound also gives, without any additional rela
tion, the values 128 and 256 (fdr= 5) and 32 (ford = 7) on Table 1.1.

Asymptotic bounds

Let us consider an example first. By the Singleton bound we kave
n — d + 1. On dividing byn, we get

d 1

R="g<1-24 -
n n

3|

If we now keep) = d fixed and letr go to infinity, then we see that(§) <

1 — 4, wherea(9) = limsup R is theasymptotic ratecorresponding ta@.
Thus we see that the Singleton bound gives rise to the bagfid< 1 —
of the asymptotic rate, and this inequality is called asgmptotic Singleton
bound

In general we may define th@symptotic raten(d), 0 < § < 1, as
lim sup,,_,, log, A¢(n, [dn])/n and then there will be a bound of(¢),
given by some functiom’(¢), corresponding to each of the known bounds
of A,4(n,d). These functions/ () are calledasymptotic bounds~or exam-
ple,a’(0) =1 — ¢ in the case of the Singleton bound.
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Below we explain the more basic asymptotic bounds (for the correspon
ing graphs, see figure 1.2). We also provide details of how to compute ther
We will need theg-ary entropy functionH,(z), which is defined as fol-

lows 0 < z < 1):

Hy(z) = rlog,(q — 1) — zlog,(z) — (1 — z)log, (1 — ).

The importance of this function in this context stems from the fact that fo
0<d<pB,8=(¢—1)/q, wehave

hm n 110gq (volg(n, [0n])) = Hg(9) [1.9]
(see, for example, [29] (5.1.6), or [24], Cor. A.3.11). It is immediate to
check thatH,(x) is strictly increasing andf,(z) > x/f for0 < = < §,
with equality if and only ifr = 0 or z = 3.

E.1.55 (Gilbert asymptotic bound)Use the formula [1.9] and the Gilbert
bound (Theorem 1.17) to prove that

a(d) = 1 — H,(9),

for0 <0 <p.

1.79 Remark. If 0 < 6 < g, the Gilbert asymptotic bound shows that there
exists a sequence of codes;, k;,d;], j = 1,2,..., that has the following
property: givere > 0, there exists a positive integgr such that

for all 7 > j.. Any family of codes with this property is said toeet the
Gilbert—Varshamov boundrhe family is said to basymptotically goodf it
satisfies the following weaker property: there exist positive real numBers
andé such thatt; /n; > R andd;/n; > ¢ for all j. A family which is not
asymptotically good is said to msymptotically badand in this case either
k;/n; ord;/n; approaches 0 wheh— oc.

Long ago it was conjectured thatd) would coincide withl — H, (), but
this turned out to be incorrect. Indeed, in 1982 Tsfasman, Vladut and Zin
proved, using modern methods of algebraic geometry, that the bound can
improved forq > 49. For lower values of;, however, and in particular for
binary codes, the Gilbert bound remains the best asymptotic lower bound.
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Asymptotic upper bounds
E.1.56 (Hamming asymptotic bound)se the formula [1.9] and the sphere
upper bound (Theorem 1.14) to show that

a(0) <1 - Hy(0/2),
for0 < 4§ < 1.
E.1.57 (Plotkin asymptotic boundShow that the Plotkin bound (Proposi-
tion 1.63) implies that

a(d) <1-4/8 i

0<do<p
a(d) =0 ifp<o<1.

So in what follows we may restrict ourselves to the intefved 6 < 5.

E.1.58(Elias asymptotic boundlse the formula [1.9] and the Elias bound
(Proposition 1.68) to prove that

a(d) K1—Hy(B—/B(B—0)) fo<di<p
a(d)=0 ifp<o<1.

Note that the second part is known from the Plotkin asymptotic bound.

McEliece et al. asymptotic bound

This result was obtained in 1977 by McEliece, Rodemich, Rumsey an
Welsh (MRRW) with a delicate analysis of the asymptotic behaviour of the
linear programming bound for binary codes and it remains the best of th
known asymptotic upper bounds for such codes (cf. [7], chapter 9). Th
result is the following:

< i 2N 9

whereg(z) = Ha((1 — (1 — z)'/2)/2).

Van Lint asymptotic bound

The authors of the previous bound also showed tha0fr3 < § < 0.5
the minimum is attained at = 1 — 24, in which case the bound takes the
following form:

a(8) < Ha(1/2 — 6Y2(1 — 6)1/?).

This bound can be considered in the intetval § < 0.273 as well, butitis
slightly above the MRRW bound in this range, and near 0 it even become
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worse than the Hamming bound. In any case, this bound was establish
directly by van Lint using fairly elementary methods of linear programming
(see [29] (5.3.6)).

For a further discussion on “perspectives on asymptotics”, the reader c:
consult Section 4, Lecture 9, of [26].
(see the link®®Computation of the asymptotic bounds

S=Singleton
H=Hamming
P=Plotkin

L=van Lint
M=McEliece
G=Gilbert

0.5

Figure 1.2: Asymptotic bounds

The results ... somehow bound the possible values of param-
eters. Still the problem of actually finding out what is possible
and what is not is very difficult

Tsfasman-Vladut, [28], p. 35

Summary

e Griesmer bound: ifn, k, d] are the parameters of a linear code, then
k—1 {dw
> || <
im0 1 4

This gives an upper bound fd#,(n, d), the highest cardina}* for a
linear codgn, k, d,.
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. OnM .
e Plotkin bound: for any cod€’ of type (n, M, d), d < U1 which
is equivalent taV/ (d — n) < d. As a consequence, if > (n, then
d
A <
q(n7 d) d _ Bn
As(n,d) < 2|d/(2d —n)].

e Computations and examples related to the Elias, Johnson and line
programming upper bounds.

. For binary codes this can be improved to

o Computations related to the asymptotic bounds.

Problems

P.1.22 Let C C Fy be alinear codén, k, d] and assumé is maximal (for

n andd fixed). Show thatC| > ¢"/vol4(n,d — 1), which proves that the
Gilbert lower bound can always be achieved with linear codes whisra
primer power. Show also that the Gilbert—Varshamov lower bound is neve
worse than the Gilbert boundlint: If it were |C| < ¢" /voly(n,d — 1), then
there would exisy € Iy such thahd (y, x) > dforall z € C, and the linear
codeC + (y) would have typén, k + 1,d].

P.1.23 Show that there does not exist a binary linear cdde4, 5|3 (3* =

81 is the value of the Griesmer bound fer= 14 andd = 5). Hint: Forming

the residue with respect to a word of weight 9, and using the Singleton boun
we would have 85, 3, 3]3 code, and this cannot exist as can be easily see
by studying a generating matrix of the forlx| P, whereP is a ternary x 2
matrix.

P.1.24(Johnson, 1962Prove that

hn
Aln, 2h,w) < Lm_wm_w)J ’

providedhn > w(n — w). Hint: First notice that ifx,y € Z satisfy
|z| = |y| = wandnd(z,y) > 2h then|z-y| < w—h; next, given a codé’ ~
(n, M, 2h,w) with M = A(n,2h,w), bound above byw — h)M (M — 1)
the sumS of all |z - 2/| for z, 2’ € C, x # 2/, finally note that ifm; is the
number of 1s in positionfor all words ofC, thenS = " | m? —wM and
S > wM(wM/n —1).

P.1.25(The Best code, 1978)Ve know thatd,(8, 3) = 20, henced,(9,3) <
2A5(8,3) = 40. In what follows we will construct a codg0, 40,4). Con-

sider the matribxG = M|M, whereM = I3|RT andR = <(1) 1 (1)) Let
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C’" = (G)U{1000000100}. Ifwe leto = (1,2, 3,4,5)(6,7,8,9,10) € So,
, 4
letC; = o*(C"),i=0,1,2,3,4, and seC = |J C;. Show that”' has type
=0
(10,40, 4).

P.1.26 Write a function that returns th&-shorteningC’ of a codeC' with
respect to a position. If’ is given as a listC” should be given as a list. &
is linear with control matrix (generating matrixs), C’ should be given as
a listin the case # 0 and by a generating matrix ¥ = 0.

P.1.27 Find the linear programming bounds df(n, 3) for n = 9,10, 11
and compare the results with the corresponding values in Table 1.1.

1

E=Elias

M=McEliece
G=Gilbert

0.5

Figure 1.3: Asymptotic bounds: MBBW and Elias
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L=van Lint
M=McEliece
G=Gilbert

0.5

Figure 1.4: Asymptotic bounds: MBBW and van Lint
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2 Finite Fields

During the last two decades more and more abstract algebraic
tools such as the theory of finite fields and the theory of poly-
nomials over finite fields have influenced coding.

R. Lidl and H. Niederreiter, [12], p. 305.

This chapter is devoted to the presentation of some of the basic ideas and
sults of the theory diinite fieldsthat are used in the theory of error-correcting

codes. Itis a self-contained exposition, up to a few elementary ideas on rin
and polynomials (for the convenience of the reader, the latter are summariz
below). On the computational side, we include a good deal of details and e
amples of how finite fields and related objects can be constructed and use

Notations and conventions

A ring is an abelian grougA, +) endowed with a productlt x A — A,
(z,y) — z -y, that isassociative distributive with respect to the sum on
both sides, and with a unit elemehj which we always assume to be dif-
ferent from the zero elemefyy of (A, +). If x -y =y -z forallz,y € A
we say that the ring isommutativeA field is a commutative ring for which
all nonzero elements have a multiplicative inverse. Exam@dghe ring of
integers)Q, R, C (the fields of rational, real and complex numbers\ifs

a commutative ring, the polynomials in one variable with coefficientd in
form a commutative ring, denotedl X|, with the usual addition and multi-
plication of polynomials, and the square matrices of ordeith coefficients
in A form aring, denoted/,,(A), with the usual addition and multiplication
of matrices, and which is non-commutative for> 1.

An additive subgrougB of a ring A is said to be aubringif it is closed
with respect to the product aridy € B. If A is a field, a subring is said
to be asubfieldif b=! € B for any nonzero elementof B. For example,
Z is a subring ofQ; Q is a subfield ofR; if A is a commutative ringA is
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a subring of the polynomial ringl[X]; if B is a subring of a commutative
ring A, thenB[X] is a subring ofA[X] andM,,(B) is a subring ofM,,(A).

An additive subgroug of a commutative ring4 is said to be andeal
ifa-xz € [foralla € Aandx € I. For example, ifa € A, then the
set(a) = {b-a|b e A}is anideal of4, and it is called therincipal ideal
generated by. In general there are ideals that are not principal, but there ar
rings (calledprincipal rings) in which any ideal is principal, as in the case of
the ring of integer&. If I andJ are ideals of4, then/ N J is an ideal ofA.
The setl + J of the sumse + y formed withx € I andy € J is also an ideal
of A. For example, ifn andn are integers, thefrn) N (n) = (1), where
[ =1lcm(m,n), and(m) + (n) = (d), whered = gcd (m, n). Afield K only
has two ideals{0} and K, and conversely, any ring with this property is a
field.

Let AandA’ be rings andf : A — A’ a group homomorphism. We say
that f is aring homomorphisnif f(z-y) = f(x)- f(y) forallz,y € Aand
f(14) = 14. Forexample, ifA is a commutative ring anflis an ideal of4,

I # A, then the quotient grougd /I has a unique ring structure such that the
natural quotient mapl — A/I is a homomorphism. Thieernelker (f) of a
ring homomorphisny : A — A’isdefinedaga € A| f(a) =04 }anditis

an ideal ofA. One of the fundamental results on ring homomorphisms is tha
if Iis anideal ofA andI C ker (f), then there is a unique homomorphism
f: A/I — A’suchthatf(r(a)) = f(a)foralla € A,wherer : A — A/I

is the quotient homomorphism. The homomorphigiminjective if and only

if I = ker (f) and in this case, thereforg¢ induces an isomorphism between
Al/ker (f) andf(A), the image ofd by f. Note that any homomorphism of
a field K into a ring must be injective, for the kernel of this homomorphism
is an ideal ofK” that does not conatairnk and hence it must be the idedl}.

If f: A — A’isaring homomorphism, anB is a subring of both4d
and A’, then we say thaf is a B-homomorphism iff (b) = b for all b € B.

We also say thatl and A’ areextension®f B, and writeA/B and A’/B
to denote this fact, and B-homomorphism fromA to A’ is also called a
homomorphism of the extensiofi/ B to the extensiord’/B. The homo-
morphismsA/B — A/B that are bijective are said to @itomorphisms
of the extensiomd/B. The set of automorphisms of an extensibnB is a
group with the composition of maps.

If we copy the definition of-vector space using a commutative ridg
instead of a fieldk, we get the notion ofA-module For example, just as
K[X]is aK-vector spaceA[X] is andA-module. AnA-moduleM is free
if it has abasis that is, if there exists a subset df such that any element
of M can be expressed in a unique way as a linear combination of elemer
of that subset with coefficients of. For example A[X] is a freeA-module,
becausd1, X, X?,...} is a basis.
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21 Z,andF,

The real world is full of nasty numbers like 0.79134989..., while
the world of computers and digital communication deals with
nice numbers like 0 and 1.

Conway-Sloane, [7], p. 56.

Essential points

e Construction of the rin@.,, and computations with its ring operations.
e Zyis afield if and only ifp is prime ¢, is also denoted,).

e The groupZ; of invertible elements of,, and Euler’s functiorp(n),
which gives the cardinal ¢&;,.

Letn be a positive integer. L&, denoteZ/(n), the ring of integers modulo

n. The elements of this ring are usually represented by the integaush
that0 < a < n — 1. In this case the natural quotient m&p— Z,, is given

by z +— [z],,, where|z],, is the remainder of the Euclidean division.oby

n. This remainder is also denotednodn and it is called the reduction of

x modulon. The equality{z],, = [y], is also writtenz = y (modn) and it

is equivalent to say that — «x is divisible byn. The operations of sum and
product inZ,, are the ordinary operations of sum and product of integers, bt
reduced module.

For example, if» = 11 we have3 +7 = 10, 3-7 = 10, 52 = 3 (mod11).
See3?Examples of ring and field computationEor the notations see A.6
and A.5 (p. 181). The functiomeometric_series(a,r) returns the vector
1,a,...,a" 1.

The decision of whether an integerdoes or does not have an inverse
modulon, and its computation in case such an inverse exists, can be dol
efficiently with a suitable variation of the Euclidean division algorithm. This
algorithm is implemented in th&IRIS functionbezout(m,n), which returns,
given integersn andn, a vectord, a, b] of integers such that = gcd (m, n)
andd = am + bn. In cased = 1, a is the inverse ofn (modn), and
this integer is the value returned bwerse(m,n). The functioninverse(m),
wherem € Z,,, returns the same value, but considered as an eleméhy, of
rather than as an integer. S&More examples of ring computation¥he
functioninvertible?(a) returnstrue or false according to whether is or is not
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an invertible element (in the ring to which it belongs). Note that if we ask
for 1/a anda is not invertible, than the expression is returned unevaluate:
(as1/(7:A) is the link).
The invertible elements d,, form a group,Z;. Since an[z|, € Z, is
invertible if and only ifgcd (z, n) = 1, the cardinal oZ} is given by Euler’s
function¢(n), as this function counts, by definition, the number of integers
x in the rangel..(n — 1) such thaiged (z,n) = 1. In particular we see that
Z,, is a field if and only ifn is prime. For example, iy the invertible
elements arg1,3,7,9} (hencep(10) = 4) and3~! = 7 (mod10), 7! =
3 (mod 10), 9=! = 9 (mod 10). On the other hand, i, all non-zero
elements are invertible (hengg11) = 10) andZ; is a field.

If p > 0is a prime integer, the field,, is also denoted,.

2.1 Proposition. The value ofp(n) is determined by the following rules:
1) If ged (n1,n2) = 1, thenp(ning) = ¢(n1)p(ne).
2) If pis a prime number and a positive integer, then

o) =p""'(p-1).

Proof: The mapr : Z — Z,, X Zy, such thatc — ([k],,, [k]n,) iS aring
homomorphism and its kernel(s;)N(n2) = (m), wherem = lem(ny, n2).
Sincen; andns are coprime, we have, = niny and hence there exists an
injective homomorphisnZ./(m) = Zy,pn, — Zn, X Zy,. But this homo-
morphism must be an isomorphism, as the cardinals,pf, andZ,,, x Z,,
are both equal t@ns.

For part 2, observe that the elements whichrav&invertible inZ,- are

pr, 2p7 tety (pr—l - 1)p7

hencep(p) =p" —p" ' =p " (p - 1). O
For examplep(10) = ¢(2-5) = p(2)e(5) = (2-1)(4 —1) =4, in
agreement with what we already checked above,@m@) = ¢(8-9) =
©(8)p(9) = (8 —4)(9 — 3) = 24. In WiRIS the functiony(n) is given by
phi_euler(n).
41Examples ofp(n).

2.2 Remark. Since p(p) = p — 1 for p prime, and since there are in-
finitely many primes, the quotient(n)/n can take values as close to 1 as
wanted. On the other hangd(n)/n can be as close to 0 as wanted (see P.2.1)
425mall values ofp(n) /n.

2.3 Proposition. For each positive integen, 3_;,,¢0(d) = n (the sum is
extended to all positive divisors af).
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Proof: It is enough to notice that the denominators of th&actions ob-
tained by reducing /n,2/n,...,n/n to irreducible terms are precisely the
divisorsd of n and that the denominatdrappearsp(d) times. O

43Sum of the positive divisors of a number

E.2.1 Show thaty(n) is even for alln > 2. In particular we have that
©(n) = 1 only happens fon = 1, 2.

E.2.2 Show that{n € Z* | p(n) = 2} = {3,4,6} and{n € Z* | p(n) =
4} = {5,8,10,12}.

E.2.3. The groupsZs, Zg, 73, andZ;, have order 4. Determine which of

these are cyclic and which are not (recall that a group of order four is eithe
cyclic, in which case it is isomorphic @,, or isomorphic tdZ2).

E.2.4. Given a finite groupg= with identity e, the order of an element: is

the smallest positive integersuch thata” € {e = a°,--- ,a""'}. Show
that actuallya” = e and thatr divides|G|. Hint: For the latter use that
H={e=ad"---,a""'}isasubgroup ofi and remember that the cardinal

of any subgroup divides the cardinal@f(Lagrange theorem).

E.2.5 Fix a positive integen and leta be any integer such thatd (a,n) =
1. Show thau?™ = 1 (modn).

E.2.6.Let F be afinite field and = | F'|. Show that:?~! = 1forallz € F*
and thatt? —x =0forallz € F.

Summary

¢ Integer arithmetic modula (the ringZ/(n), which we denoteZ,,).
The ringZ, is a field if and only ifn is prime and in this case is also
denotedF,,.

e The groupZ; of invertible elements d,,. Its cardinal is given by Eu-
ler’s functionp(n), whose main properties are given in Propositions
2.1and 2.3.

e Computation of the inverse of an elementj by means of Bezout’s
theorem.

Problems
P.2.1 Fork =1,2,3,..., letp, denote the&-th prime number and let
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Prove that the minimum @#(n) /n in the rang& Py) -+ (Py+1—1) is Ny / Py.
Deduce from this that in the range (2 x 10!!) we havep(n) > 0.1579n.

P.2.2 Prove thatliminf,_.. ¢(n)/n = 0.

P.2.3 Show that the values of for whichZ; has 6 elements afe 9, 14, 18.
Since any abelian group of order 6 is isomorphicip the groupsZ;, Zj,
734, Zig are isomorphic. Find an isomorphism betwegrandZs.

P.2.4 Show that the values of for whichZ}, has 8 elements are 15, 16, 20,
24, 30. Now any abelian group of order 8 is isomorphi@tQ Zs x Z4 or

Z3. Show thatZ;, ~ Z3 and that the other four groups are isomorphic to
Zg X Z4.
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2.2 Construction of finite fields

The theory of finite fields is a branch of modern algebra that has
come to the fore in the last 50 years because of its diverse ap-
plications in combinatorics, coding theory, cryptology, and the
mathematical theory of switching circuits, among others.

R. Lidl and H. Niederreiter, [12], p. ix.

Essential points

e Characteristic of a finite field.
e The cardinal of a finite field is a power of the characteristic.
e Frobenius automorphism (absolute and relative).

e Construction of a field of” elements if we know a field af elements
and an irreducible polynomial of degre@ver it (basic construction).

e Splitting field of a polynomial with coefficients in a finite field and
construction of a field op” elements for any prime numbgrand any
positive integer-.

o Existence of irreducible polynomials ov&y, (or over any given finite
field) of any degree. This guarantees the construction of a field a
p" elements that is more explicit and effective than using the splitting
field method.

Ruffini’s rule

Let us begin with two elementary propositions and some examples. Rec:
that if K is a field, X an indeterminate and € K[X]| a polynomial of
degreer > 0, thenf is said to berreducibleif it cannot be expressed as a
productf = gh with g, h € K[X] anddeg (g),deg (h) < r (otherwise it is
said to bereducible.

2.4 Proposition(Ruffini’'s rule). Let K be a field. Given a polynomigl €

K[X],an element € K is aroot off (thatis, f(«) = 0) ifand only if f is

divisible byX — «. In particular we see that if € K[X] is irreducible and
deg (f) > 1, thenf has no roots ink..
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Proof: For anya € K, the Euclidean division of € K[X] by X — « tells
us thatthere ig € K[X]andc € K such thatf = (X —«a)g+ c. Replacing
X by avyieldsc = f(«). Thus we see that is a root of f if and only if
c =0, that is, if and only iff is divisible by (X — «).

If fisirreducible andieg (f) > 1, then it cannot have a root iR, for
otherwise it would have the foriX — a)g with o € K andg € K[X] of
positive degree, and this would contradict the irreducibilityf of O

Thus the condition thaf € K[X] (K a field,deg (f) > 1) has no root
in K is necessary fof to be irreducible, but in general it is not sufficient.
We will see, however, that it is sufficient when the degre¢ &2 or 3.

2.5 Proposition. Let f € K[X] be a polynomial of degre2 or 3. If f is
reducible, therf has a root inK . Thusf is irreducible if (and only if) it has
no root in K.

Proof: A reducible polynomial of degree 2 is the product of two linear fac-
tors, and a reducible polynomial of degree 3 is the product of a linear and
quadratic factor. In both cas¢<has a linear factor. Buti.X +b € K[X]is
a linear factor off (this means: # 0), then so isX — «, wherea = —b/a,
and hencev is a root off. O

2.6Examples If a € K, the polynomialX? — a is irreducible overx if and
only if a is not the square of an elementigt For example, the squaresin
are0, 1, 4, 2. Therefore the polynomials? —3 = X2 +4, X2 -5 = X242
andX? — 6 = X2 4 1 are irreducible oveZ;. Analogously, the polynomial
X3 — qis irreducible overk if and only if  is not a cube ink. Since the
cubes irZ; are0, 1, 6, the polynomialsY® —2 = X345, X3 -3 = X3 +4,
X3 —4=X3+3andX3 -5 = X3+ 2areirreducible oveZ.

E.2.7. Show that in a finite field of characteristic 2 every element is a squar
(recall that in a field of odd characteristic, as established in Proposition 1.4
half of the nonzero elements are squares and the other half are not). Sh
also that every polynomial of the fordi? + « is itself a square, hence re-
ducible. Hint: If F'is a field of characteristic 2, then the map— F' such
thatz — 22 is a homomorphism.

E.2.8 Let K be afield of odd characteristic arffd= X2 +aX +b € K[X].
Prove thatf is irreducible if and only if the discriminant gf, namelya? —4b,
is not a square i .

Characteristic of a finite field

We will use thecharacteristic homomorphismy, : Z — A of any ring A,
that is, the map such thats(n) = n - 14 for all n € Z. Note thatp 4 is
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the only ring homomorphism df to A. Moreover, the image ob 4 is the
smallest subring of4, in the sense that it is contained in any subringdof
and it is called therime ringof A.

The kernel of¢ 4 is an ideal ofZ and hence there is a uniquely deter-
mined non-negative integer, such thaker (¢4) = (n4). We say that4
is thecharacteristicof A. For example, the characteristic of any domain is 0
(like Z, Q, R andC), while Z,, has characteristia for any integem > 1.

44Getting the characteristic of a field

In the case of rings of characteristicf) is injective and hence an iso-
morphism ofZ with the prime ring ofA. Thus we may identifyZ with the
prime ring of A (the integerm is identified withn - 14 € A). For exam-
ple, if A = M, (Q) (the ring of rational matrices of orde), then A has
characteristic 0 and € Z is identified with the diagonal matrix/, .

In the case when 4 > 0, thenn 4 > 1 (for 1 4 is assumed to be different
from 0 4) and by definition we have that the relation 14 = 04, n € Z, is
equivalent ton 4|n. Note also that in this case we have a unique homomor
phism (necessarily injective),, , — A whose image is the prime ring df,
and so we can identif§,, , with the prime ring ofA.

2.7 Proposition. The characteristia: 4 of a ring A has the following prop-
erties:

1) If Ais finite, them 4 > 0.

2) If Ais a domain, then eithet 4 = 0 or n4 is a prime number, and it
is a prime number i is finite.

3) The characteristic of a finite fielf is a prime numbep, and so in this
case there is a unigue homomorphigmecessarily injective),, — F'
whose image is the prime ring &f (in this case a subfield)

Proof: If A is finite, theng4(Z) is finite. SinceZ is infinite, 4 cannot be
injective. Hencexer (¢4) # 0 and thereforer 4 # 0.

If Aisadomainand =ny > 0, thenZ, is also a domain, because it
is isomorphic to a subring off. But Z,, is not a domain unless is prime
(and ifn is prime then we know thaf,, is a field).

Since a finite fieldF' is a finite domain, its characteristic = ng is
a prime number. The other statements are clear by what we have said
far. O

2.8 Proposition. If F'is a finite field, then its cardinal has the fopt, where
p is a prime number and is a positive integer. Moreovep, coincides with
the characteristic of.

Proof: If p is the characteristic of', thenp is a prime number and’ has a
subfield isomorphic t&,. Thus we can regarfl' asZ,-vector space. Since
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F is finite, the dimension of’ over Z,, sayr, is also finite and we have
F ~ 7., asZ,-vector spaces. Hen¢é'| = |Z;| = p". O

E.2.9 Let L be a finite field and<” a subfield ofL. If |K| = ¢, show that
|L| has the formy” for some positive integer. Deduce from this that the
cardinal of any subfield” of L such thatk" C F' has the forny®, with s|r.
What does this say wheli = Z,, p the characteristic of.?

E.2.10(Absolute Frobenius automorphisnghow that in a field< of char-
acteristicp the map

F: K — K suchthatz — z?

satisfies
(x +y)P =2 +yP and (zy)? = 2Py?

forall x,y € K and
AP =X forall A eZ,

(for this relation use E.2.6). I is finite, thenF is an automorphism of
K /7, (itis called theFrobenius automorphismf K).

E.2.11(Relative Frobenius automorphisrhpet L be a field of characteristic
pandK C L afinite subfield. lfg = | K|, show that the map

Frx : L — L suchthatz — x4

satisfies
(x+y)?T=274y? and (zy)? = 2%y?

forall z,y € L and
M=) forall A\e K

(for this relation use E.2.6). IL is finite, thenF is an automorphism of
L/K (itis called theFrobenius automorphisiof L relative toK). O

If K has cardinal;, the functionfrobenius(K) yields the mapr — z9,
that is, the Frobenius map relative 6. When applied to an element
frobenius(x) is equivalent to the Frobenius map relative to the prime field of
the field ofz. For examples, see the lifRFrobenius automorphisms

The basic construction

We will use the general ideas from polynomial algebra summarized in th
points 1-5 below. IfK is any field andf € K[X] is any polynomial over

of degreer > 0, then the quotient rind(’ = K[X]/(f) has the following
properties:



94 Chapter 2. Finite Fields

1) The natural homomorphisfii — K’ is injective and save may iden-
tify K with a subfield of<”.

2) If x = [X] is the class ofX modulof, then
{1,z,...,2"1}

is a basis of K’ considered as a vector space ov&r This means
that every element ok’ can be uniquely expressed in the fonm +
arz+-+or_12" Y ag,...,a.—1 € K. Sothe elements df’ can
be represented as polynomials:iirof degree< r with coefficients in
K or, in other wordsK" can be identified with the vector spa&éz],
of polynomials inz of degree< r with coefficients inkK'.

3) Interms of the representation in the previous paragrapisuimef two
elements ofK’ agrees with the sum of the corresponding polynomials,
and itsproduct can be obtained by reducing modufothe ordinary
product of polynomials. This reduction can be done as follows. If
f=ao+a X+ - +a_1 X"+ X7, then we have” = —(ag +
air + --- + a,_12"~1), and this relation can be used recursively to
express/, for all j > r, as a linear combination df z, ..., z" L.

4) TheringK' is afield if and only iff is irreducible overK. In this case,
the inverse ofr = ag+az+- - -+a,_12" ! can be obtained, as in the
case of modular arithmetic, with a suitable variation of the Euclidear
division algorithm applied tg' anda. The fieldK' is usually denoted
K (z), because it coincides with the minimum field that contalins
andz, but note that it coincides witti[x], the ring of polynomial
expressions in: with coefficients ink.

5) If K is finite andg = | K|, then|K’| = ¢", wherer is the degree of.

If p is a prime number and we apply 516 = Z,, we see that if we know
an irreducible polynomiaf € Z,[X], then we also have a finite field’ of
cardinalp”. For examplef = X2 — X +1 is an irreducible polynomial over
Zs (use Proposition 2.5) and 96’ = Z3[X]/(f) is a field and ifz is the
class ofX mod f then the27 elements offl’ have the formu + bz + cz?,
a,b,c € Z3. At the end of this section we include several other examples.
For the computational implementation of the basic construction, see A.
and for sample computations related to the preceeding example, see the |
46The function extension(K,f)Note thatextension(K,f) is equivalent to the
expressiorK[x]/(f), wherex is the variable of the polynomigl. The name of
this object is stillK[x], but thex here is now bound to the clagg modulo f
of the initial variabler of f.
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2.9 Remark. In the points 1-3 abovey can be replaced by any commuta-
tive ring andf by a monic polynomial (a polynomiafl is monicif its the
coefficient of its highest degree monomial is 1). THénis aring, and dree
moduleover K with basis{1,z,...,2"~'}. In other words, assuming that
the ring K has already been constructed, thas a free identifier (this can
be achieved, if in doubt, with the senteratear x) and thatf(x) is a monic
polynomial overk, thenk’ can be constructed as showrffiThe function
extension(K,f) also works for rings

We end this subsection with a result that establishes a useful relation betwe
the field K’ = K[X]/(f), f € K[X] irreducible, and any root of.

2.10 Proposition. Let L be a field andK a subfield. Letf € K[X] be a
monic irreducible polynomial, and set= deg (f), K/ = K[X]/(f). If

0 € Lis aroot of f, andz is the class ofX modulof, then there exists a
unigueK-homomorphisnk” — K|[f3] such that: — (3 (K-homomorphism
means that it is the identity oA’). This homomorphism is necessarily an
isomorphism. Henc& /] is a field and thereford([3] = K ().

Proof: Since the image ofyy + a1z + --- + a,_12"+ € K’ by a K-
homomorphism such that— Bisag+ a3+ - +a,_14"~!, uniqueness
is clear. For the existence, consider the mi&pX] — L such thath —
h(B). Itis a ring homomorphism with imag& [3] and its kernel contains
the principal ideal f), becausef(3) = 0 by hypothesis. Hence there is an
induced homomorphismtt’ — L such that

1

o+t Fa " e agta S+ a1 N

Since K’ is a field, this homomorphism is necessarily injective, hence ar
isomorphism betweeR” and the imagé<[/3]. O

E.2.12 Show that the kernel of the ring homomorphigm- h(3) defined
in the preceeding proposition coincides with the principal id¢al

2.11Example The quadratic polynomiak? + X + 1 has no roots i,
hence it is irreducible. The fieldy(z) = Zo[X]/(X?% + X + 1), where we
write x for the class ofX, has 4 elementd), 1, z, z + 1. The multiplication
table is easy to find using the basic relatin= x+1: we haver(z+1) = 1
and (z + 1)2 = x. Note that{z°, 2!, 2%} = {1,2,2 + 1}, so that the
multiplicative group ofZ,(z) is cyclic. #®ConstructingF, .

2.12Example The polynomiall™® + T + 1 € Z»[T is irreducible, because
it has degree 3 and does not vanishFoe 0 or for T = 1. HenceZs(t) =
Zso[T)/(T3 + T + 1) is a field of 8 elements, where we ledlenote the class
of T. The elements d¥.»(t) have the formu + bt + ct?, with a, b, ¢ € Zo,
and the multiplication table is determined by the basic relatfos: t + 1.
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Note thatt* = (¢ 4+ 1)t = 2 + t. Since the cardinal of the multiplicative
group of this field has 7 elements, it must be cyclic. In fact, as the following
link shows, it is a cyclic group generated hy

49Construction offg .

2.13Example Let K = Zy(z) be the field introduced in Example 2.11.
Consider the polynomiaf = Y2 + 2Y + 1 € K[Y]. Sincef(a) # 0 for
alla € K, fisirreducible overk (see 2.5). Therefor& (y) = K[Y]/(f)

is a field of4> = 16 elements. For later examples, this field will be de-
notedZsy(z,y). Its elements have the form+ by, with a,b € K, and its
multiplication table is determined by the multiplication tablefofand the
basic relationy? = 2y + 1. The link below shows that the multiplicative
group of this field is also cyclicy + 1 is a generator, but note thats not.
50Construction off ;4 .

2.14Example Since—1 is not a square i3, Z3(z) = Z3[X]/(X?+1)is

a field of 9 elements, wheredenotes the class . Its elements have the
forma+ bz, with a, b € Z3 and the basic relation for the multiplication table
is 22 = 2. The link below shows that the multiplicative group of this field is
also cyclic:z + 1 is a generator, but note thatis not. 3'Construction of
Fy.

2.15Example The polynomialf = X3 + 5 is irreducible ove#Z;. There-
fore Zz(z) = Z7[X]/(f) is a field of 7> = 343 elements, where denotes
the class ofX. The elements o%;(z) have the formu + bz + cx?, with
a,b, c € Z7. The multiplication table o¥;(x) is determined by the relations
x3 = 2, which is the form it takes the relatiof{z) = 0, andz* = 2z.
52Construction off'343 .

E.2.13 Find an irreducible polynomial &£3[T’] of the formT3 + a, and use
it to construct a fields(t) of 27 elements.

E.2.14 Show that the polynomia$* + S + 1 € Z[S] is irreducible and
use it to construct a fields(s) of 16 elements. Later we will see that this
field must be isomorphic to the fieleh(x, y) of example 2.13. For a method
to find isomorphisms between two finite fields with the same cardinal, se
P.2.5.

Splitting fields

Given a prime numbep and a positive integer, the basic construction
would yield a field ofp” elements if we knew an irreducible polynomial
f of degreer overZ,. We have used this in the examples in the previous
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subsection for a few andr, by choosingf explicitely, but at this point we
do not know whether afi exists for every andr.

In this subsection we will show that we can use the basic construction i
another way (thenethod of the splitting fie)dhat leads quickly to a proof of
the existence of a field whose cardinapisfor anyp andr. From this con-
struction, which is difficult to use in explicit computations, we will deduce
in the next subsection a formula for the number of monic irreducible poly
nomials of any degree over a field @Elements, and procedures for finding
these polynomials. We will then be able to construct a fielg"oglements
for anyp andr which can be handled explicitely and effectively.

2.16 Theorem(Splitting field of a polynomial) Given a fieldK and a monic
polynomialf € K[X], there is a field extensioh/ K and elements

Qat,...,0p €L

such that

r

f=]]X-a;) and L = K(on, ..., ).
j=1

Proof: Letr be the degree of. If » = 1, it is enough to takd. = K. So
assume- > 1 and that the theorem is true for polynomials of degreel.

If all irreducible factors off have degree 1, thefihasr roots in K and we
can takeL = K. Thus we can assume thathas at least one irreducible
factorg of degree greater than 1. By the fundamental construction applied 1
g, there is an extensioR’/ K and an element € K’ such that’ = K(«)
andg(a) = 0, hence alsg («) = 0. Now the theorem follows by induction
applied to the polynomial’ = f/(X — «) € K'[X] (since« is a root off,

f is divisible by X — «, by Proposition 2.4). O

2.17 Theorem(Splitting field of X4 — X). Let K be a finite field and =
|K|. LetL be the splitting field ok = X9 — X € K[X]. Then|L| = ¢".

Proof: By definition of splitting field, there are elements € L, i =
1,...,q", such thath = [[Z,(X — ;) andL = K(ay,..., ). Now
the elements; must be different, for otherwigeand its derivativeé:y’ would
have a common root, which is impossible becatfsis the constant-1. On
the other hand the s¢tv;, . .., o, } of roots ofh in L form a subfield ofZ,
because itx and 8 are roots, therfa — 3)9° = a9 — 9 = a — 3 and
(aB)d" = a9 B? = af (hencen — B anda are also roots of) and if o is
a nonzero root thefil /a)?" = 1/a%" = 1/a (hencel /« is also a root of).
Sincel? = X forall A € K, the elements ok are also roots of. It follows
thatL = K(a1,...,a4 ) ={a1,..., a4 } and consequentlyl| = ¢". O
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2.18 Corollary (Existence of finite fields) Letp be a primer number and
a nonnegative integer. Then there exists a finite field whose cardip@l is

Proof: By the theorem, the splitting field ok?" — X overZ, has cardi-
nalp”. O

E.2.15 Given afinite fieldL such thatL| = p", the cardinal of any subfield
is p°, wheres|r (E.2.9). Prove that the converse is also true: given a diviso
s of r, there exists a unique subfield bfwhose cardinal ig°.

Existence of irreducible polynomials ove£,,

In this section we will establish a formula for the the numhgr.) of monic
irreducible polynomials of degreeover a finite fieldiK of ¢ elements.

2.19 Proposition. Let f be a monic irreducible polynomial of degre@ver
K. Thenf dividesX " — X in K[X]if and only ifr|n.

Proof: If L is the splitting field ofX?" — X over K, then Theorem 2.17 tells
usthatL| = ¢" andX?" — X =[], (X — a). Let f € K[X] be monic
and irreducible, sek’ = K[X]/(f) and writex € K’ for the class ofX
mod f.

If we assume thaf divides X¢* — X, then there exist® € L such
that f(3) = 0 and by Propostion 2.10 we have th&{s] is isomorphic to
K' = K[X]/(f). ThusL has a subfield with cardinal', which implies that
r|n.

Assume, for the converse, thet. ThenX9 — X divides X" — X
(becausg” — 1 dividesq™ — 1 and henceX? ! — 1 divides X4"~! — 1).
To see thatf divides X¢" — X it is thus enough to prove that divides
X9 — X. Leth be the remainder of the Euclidean division ®f" — X
by f. SinceK’ hasq” elementsy is a root ofX?" — X and hence also a root
of h. This implies that: is zero, because otherwiser, . . ., 2"~ would not
be linearly independent, and hentéividesX? — X. O

2.20 Corollary. We have the following decomposition:

x'-x=1[ II

din felrr k(d)

wherelrr i (d) is the set of monic irreducible polynomials of degiemver K.
Consequently,

q" = Z dly(d).

dln
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2.21Example Since2? = 8, the irreducible factor(® — X overZ, coin-
cide with the irreducible polynomials of degrees 1 and 3 @&gerSimilarly,
the irreducible factors( ' — X overZ, coincide with the irreducible poly-
nomials of degrees 1, 2 and 4 ov&r. Now the factoring off € K[X] into
irreducible factors can be obtained with therIis function factor(f,K). We
can see the results of this example in the link below.

53FactoringX 4" — X
To obtain an expression fdi(n) we need théMiobius i function which is
defined as follows: ifl is a positive integer, then

1 if n=1
p(d) =< (=1)* if d=p;---pp, with thep; different primes
0 otherwise.

The functionu is implemente in thevirlsS functionmu_moebius.
54Some values of;

E.2.16 Show that ifgcd (d, d') = 1, thenu(dd') = p(d)u(d’).
E.2.17 For allintegers: > 1, prove thaty_ ;,, u(d) = 0.

E.2.18(M0dbius inversion formula)Let A be an abelian additive group and
h:N— Aandh’: N — A maps such that

(n) =Y h(d)

dln

for all n. Prove that then

h(n) = 3 u(d)l (n/d)

dln

for all n, and conversely. There is a multiplicative version of Mébius inver-
sion formula: LetA be an abelian multiplicative group ahd N — A and
1 : N — A maps such that

K (n) =[] 1(d)

dln

for all n. Prove that then

h(n) = [ 7' (n/dy"

dn

for all n, and conversely.
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2.22Example Since for any positive integer we haven = -, ¢(d)
(Proposition 2.3), the Mobius inversion formula tells us that we also have

= uld);
din

55|nversion formula: an example
If we apply the Mdbius inversion formula to the relatigh = 3_ ;. d1;(d)
in Corollary 2.20, we get:

2.23 Proposition. The number,(n) of irreducible polynomials of degree
over a fieldK of ¢ elements is given by the formula

1
_ - n/d
=D _uld)g".
dn

2.24 Corollary. For all n > 0, I,(n) > 0. In other words, ifK is a finite
field andg = | K|, then there are irreducible polynomials ovE&r of degree
nforaln>1

Proof: Since ford > 1 we haveu(d) > —1, itis easy to see that the formula
in Proposition 2.23 implies thatl,(n) > ¢" — (¢ —1)/(¢—1) > 0. O
56Computingl,(n)

If we apply the Mobius multiplicative inversion formula to the relatigf’ —
X = [Ia I eirr x(a) f in Corollary 2.20, we get:

2.25 Proposition. The productPg (n) of all monic irreducible polynomials
of degreen over K is given by the formula

Pr(f) = [T(x™"" = x)m@,
din

57Product of the irreducible polynomials of a given degree

2.26 Remark. Given a finite fieldK” with ¢ = | K| and a positive integer,

to construct a field witly" elements we can pick a monic irreducible poly-
nomial f € K[X], which exists becausg,(r) > 0, and formK[X]/(f).
Usually this construction is more effective than the splitting field methoc
introduced in Corollary 2.18.

To find irreducible polynomialsyiRis has, in addition to the possibility
of factoringX'¢" — X and which has already been illustrated above, two mair
functions that are very useful for dealing with irreducible polynomials: the
predicatdrreducible?(f,K), that returnsrue or false according to whethef €
K|[z] is or is not irreducible ovek’, andirreducible_polynomial(K,r,X), that
returns a monic polynomial of degrean the variableX that is irreducible
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over K. The latter function generates monic polynomials of degrée

the variableX and coefficients inK and returns the first that is found to
be irreducible. This works well because the density of monic irreducible
polynomials of degree among all monic polynomials of degrees, by the
formula in Proposition 2.23, of the order bfr.

58Finding irreducible polynomials

2.27 Remark. The functionirreducible_polynomial(K,r,X) may give a differ-
ent results (for the sam&, r and X) for different calls, because it is based
(unlessr and K are rather small) on choosing a random polynomial anc
checking whether it is irreducible or not.

Summary

e The characteristic of a finite fiel& is the minimum positive number
p such thatplx = 0. It is a primer number and there is a unique
isomorphism betweef, and the minimum subfield ok (which is
called the prime field o). From this it follows| K| = p", wherer is
the dimension oK as aZ, vector space.

e The (absolute) Frobenius automorphism of a finite figlds the map
K — K such thatr — zP, wherep is the characteristic oK. If L
is a finite field andK is a subfield withy = | K|, then the Frobenius
automorphism of. over K (or relative toK) is the mapr — z9.

e Basic construction: if{ is a finite field of cardinag andf € K[X]is
a monic irreducible of degree thenK[X]/(f) is a field that contains
K as a subfield and its cardinalgs.

e For any finite field K and any positive integer, there exist monic
irreducible polynomialsf € K[X] of degreer, and hence there are
fields of cardinaly” (¢ = |K|) for all » > 1. In fact, we have derived
an expression for the numbér(q) of monic irreducible polynomials
of degreer over a field ofg elements (Proposition 2.23). From this it
follows that a positive integer can be the cardinal of a finite field if and
only if it is a positive power of a prime number.

e Splitting field of a polynomial with coefficients in a finite field (Theo-
rem 2.16).

e Using the splitting field ofY9" — X ¢ K[X], whereK is a finite field
of g elements, we have seen tiiat” — X € K[X]is the product of all
monic irreducible polynomials with coefficients ik whose degree is
a divisor ofn. We also have found a formula for the produgt(n)
of all monic irreducible polynomials ik [ X | of 7.
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Problems

P.2.5 (Finding isomorphisms between finite fieldket L be a finite field
andK C L asubfield. Sey = | K| and letr be the positive integer such that
|L| = ¢". Assume that we have a monic irreducible polynonfiat K[X]
and that we can find € L such thatf(3) = 0. Show that there is a unique
K-isomorphismK [X]/(f) ~ L such thatc — (3, wherez is the class of{
modulo f. Prove also that thé& -isomorphisms betweeR [X]/(f) and L
are in one-to-one correspondence with the roots iof L.

P.2.6 The polynomialsf = X3+ X +1,9 = X3+ X2+1 € Zy[X] areiirre-
ducible (as shown in Example 2.21 they are the only irreducible polynomial
of degree 3 oveZ.,). Use the previous problem to find all the isomorphisms
betweerZ,[X]/(f) andZy[X]/(g).

P.2.7. Use P.2.5 to find all the isomorphisms between the field described i
E.2.14 and the fieldy(x, y) defined in Example 2.13.

P.2.8 A partition of a positive integem is a set of pairs of positive in-
tegersA = {(r1,m1),...,(rx, mx)} such thatr,...,r; are distinct and
n =mr + ...+ mgri. The partition{(n, 1)} is said to bemproper, all
others are said to bgroper. Let now K be a finite field ofy elements. Use
the uniqueness (up to order) of the decomposition of a mpricK [X| as
a product of monic irreducible factors to prove that

k

P, =11 (Iqm) o 1)

i=1

gives the number of monic polynomials ii[X]| that are the product of:;
irreducible monic polynomials of degreg i = 1,..., k. Deduce from this
thatR,(n) = >, P,(\), where the sum ranges over all proper partitions of
n, is the number of polynomials iK' [X] that are reducible, monic and of
degreen. Finally show thatR,(n) + I,(n) = ¢" and use this to check the
formula forI,(n) obtained in Proposition 2.23 farin the rangel..5.
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2.3 Structure of the multiplicative group of a finite
field

This group could not have a simpler structure—it is cyclic.
S. Roman, [24], p. 288.

In the examples of finite fields presented in the preceeding section we ha
seen that the multiplicative group was cyclic in all cases. In this section w
will see that this is in fact the case for all finite fields. We will also consider
consequences and applications of this fact.

Essential points

e Order of a nonzero element.

¢ Primitive elements (they exist for any finite field).

e Discrete logarithms.

e Period (or exponent) of a polynomial over a finite field.

Order of an element

If K is afinite field andy is a nonzero element df, theorder of «, ord (),
is the least positive integersuch thato” = 1 (in E.2.4 we saw that this
exists). Note thadrd (o) = 1 ifand only ifa = 1.

2.28Example in Z5 we haveord(2) = 4, becaus@ # 1, 22 = 4 # 1,
23 = 3 # 1 and2* = 1. Similarly we haveord (3) = 4 andord (4) = 2.

2.29 Proposition. If the cardinal of K is ¢ anda € K* has orderr, then
r|(g —1).
Proof: Itis a special case of E.2.4. O

2.30 Remark. This proposition implies that¢~! = 1 for all nonzero ele-
mentse € K, afact that was already established in E.2.6. On the other han
if ¢ — 1 happens to be prime and # 1, then necessarilyrd () = ¢ — 1.
More generallyy is the least divisor of — 1 such thata” = 1.

2.31Examples 1) In the fieldZ,(z) of example 2.11 we have, singe-1 =
3isprime,ord(1) = 1, ord(z) = 3 andord (x + 1) = 3. Note thatin 2.11 we
had already checked this from another perspective.
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2) In the fieldZ; () of the example 2.15 — 1 = 342 = 2-32.19. Since
r3 = 2and23 = 1, we haver’ = 1 and hencerd(x)|9. Finallyord (z) = 9,
asz> # 1.

3) In the fieldZy(z,y) of the example 2.13, which has cardinal 16,
ord(y) = 5, becauserd(y) has to be a divisor of6 — 1 = 15 greater than 1
and itis easy to check that = xy+2 # 1 andy® = (zy+1)(zy+2) = 1.

Computationallyprd («) is returned by the functioorder(c). It imple-
ments the idea that the ordernf « is the least divisor off — 1 such that
a” = 1. See the link®Order of field elementfor examples.

E.2.19 In a finite field K every elementy satisfies the relation? = «,
whereq = | K| (E.2.6). Hence the elements Bfare roots of the polynomial
X7 — X. Show that

X -X=][X-a) and X' —1= ] (X —a).
acK aeEK*

Note finally that these formulae imply that ., a = 0if K # Z5 (as
X9 — X has no term of degreg— 1if ¢ # 2) and thaf[ [ ,_ ;.. a = —1 (See
also Example 1.30, where this fact was proved in a different way).

2.32 Proposition. Let K be a finite field,« a nonzero element ok and
r = ord ().

1) If z is a nonzero element such thet = 1, thenz = o* for some
integerk.

2) For any integerk, ord (o) = r/ged (k, 7).

3) The elements of orderof K have the form*, withged (k,7) = 1. In
particular we see that if there is an element of ordethen there are
preciselyy(r) elements of order.

Proof: Consider the polynomiaf = X" — 1 € K[X]. Sincef has degree
andK is a field, f has at most roots inK. At the same time, sinceis the
order ofa, all ther elements of the subgroup = {1, a,...,a" "'} are roots
of f and sof has no roots other than the elementfofNow by hypothesis
x is aroot off, and hence: € R. This proves 1.

To establish 2, lefl = gcd (r, k) ands = r/d. We want to show that*
has ordes. If (a*)™ = 1, thena™* = 1 and therefore|mk. Dividing by
d we get thats|mk/d. Since(s, k/d) = 1, we also get tha¢|m. Finally it is
clear that(a*)* = o = (a")*/¢ = 1, and this ends the proof.

Part 3 is a direct consequence of 1, 2 and the definitign(of. O
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Primitive elements

A nonzero element of a finite fiel& of cardinalg = p” is said to be a
primitive elemenof K if ord(a)) = ¢ — 1. In this case it is clear that

K*={l,a,0?, ...,097%}.

Of this representation of the elementsigfwe say that it is theexponen-
tial representatior(or also thepolar representatioprelative to the primitive
elementx. With such a representation, the product of elemenfs &f com-
puted very easilya‘a’ = of, wherek =i+ j mod g — 1.

2.33Examples The elements 2 and 3 are the only two primitive elements
of Zs andx andz + 1 are the only two primitive elements of the fiefd (x)
introduced in Example 2.11. The elemendf the fieldZ;(z) introduced in
Example 2.15 is not primitive, since we know thed(x) = 9 (see Example
2.31). Finally, the elemenj of the fieldZy(z,y) considered in Example
2.13 is not primitive, since we saw thati(y) = 5 (Example 2.31.3).

2.34 Theorem. Let K be a finite field of cardina§ andd is a positive inte-
ger. Ifd|(g — 1), then there are exactly(d) elements ofC that have order
d. In particular, exactlyp(q — 1) of its elements are primitive. In particular,
any finite field has a primitive element.

Proof: Letp(d) be the number of elements ff that have orded. It is clear

that
> pd)=q-1,
d|(g—1)

since the order of any nonzero element is a divisog ef 1. Now observe
that if p(d) # 0, thenp(d) = ¢(d) (see Proposition 2.32.3). Since we also
haveZqu_l) ©(d) = q¢ — 1 (Proposition 2.3), it is clear that we must have
p(d) = ¢(d) for any divisord of ¢ — 1. O
ThewirIs function primitive_element(K) returns a primitive element ok .
Here are some examples:

60The function primitive_element(KFhe algorithm on which the func-
tion primitive_element(K) is based is calle@Gauss’ algorithmand it is ex-
plained and analyzed in P.2.10.

2.35 Proposition. Let L be a finite field X a subfield ofL andg = | K|. Let
r be the positive integer such thidt| = ¢". If « is a primitive element of,,
thenl,«,...,a ! is a basis ofL as aK-vector space.

Proof: If 1,q,...,a" ! are linearly dependent ovés, there exist

ag, a1, ..., ar-1 € K7
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not all zero, such that
ao+aia+ - +a_1a" "t =0.

Lettingh = ag +a1X +---+a,_1 X"~ € K[X], we have a polynomial of
positive degree such thata) = 0. From this it follows that there exists a
monic irreducible polynomiaf € K[X] of degree< r such thatf(«) = 0.
Using now Proposition 2.10, we get an isomorphism filifn= K [X]/(f)
onto K[«a| such thatr — «. But this implies thabrd(a) = ord(z) <
q"~! — 1, which contradicts the fact thatd (o) = ¢" — 1. O

E.2.20 Let K be afinite field different froni;. Use the existence of primi-
tive element to prove again thaf - = = 0. O

Primitive polynomials

If fis an irreducible polynomial of degreeverZz,, p prime, therZ,(z) =
Zp|X]/(f) is afield of cardinap”, wherez is the class o modulo f. We
know thatz may be a primitive element, as in the case of the figjdr)

of example 2.11, or it may not, as in the case of the fiéldr) studied in
the example 2.15 (cf. the examples 2.33).zIfurns out to be a primitive
element, we say that is primitive over Z,,. It is interesting, therefore, to
explore how to detect whether or not a given polynomial is primitive. First
seeb!Example of a primitive polynomiglof degree 4 oveZ.s).

E.2.21 Let K be afinite field and’ € K[X|] be a monic irreducible polyno-
mial, f # X. Letz be the class oX in K[X]/(f). If m = deg (f), show
that the order of: is the minimum divisorl of ¢" —1 such thatf| X¢—1. For
the computation of this order, which is also called gegiod (or exponent
of £, see the link¥2The function period(f,q)

The discrete logarithm

Supposd. is a finite field andx € L a primitive element of.. Let K be a
subfield ofL and lety = | K| andr the dimension of. over K as aK -vector
space. We know thdt, «, ..., a" ! form a basis ofL as aK-vector space
(Proposition 2.35), and thereby every element atin be written in a unique
way in the formag + a1 + ... + a,—1a" 7%, ag, ...,a,—1 € K. We say that
this is theadditive representationver K of the elements of, relative to the
primitive element.

With the additive representation, addition is easy, as it reduces the sum
two elements of. to » sums of elements ot . In order to compute products,
however, it is more convenient to use teeponential representatiowith
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respect to a primitive element More precisely, ift,y € L*, and we know
exponents, j such that: = o andy = o, thenzy = o7,

In order to be able to use the additive and exponential representatiol
cooperatively, it is convenient to compute a table with the powérg <
i < g — 2, q = |Ll|) in additive form, say

al = a0 + a1+ ...+ aiJ«,lOzT_l,
since this allows us to transfer, at our convenience, from the exponential
the additive representation and vice versa. If wenketz) (orind, (z) if we
want to declarer explicitely) to denote the exponeiguch that: = ¢, then
the productey is equal too*, wherek = ind () + ind(y) (modg — 1).

The link 83Computation of product by means of an index tainiei-
cates a possible computational arrangement of this approach, and the exa
ple below presents in detdil;s done ‘by hand’. Note that in the link the
functionind_table(x) constructs the tabléx’ — j};—¢... ,—1, r = ord(z),
augmented witH0 — _} in order to be able to includex (in the definition
of the function we usé -z because this is the zero element of the field where
x lives, wherea$ alone would be an integer). We have used the underscor
character to denote the index @f, but in the literature it is customary to
use the symbalko instead.

By analogy with the logarithmsipd,(z) is also denotedog,,(z), or
log(z) if a can be understood. We say that it is tiscrete logarithmof
x with respect tax.

2.36Example Consider again the fieldy (t) = Zo[T]/(f), f = T*+T+1,
studied in E.2.14. The elemehts primitive, asord (t)|15 andt® # 1, t5 =
t?> +t # 1. So we have an exponential representation

Zo(t)* = {1,t,...,t'4}.

Consider now Table 2.1. The column on the right contains the coeffi
cients oft*, k = 0,1, ..., 14, with respect to the basis t, t2, t>. For exam-
ple,t® = t2 + 1 = 0101. The first column contains the coefficients with
respect tal, t, 2, ¢3 of the nonzero elementsof Z,(t) ordered as the inte-
gersl, ..., 15 written in binary, together with the corresponding(z). For
examplep = 0101 = ¢> + 1, and its index is 8.

2.37 Remark. Index tables are unsuitable for large fields because the corre
sponding tables take up too much space. They are also unsuitable for sir
fields if we have the right computing setup because the field operations
a good implementation are already quite efficient. As an illustration of th
contrast between pencil and machine computation$“&eamples of Lidl—
Niederreiter (cf. [12], p. 375).
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Table 2.1: Discrete logarithm ofZ,(t), t* =t + 1

r  log(z) |k tF r  log(z)| k tF
0001 0 |0 0001 1001 14 8 0101
0010 1 1 0010 1010 9 9 1010
0011 4 |2 0100 1011 7 |10 0111
0100 2 |3 1000 1100 6 |11 1110
0101 8 |4 0011 1101 13 |12 1111
0110 ) 5 0110 1110 11 13 1101
0111 10 |6 1100 1111 12 |14 1001
1000 3 7 1011

Note in particular how to set up a table dcobi logarithms
Z={jr—ind(1+a)}

(also calledZech logarithmy « a primitive element. Since we have the
identity 1 + o = o#U), they are useful to transform from the additive form
to the exponential form. Here is a typical case:

o +al =l (1+ a7 = o200

(assuming < j).

Nevertheless, the problem ebmputingind,(z) for any = is very in-
teresting and seemingly difficult. Part of the interest comes from its use
in some cryptographic systems that exploit the fact that the discrete exp
nentialk — o is easy to compute, while computing the inverse function
x +— ind,(z) is hard. See, for example, [12], Chapter 9.

Summary

e Order of a nonzero element of a field pklements, and the fact that
it always dividesy — 1. If d is a divisor ofg — 1, there are precisely
©(d) elements of orded.

e Primitive elements (they exist for any finite field). Since they are the
elements of ordef — 1, there are exactly(q — 1) primitive elements.

e Period (or exponent) of an irreducible polynomial over a finite field.
Primitive polynomials.

e Discrete and Jacobi (or Zech) logarithms.
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Problems

P.2.9 Let K be a finite field,a, 5 € K*, r = ord(«), s = ord((3). Let
t =ord(af3), d = ged (1, 8), m = lem(r, s) andm’ = m/d. Prove thatn'|t
andt|m. Henceord (af3) = rs if d = 1. Give examples in whicl > 1 and
t = m’ (repectivelyt = m).

We now present an algorithm for finding primitive roots in an
arbitrary finite field. It is due to Gauss himself.
R.J. McEliece, [16], p. 38.

P.2.10(Gauss algorithm)This is a fast procedure for constructing a primi-
tive element of a finite field< of ¢ elements.
1) Let a be any nonzero element & andr = ord(a). If r = ¢ — 1,
returna. Otherwise we have < ¢ — 1.

2) Let b an element which is not in the group) = {1,a,...,a" '}
(choose a nonzerpat random inK and computé”; if " # 1, then
b ¢ (a), by proposition 2.32, and otherwise we can try anothsmnce
r is a proper divisor of; — 1, there are at least half of the nonzero
elements ofi that meet the requirement).

3) Let s be the order ob. If m = ¢ — 1, returnb. Otherwise we have
s<q—1.

4) Compute numbersg ande as follows. Start withi = 1 ande = 1 and
look successively at each common prime divis@f  ands. Letm
be the minimum of the exponents with whiglappears in- ands and
setd = dp™ if m occurs inr (in this case appears irs with exponent
m Or greater) and = ep™ otherwise (in this casg appears irs with
exponentn and inr with exponent strictly greater than).

5) Replaces by a?b¢, and reset = ord(a). If 7 = ¢ — 1, then returm.
Otherwise go to 2.

To see that this algorithm terminates, show that the ordef &fin step 5 is
lem(r, s) (use P.2.9) and thaim(r, s) > max(r, s).

P.2.11 Let K be a finite fieldg = |K|, andf € K[X] a monic polynomial

of degreem > 1 with f(0) # 0. Prove that there exists a positive integer
e < ¢"™ — 1 such thatf| X¢ — 1. The least satisfying this condition is the
period orexponentof f. If f is reduciblee need not be a divisor af™ — 1.
See the link%3The function coarse_period(f,g)which callsperiod(f,q) if

f is irreducible and otherwise proceeds by sluggishly trying the conditiot
f|(X€—1) forall e in the rangeieg (f)..(¢"™ — 1)). Hint: If z is the class of

X in K" = K[X]/(f), theq™ classes’ (j = 0,...,¢™ — 1) are nonzero
and K’ has onlyg™ — 1 nonzero elements.
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P.2.12 Find all primitive irreducible polynomials of degree= 2..6 overZs.
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2.4  Minimum polynomial

The definitions, theorems, and examples in this chapter can be
found in nearly any of the introductory books on modern (or
abstract) algebra.

R. Lidl and H. Niederreiter, [12], p. 37.

Essential points

e Minimum polynomial of an element of a field with respect to a sub-
field.

e The roots of the minimum polynomial of an element are the conjugate
of that element.

e Between two finite fields of the same ordérthere exist precisely
isomorphisms.

¢ Norm and trace of an element of a field with respect to a subfield.

Let L be a finite field and< a subfield ofL. If the cardinal ofK is ¢, we
know that the cardinal of. has the formy™, wherem is the dimension of.
as aK-vector space.

Leta € L. Thenthen + 1 elementd, «, ..., o™ are linearly dependent
over K and so there exists elements a1, ..., a, € K, not all zero, such
thatag +a1a+. ..+ ana™ = 0. This means that if we s¢t= ag+ a1 X +
...+ a, X™, thenf is a nonzero polynomial such thata) = 0. With this
observation we can now prove the next proposition.

2.38 Proposition. There is a unigue monic polynomiale K[X] that sat-
isfies the following two conditions:

1) p(a) = 0.
2) If f € K[X]is apolynomial such thaf(a) = 0, thenp| f.

The polynomiap is irreducible and satisfies that
3) deg (p) < m.
Proof: Among all the nonzero polynomialg such thatf(«) = 0, choose

one of minimum degreey. The degree op cannot be greater than, as
we know that there are nonzero polynomiglef degreen or less such that

fla) =0.
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To see 2, assumg(a) = 0 and letr be the residue of the Euclidean
division of f by p, sayf = gp+r and with either = 0 ordeg () < deg (p).
Sincep(a) = 0, we also have («) = 0. Hence the only possibility is = 0,
as otherwise we would contradict the wawas chosen.

To prove the uniqueness of let p’ be another monic polynomial that
satisfies 1 and 2. Then we have’ andp’|p, and s andp’ are proportional
by a nonzero constant factor. But this factor must be 1, because lzottd
p’ are monic.

Finally if p = fg is a factorization op, then f(«) = 0 or g(a)) = 0,
and sop|f or plg. If p|f, thenf = pf’, for somef’ € K[X], and so
p= fg=npf'g. Thusl = f’g, f' andg are constants and= fg is not a
proper factorization op. The case|g leads with a similar argument to the
same conclusion. Therefopes irreducible. O

The polynomiap defined in Proposition 2.38 is called thenimum poly-
nomialof o over K, and is usually denoted

po. The degree op, is also known as thdegree ofa over K and is
denoted- = deg ().

E.2.22 Show that there exits a uniqué-isomorphismK [ X]/(p.) ~ K|q]
such thatr — o, wherez is the class ofX .

E.2.23 Show that ifa is a primitive element ofl, thena has degreen
overK.

E.2.24 1f fis anirreducible polynomial over a field, and« is a root of f
in an extensior. of K, show thatf is the minimum polynomial o& over
K (note in particular that it () = K[X]/(f), then f is the minimum
polynomial ofz over K).

E.2.25 With the same notations as in the Proposition 2.38, proverthat
deg (p) is the first positive integer such thatr” € (1,a,...,a" !)k. Asa
result,r is also the first positive integer such thgfa] = (1, a, ...,a" ).

2.39Example Let us find the minimum polynomiah, overZ, of the ele-
menty of Zy(z, y) introduced in the example 2.13 (cfhe function min-
imum_polynomial ). We havey® = zy + 1. Hencey® € (1,4)7,(,), @
fact that is nothing but a rediscovery that the minimum polynomigl ofer
Zo(z)isY? +2Y + 1. Buty? ¢ (1,y)z,, and s has degree higher than 2.
We havey® = zy? +y = 2%y +z+y = vy +z and, as it is easy to seg’ ¢
(Ly,y*)z,. Nowy! = zy? +ay = 2®y+ x4y = y+z = v’ + > +y+1,
and therefore = Y4+ Y3 +Y2+Y +1. Asord(y) = 5, pis not a primitive
polynomial. O

66Examples of minimum polynomial
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The set ofconjugatever K of an elementy € L is defined to be
Co = {a,oﬂ,an, coaad

wherer is the least positive integer such thef = «.
67The calls conjugates(x) and conjugates(x,k)

2.40 Proposition. Let K be a finite field and = |K|. Let L be a finite field
extension o anda € L. If C, is the set of conjugates af over K, then
the minimum polynomial,, of « over K is given by the expression

pa= [ (X -0

BeCa

Proof: Extend the Frobenius automorphismlgfK to a ring automorphism

of L[X] by mapping the polynomia} ", a; X* to > ,a?X*. Then the
polynomial f = H,@eca (X — () is invariant by this automorphism, because
g1 e C,if g € C,. Thereforef € K[X]. If 8 € Lisarootofp,, theng?is
also aroot op,, as itis easily seen by mapping the Frobenius automorphisr
to the relatiomp,, (3) = 0. Using this observation repeatedly it follows, since
a is a root ofp,, thatp,(8) = 0 for all 3 € C, and sof|p,. Butp, is
irreducible andf has positive degree, sb = p., as both polynomials are
monic. O

Uniqueness of finite fields

Next statement shows that two finite fields of the same cardinal are isomc
phic.

2.41 Theorem. Let K and K’ be two finite fields with the same cardinal,
Then there exists an isomorphigm K — K'.

Proof: Consider the polynomiak? — X € Z,[X]. Regarded as a polyno-
mial with coefficients inf(, we haveX?— X = [] (X —a) (see E.2.19).
Similarly we haveX? — X =[] /¢ (X — o).

Let « be a primitive element ofC and letf € Z,[X] be its minimum
polynomial. As|K| = |K'| = p", f has degree (Proposition 2.35), and
since all the roots of are inK (Proposition 2.40), we also have that

FTP =t = 1)

as polynomials with coefficients k. But since these polynomials are
monic with coefficients irZ,, this relation is in fact valid as polynomials
with coefficients inZ,. Now (7?7 ~! — 1) also decomposes completely in
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K’ and hencef has a root’ € K’. Now Proposition 2.10 says that there
is a unique isomorphisii,[X]/(f) ~ Z,[¢'] = K’ such thatr — ¢/,
wherez is the class o’ modulo f. But there is also a unique isomorphism
Zp|X]/(f) ~ Zp|a] = K and so there exists a unique isomorphism- K’
such thaty — o/. O

2.42 Remark. The proof above actually shows that there are precisdlg-
tinct isomorphisms betweefi and K.

E.2.26 The polynomialsX?® + X + 1, X3 4+ X2 4 1 € Zy[X] are the two
irreducible polynomials of degree 3 ové&s. Construct an explicit isomor-
phism between the fields,[X]/(X3 + X + 1) andZy[X] /(X3 + X2 +1).
68]somorphisms between twig .

E.2.27 Prove that:? + 44 andz? + 1 are irreducible polynomials over the
field F1; and construct an explicit isomorphism betwé&n[z] /(22 + x4 4)
andIFH[x]/(xQ + 1).

Trace and norm

Let L be a finite field andk a subfield. If|K| = ¢, then we know that
|L| = ¢, wherem = [L : K], the dimension of. as aK -vector space.

Definitions

Leta € L. Then we can consider the map, : L — L such thatr — ax.
This map is clearly-linear and we define thieaceand thenormof a with
respect tok’, denotedt 1,/ i (o) andNmy, - () respectively, by the formulae

Trr K (@) = trace(ma), Nmp g (a) = det(myg).

Let us recall that the right hand sides are defined as the sum of the diagol
elements and the determinant, respectively, of the matnix pfvith respect
to any basis of. as aK-vector space.

E.2.28 Check thattr; /i : L — K is aK-linear map and that 1,/ (\) =
mAforall A € K.

E.2.29 Similarly, check thalm /x : L* — K* is a homomorphism of
groups and thatimy, /- (\) = A™ forall A € K.

Formulas in terms of the conjugates ofx

Letp, = X" 4+ i X" ! + ... + ¢, be the minimum polynomial of; with
respect toK. If we put{ai,...,«,} to denote the set of conjugates @f
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with respect toK (a1 = «), then we know thap, = [[;_;(X — a;). In
particular we have that

g = —o(a) and ¢, = (—1)"n (),
whereo(a) = a; + -+ o,y andn(a) = aq -+« - - o
2.43 Theorem. With the notations above, and definiag= m/r, we have:
TrL/K(a) = so(a) and NmL/K(a) = (m(a))®.

Proof: The seta = {1,a,---,a" 1} is a basis ofK(a) as aK-vector
space. If we lepy, ..., 3s, s = m/r, denote a basis df as aK («)-vector
space, thell. = &7_; K(a)f; (asK («)-vector spaces). It follows that,,
has a matrix that is the direct sum efidentical blocks, each of which is
the matrix A of m,, : K(a) — K(a) with respect to the basis. Since
mq(at) = a**1, which fori = r — 1 is equal to

(e +errat 4 aa ),

we have that

0 —cy
L. —Cr—1
A=
1 0 —C9
1 —C1
and so
trace(my) = strace(A) = s(—c1) = so(a),
and
det(mg) = (det(A4))° = ((—=1)"¢)® = 7(a)?,
as stated. 0

If L andK are constructed fields, thery, x («) is returned byfr(a, LK),
ortrace(a,L,K). If K is not specified, it is taken as the prime fieldlofAnd
if neither K" nor L are specified, it is assumed thats the field ofa and K
its prime field. Similar notations and conventions hold for;, /x (o) and
Nm(e,L,K), or norm(a,L,K). ¥ Trace examples 7°Norm examples

Summary

e Minimum polynomial of an element of a field with respect to a sub-
field.
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e The roots of the minimum polynomial of an element are the conjugate
of that element with respect to the subfield.

e Between two finite fields of the same orgér there exist precisely
isomorphisms.

e Trace and norm of an element of a fidldwith |L| = ¢™ with respect
to a subfieldK with |K| = p": if we sets = m/r, then the trace is
the sum of the conjugates afmultiplied by s and the norm is the-th
power of the product of the conjugatescaf

Problems

P.2.13 Let K be a finite field andy = |K|. Let f € K[X] be monic and
irreducible and- = deg (f). Show thatk’ = K[X]/(f) is the splitting field
of f.

P.2.14 Find the trace ofig+a1t+axt? +ast3+ast* € Zo[T)/(TO+T?+1),
wheret is the class of .

P.2.15 Let K = Zy[X]/(X*+ X + 1) anda = [X]. Compute the matrix
M = Tr(a’a?) for 0 < i,5 < 3 and show thatlet(M) = 1. Deduce that
there exists a uniqué,-linear basisd, (1, 32, 33 of K such thatir (' 3;) =
;5 (0 < i, 5 < 3).

P.2.16 Let K = Z3, L = K[X]/(X? + 1) and$ = a + 1, wherea is the
class ofX. FindNm(3%) for0 < < 7.
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3 Cyclic Codes

The codes discussed in this chapter can be implemented rela-
tively easily and possess a great deal of well-understood math-
ematical structure.

W. W. Peterson and E. J. Weldon, Jr., [19], p. 206.

Cyclic codes are linear codes that are invariant under cyclic permutatior
of the components of its vectors. These codes have a nice algebraic struct
(after reinterpreting vectors as univariate polynomials) which favors its stud
and use in a particularly effective way.

More specifically, we will see that cyclic codes of lengtlover a finite
field K are in one-to-one correspondence with the monic divigark

X" —1e K[X],

and we will establish how to construct generating and control matrices i
terms ofg. Then we will investigate, in order to generate all factgriiow
to effectively factorX™ — 1 € K[X] into irreducible factors.

Not surprisingly, several of the better known codes (like the Golay codes
or families of codes (like thBCH codes), are cyclic.

In the last section we will present the Meggitt decoding algorithm anc
its computational implementation. Moreover, we will illustrate in detail its
application in the case of the Golay codes.
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3.1 Generalities

During the last two decades more and more algebraic tools
such as the theory of finite fields and the theory of polynomi-
als over finite fields have influenced coding.

Lidl-Niederreiter, [12], p. 470.

Essential points

e Cyclic ring structure off™.

Generating and control polynomials of a cyclic code.
e Parameters of a cyclic code.

Generating matrices and systematic encoding.

Control matrices.

We will say that a linear codé' C F" is cyclicif o(a) € C foralla € C,
where

o(a) = (an,a1,a2,...,an—1) if a=(ay,...,ay). [3.1]

E.3.1 Assume that(a) € C for all rowsa of a generating matrixs of C.
Show that”' is cyclic.

Cyclic ring structure of ™

In order to interpret the condition [3.1] in a more convenient form, we will
identify F with F[z],, (the vector space of univariate polynomials of de-
gree < n with coefficients inF in the indeterminater) by means of the
isomorphism that maps the vectwor= (ay, ..., a,) € F" to the polynomial
a(z) = a1 + azw + ... + a2 ! (note that this is like the interpretation of
357 as3 x 102 + 5 x 10+ 7). Se€!Constructing a polynomial from its coef-
ficient vector and conversefgr how we can deal with this in computational
terms.

Moreover, we will endoviF[z],, with the ring product obtained by identifying
F[z],, with the underlying vector space of the rifigX|/(X™ — 1) via the
uniqueF-linear isomorphism that mapsto the clas$X] of X. If f € F[X],

its imagef = f(x) in F[z],,, which we will cal then-th cyclic reduction of
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f, is obtained by replacing, for all non-negative integgrthie monomialX’

by the monomiak:ll», where[;],, is the remainder of the Euclidean division
of j by n. We will denote byr : F[X] — F[z],, the map such thaf — f
(see "2Cyclic reduction of polynomia)s

For convenience we will also write, if € F[X] anda € F[z],, fa as
meaning the same &s:.

Next we will consider the functions that allow us to deal with the product
in F[z],,, and a couple of example&3(:-th cyclic product of polynomials,
possibly with symbolic coefficients

In terms of vectors of", the product irfff[x],, can be expressed directly
as in"Cyclic product of two vectors

3.1 Lemma. If we leto denote the cyclic permutatid8.1], theno(a) = za
for all a € Flz],.
Proof:. With the representation af as the polynomial

n—1
a1 +axxr+ ...+ a,x ,

the productza is
a1z + asx® + ...+ ap_12" "t + apa™.

Sincez™ = 1, we have

Ta = an + a1z + agx® + ...+ ap_12" 1,

which is the polynomial corresponding to the veciga). O

3.2 Proposition. A linear codeC of lengthn is cyclic if and only if it is an
ideal of F[z],,.

Proof: If C C F[z], is cyclic, then Lemma 3.1 implies thaC C C. In-
ductively we also have that/ C' C C for all non-negative integers Since
C'is alinear subspace, we also have C C for all a € F|x],,, which means
that C is an ideal ofF|[z],,. Conversely, ifC' C F[z], is an ideal, then in
particular it is a linear subspace such théat C C. But again by Lemma 3.1
this means that’ is cyclic. O

Given any polynomiaf € F[X], letC; = (f) C F[z],, denote the ideal
generated by = f(x), which can also be described as the imagg|inl,,
of the ideal( f) C F[X] by the mapr : F[X]| — F|z],,.

E.3.2 If g andg’ are monic divisors oX™ — 1, show that
1) Cy C Cy ifand only if ¢'|g.
2) Cy=Cyifandonlyifg =g
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3.3 Proposition. Given a cyclic cod€’ of lengthn, there is a unique monic
divisor g of X™ — 1 such thatC' = C,.
Proof: Exercise E.3.2 tells us that we must only prove the existenge of
GivenC, let g € F[X] be a nonzero polynomial of minimum degree
among those that satisfye C (note thatr( X" — 1) =2"—-1=0¢€ C so
thatg exists andieg (¢g) < n). After dividing g by its leading coefficient, we
may assume thatis monic. Since&”' is an ideal, we havé', = (g) € C and
so it will be enough to prove thatis a divisor ofX™ — 1 and thatC' C C,,.
To see thay is a divisor of X™ — 1, let ¢ andr be the quotient and
remainder of the Euclidean division &f"" — 1 by g:

X" —1=gqg+r.
Hence
O=a2"—-1=¢qg+7
and sor = —qg € Cy C C. Butdeg (7) < deg (g), by definition ofr. Thus

r = 0, by definition ofg, and this means thgtdivides X™ — 1.
Now leta € C'. We want to prove that € C,,. Let

ax =ao+a X + -+ a1 X",
so that
a=ayg+az+ -+ ap_12" " =ax.
Let ¢, andr, be the quotient and remainder of the Euclidean divisionpf
by g:
ax = (qaqg + Tq-
This implies that

a=0ax = (qug +7Tq

and therefore
To =a— qug € C.
This and the definition of, andg yield thatr, = 0 and hence = g,g € C,,
as claimed. O
The monic divisorg of X™ — 1 such thatC' = (| is said to be the
generator polynomiabf C',.
E.3.3 For any f € F[X], prove that the generator polynomial 6f is
g=ged (f, X" —1). O
In the sequel we shall write, if is a monic divisor ofX™ — 1,

g=X"-1)/g
and we will say that it is theontrol polynomial or check polynomialof C,.
Note thaty = g.
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Further notations and conventions

Let us modify the notations used so far in order to better adapt them to tt
polynomial representation of vectors. Instead of the indexX set..,n},
we will use{0,1,...,n — 1}. In this way ann-dimensional vecton =
(ag, .. .,an—1) is identified with the polynomial
a(r) =ap+ax+ ...+ 12" L.

The scalar producta|b) of a,b € F[z],, can be determined in terms of
the polynomial representation as follows: Givea F[X],, letl(a) = a,—1
(the leading term ofi) and

a=ap_1+ apox+...+apx" L. [3.2]
Then we have the relation
(alb) = £(ab), [3.3]

as it is easy to check.

In the remainder of this section we will assume that(n,q) = 1 and
we letp denote the unique prime number such that p", for some positive
integerr. This hypothesis implies that # 0 in I, therefore

D(X" —1) =nX""" ~ X"

does not have non-constant common factors With— 1. Consequently the
irreductible factors ofX™ — 1 are simple (have multiplicity 1). In particular
we have, iff{,..., f, are the distinct irreducible monic factors & — 1,
that X™ — 1 = f1--- f,. (for the case in whicln and ¢ are not relatively
prime, see E.3.13 on page 130).

Thus the monic divisors aK™ — 1 have the form

g:fh"'fisa with 1 <1 < ... <ig<r

So there are exactl@” cyclic codes of lengt, although some of these
codes may be equivalent (for a first example, see Example 3.6).

Since the ideal§f;) are maximal ideals df[z],, = F[X]/(X™ — 1), the
codes)M; = (f;) are said to benaximal cyclic codesln the same way, the
codesM; = (ﬁ), fi= (X™—1)/f;, are calledninimal cyclic codesas they
are the minimal nonzero ideals BfX|,,.

E.3.4. How many ternary cyclic codes of length 8 are there?

E.3.5 Let C be a binary cyclic code of odd length. Show thatontains an
odd weight vector if and only if it containsl - - - 1.

E.3.6. Let C be a binary cyclic code that contains an odd weight vector.
Prove that the even-weight subcodebfs cyclic.
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Dimension ofC,

Given a monic divisoy of X™ — 1, the elements of’, are, by definition, the
polynomials that have the foray, wherea € F|x],, is an arbitrary element.
In other words, the map : F[X] — C, such that, — ug is surjective.

On the other hand, we claim thiatr (1) = (g). Indeed,ug = 0 if and
only if (X™ — 1)|ug. But X™ — 1 = gg andgcd (g,9) = 1, SO(X™ — 1)|ug
if and only if g|u, that is, if and only ifu € (g).

Hence we have that

Cy = im(u) = F[X] /ker () ~ F[X]/(9) =~ F[X]s.
wherek = deg (g). Thus we have proved:

3.4 Proposition. The dimension of’; coincides with the degree of the con-
trol polynomialg of Cy;:

dim (Cy) = deg (9).
Sincedeg (g) = n — deg (g), deg (g) is the codimension af,. O

E.3.7. Prove that the linear map[X], — C, such thatu — ug is an[F-
linear isomorphism.

Generating matrices

With the same notations as in the preceeding subsection, the polynomiz
u; = {2'g}o<i<k form a basis ot’,. Therefore, if

g=go+n X+ +go 1 XK

then the matrix

go 91 ' Gk O o - 0
0 90 o - Gk 0 - 0
G=|:1 .. ) . . Z
o - 0 9 9 - Gk O
0 o« o e o« o e 0 gO gl o« o o gnfk/'

(k rows andn columns) generat&S. Note thatg,, = 1, sinceg is monic,
but we retain the symbolic notatigp, 1 in order to display explicitely the
degree ofy. ">Cyclic generating matrix of a cyclic code

E.3.8. Show that the coding maIE/C — Cy, u — uG, can be described in
algebraic terms as the mé@lz|, — C, such that, — ug.
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Normalized generating and control matrices

If we want a normalized generating matrix (say in order to facilitate decod
ing), we can proceed as follows: Fo j < k, let

xn—k-l—j =qjg + Tj,
with deg (rj) < n — k. Then thek polynomials

v = xn—k-i—j -7
form a basis o’; and the corresponding coefficient matfikis normalized,
in the sense that the matrix formed with the lastolumns of G’ is the
identity matrix I, (See the link’®Construction of the normalized matrix
G").

E.3.9 Letu € F¥ ~ F[z];. Show that the coding af using the matrixG’
can be obtained by replacing the monomiedof u by v; (0 < j < k):

Ug +urx + -+ uk,lxkfl — UgVg + ...+ Up_1VE_1-

E.3.1Q Let H' be the control matrix o€, associated t6:". Prove that the
syndrome ofs € F"~* ~ F[z],,_, of an element, € F" ~ F|z],, coincides
with the remainder of the Euclidian division afby g.

The dual code and the control matrix

Using the same notations, the control polynonjiadatisfies thaga = 0
is equivalent too € C, (for a € F[z],). Indeed, the relatioga = 0 is
equivalent to say thaX™ — 1 = gg|gax. SinceF[X] is a domain, the latter
is equivalent tgj|ax, and so we havg|a, ora € Cj.

Let us see that from this it follows that

Cct=0;, [3.4]

whereCN’g is the image ofC; by the mapa — a (cf. [3.2]). Indeed, since
both sides have dimension— £, it is enough to see that

C5 C Cr.

Butif a € C; andb € Cy, then clearlyab = 0 and then(a|b) = ¢(ab) = 0
(cf. [3.3]).
Sincegz"*~1, ..., gz, g form a basis of’;, if we set

G=ho+hX+ -+ h X"
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then
hy hp_1 --- ho 0 0 0
0 hk hk—l cee ho 0 0
H = : . . ce . . :
o .- 0 hy hp_1 -+ hg O
o .- 0 hi  hi_1 -+ ho

is a control matrix ofC, (hereh;, = 1, but we writeh,, in order to display
explicitely the indices of the coefficients; s€gclic control matrix ).

3.5 Remark. There are authors that call the id€¢a) the dual code ot’,.
This is confusing, because the formula [3.4] shows that it does not go alor
well with the general definition of the dual code. On the other hand, not
that the same formula shows tt@ is equivalento the dual ofC,.

77Computation of the control matrik
In the next example we just need that the polynomial

g=X"-X34+X?2-X-1

is a factor ofX ' — 1 overZs. This can be checked directely, but note that in
the next section we will prove more, namely, thas irreducible and that the
other irreducible factors ok — 1 areX —1andX°+ X4 — X34+ X2 1.

3.6 Example(The ternary Golay code)lLet ¢ = 3, n = 11 andC = C,,,
whereg is the factor ofX'! — 1 described in the preceding paragraph. The
type of the cyclic cod€ is [11, 6].

Now we will prove that the minimum distance of this code is 5. If we let
G denote the normalized generating matrixdtorresponding tg, then it
is easy to check thatG' = 0, whereG is the parity completion o7 (in
order to preserve the submatiixat the end, we place the parity symbols on
the left):

"8Computing the parity completion of a matrix

Thus the cod€’ = (G) is selfdual and in particular the weight of any vector
of C is a multiple of 3. Since the row& have weight 6, the minimum
distance of” is either 3 or 6. But each row @f has exactly one zero in the
first 6 columns, and the position of this 0 is different for the different rows,
so it is clear that a linear combination of two rows@fas weight at least

2 4+ 2, hence at least 6. Since the weight of this combination is clearly nc
more thanl2 — 4 = &, it has weight exactly 6. In particular, for each such
combination there appear exactly two zeros in the first 6 positions. Now
linear combination of 3 rows will have weight at least 1+3, and so at least ¢
All other linear combinations of rows a@f have weight at least 4, and so at
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least 6. SA”' has typ€[12, 6, 6] and as a consequencehas type12, 6, 5].

It is a perfect code. It is known (but rather involved) that all codes of type
(11, 35, 5) are equivalent t@ (cf. [14]) and any such code will be said to be
aternary Golay code O

E.3.11 Find all binary cyclic codes of length 7. In each case, give the genel
ating and control polynomials, a normalized generating matrix and identif
the dual code.

Summary

e Cyclic ring structure off™.
e Generating and control polynomials of a cyclic code.

e The dimension of a cyclic code is the degree of the control polynomial
hence the degree of the generating polynomial is the codimension.

e Cyclic and normalized generating matrices. Systematic encoding.

e The dual of the cyclic cod€’,, g a divisor of X" — 1, is the cyclic
codeCy, but written in reverse order. This allows to produce a control
matrix of G from the generating matrix af7.

e The ternary Golay code, which has typé, 6, 5]s. Itis perfect and its
parity completion, which has typgé2, 6, 63, is a selfdual code.

Problems

P.3.1 Consider two linear code€; and C, of the same length and with
control matriced?; and Hs.

1) Check that”; N C5 is a linear code and find a control matrix for it in
terms of H; and Hs.

2) Prove that ifC; andCs are cyclic with generating polynomiads and
g2, thenCy N Cs is cyclic. Find its generating polynomial in terms of

g1 andgs.

P.3.2 LetG = Iﬁ|(§—§), whereS;s is the Paley matrix oZs. Prove thatG)
is a ternary Golay code.

P.3.3 Use the MacWilliams identities to determine the weight enumerato
of the parity completion of the ternary Golay code.
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P.3.4 The order ofp = 2modn = 9isk = 6. Letq = 2" = 64 anda a
primitive n-th root of 1 inK =IF,. LetT : K — Z3 be the map defined by

7(€) = (T0(€), Tr(ag), ..., Tr(a"~L¢)).
1) Show thatr is linear and injective.
2) If C'is the image of-, prove that” is a cyclic codgn, k|.
3) Find the generator polynomial 6f.
4) What is the minimum distance 6f?

5) Generalize the construction offor any primep and any positive in-
tegern not divisible byp and show that 1 and 2 still hold true for this
generalr.

E. Prange [as early as 1962] seems to have been the first to

study cyclic codes.
F. MacWilliams and N.J.A. Sloane, [14], p. 214.
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3.2 Effective factorization of X — 1

Cyclic codes are the most studied of all codes.
F. MacWilliams and N.J.A. Sloane, [14], p. 188.

Essential points

e The splitting field ofX™ — 1 over a finite field.

o Ciclotomic classes module and the factorization theorem.
e The factorization algorithm.

e Cyclotomic polynomials.

Introduction

In the previous section we learnt that the generator polynomiafscyclic
codes of lengt: overF, are, assumingcd (n, ¢) = 1, the monic divisors
of X" — 1 and that if f1, ..., f. are the distinct monic irreducible factors
of X™ — 1 overF, theng has the formg = f;, --- fi,, with 0 < s < r,
1<y <~ <ig <.

The goal of this section is to explain an algorithm that supplies the factor
f1,-.., fr inan efficient way. It is basically the method behind the function
factor(f K). 72 Examples of factorizatioillustrates how it works.

3.7Example We first illustrate the basic ideas by factoriAg — 1 overZs.
Since we always hav&™ — 1 = (X —1)(X" ! +... 4+ X +1) itis enough
to factorf = X6+ ...+ X + 1.

First let us consider a direct approach, using the special features of tr
case. Sincg has 7 terms, it has no roots #y and hence it does not have
linear factors. Since the only irreducible polynomial of degree 2 is

h=X2+X+1

and it does not dividg (the remainder of the Euclidean division $fby
his 1), f is either irreducible or factors as the product of two irreducible
polynomials of degree 3. But there are only two irreducible polynomials
of degree 3 ovelZ, (fi = X*+ X + 1l andf, = X? + X? + 1) and if

f factors the only possibility i = f1 f» (since f does not have multiple
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factor, f # fZ andf # f3). Finally, this relation is easily checked and so
we have thalX” — 1 = (X — 1) f1 f» is the factorization we were seeking.
Now let us consider an indirect approach. It consists in trying to finc
a finite field extensio”’ /F (hereF = F, = Z,) that contains all roots of
X7 — 1. If I’ exists, it contains, in particular, an element of order %’ 6
the cardinal off’, we must have that — 1 is divisible by7. Butq’ = ¢™, for
some positive integern, and hencen must satisfy thay™ — 1 is divisible
by 7. Asq = 2, the first suchn is 3, and so it is natural to tfy’ = Fs.
Now the groupFs is cyclic of order 7, and hence

X'—1=J] (X -

aclg

The rootl corresponds to the factof — 1. Of the other 6 roots, 3 must be the
roots of f; and the other 3 the roots ¢§. The actual partition depends, of
course, on the explicit construction Bf. Since[F’ : F] = 3, we can define
F’ as the extension df by an irreducible polynomial of degrek say fi:

F =F/(X%+ X +1). Ifwe letu = [X] (to use the notation iExamples

of factorization ), thenw is a root of f;. Being in characteristic 24> and
u* = u? 4 u are the other roots of, and f; = (X — u)(X — u?)(X —u?).
Soud =u+1, (u+1)22=v2+1and(w?+1)2=v*+1=u?+u+1are
the roots off; andfy = (X — (u+1))(X — (u®+ 1)) (X — (v®+u+1)). O

The ideas involved in the last two paragraphs of the preceeding examp
can be played successfully to find the factorizatiotkéf— 1 overF, for all
n andq (providedgced (n, ¢) = 1), as we will see in the next subsection.

The splitting field of X™ — 1

The conditiorged (n, ¢) = 1 says thatgl,, € Z;, and hence we may consider
the ordenn of [g¢],, in that group. By definitioryn is the least positive integer
suchthay™ = 1 (modn). In other wordsyn is the least positive integer such
thatn|(¢™ —1) and we will writee,, (¢) to denote it. For exampley(2) = 3,
becaus@® = 8 = 1 (mod7). The value of,(q) can be obtained with the
functionorder(q,n). 8°Examples of the order of an integer modulo

Let nowh € F[X] be any monic irreducible polynomial of degree=
en(q) and defindf’ = F,m asF[X]/(h). Leta be a primitive element of
F’ (if h were a primitive polynomial, we could choose= [X];). Then
ord () = ¢™ — 1 is divisible byn, by definition ofm. Letr = (¢ — 1)/n
andw = o".



3.2. Effective factorization oK™ — 1 129

3.8 Proposition. OverF’ we have

n—1

X"—1=][(X-u).

J=0

Proof: Sinceord(w) = (¢™ —1)/r =n,thesetR = {w/ |0 < j < n—1}
has cardinah. Moreover’ is a root of X — 1 for all j, becauséw’)" =
(w")? = 1. So the setR suppliesn distinct roots ofX™ — 1 and hence
H;‘:‘g (X — w’) is monic polynomial of degree that dividesX™ — 1. Thus
these two polynomials must be the same. O

3.9 Proposition. ' = F|w] and saoF’ is the splitting field of™ — 1 overT.

Proof: Indeed, if|F|w]| = ¢, thenn = ord (w) dividesq® — 1 and by defini-
tion of m we must have = m. O]

Cyclotomic classes

To proceed further we need the notion of cyclotomic classes. Given an int
gerj in the rangd..(n — 1), theg-cyclotomic clas®f j modulon is defined
as the set

Cj={j.qj--..¢""j} (modn),

wherer is the least positive integer such thdj = j (modn). For example,
Co = {0} always, and ifn = 7 andq = 2, thenC; = {1,2,4} and
Cs3 = {3,6,5}. If n = 11 andq = 3, thenCy, = {1,3,9,5,4} andCy =

{2,6,7,10,8}.

E.3.12 Show that ifC; N C}, # 0 thenC); = C}. So the distinct cyclotomic
classes form a partition &,,. O

The functioncyclotomic_class(j,n,q) yields the cyclotomic clas§’;. In the
caseq = 2 we can useyclotomic_class(j,n). 8'Examples of cyclotomic
classes

The functioncyclotomic_classes(n,q) yields the list ofg-cyclotomic classes
modulon. Inthe casg = 2 we can useyclotomic_classes(n). 82Examples
of the list of cyclotomic classes

The factorization theorem

If C is ag-cyclotomic class modula, define fo as the polynomial with
rootsw’, for j € C:

fo= H(X—wj).

jeC



130 Chapter 3. Cyclic Codes

3.10 Lemma. The polynomialfc has coefficients iff for all C.

Proof: Let us apply the Frobenius automorphism- z? to all coefficients
of fo. The result coincides with

[[(x =)
jeC

But from the definition ofj-cyclotomic class we havgjq | j € C} = C and
SO

[T =) = fe.

jeC
This means that? = a for all coefficientsa of fo and we know that this
happensifandonly it € F. O

3.11 Theorem. The correspondencd€ — f¢ is a bijection between the set
of g-cyclotomic classes modutoand the set of monic irreducible factors of
X" —1overF,.

Proof: The factorization of{™ — 1 overF’ established in lemma 3.8 and the
fact that theg-cyclotomic classes modutoform a partition ofZ,, imply that

xm—1=]]fe,
c

where the product runs over ajtcyclotomic classes modula. Thus it
is enough to prove thaf- € F[X] is irreducible. To see this, note that
{w|j € C} is the conjugate set of any of its elements andfsds, by
proposition 2.40, the minimum polynomial ovErof w’ for anyj € C.
Thereforefc is irreducible. O

E.3.13 If n is divisible byp (the characteristic of), the factorization of
X"™—1 can be reduced easily to the case (n, q) = 1. Indeed, ifn = n/p®,
wherep is prime andged (n/,p) = 1, show thatX” — 1 = (X" — 1),
Consequently the number of distinct irreducible factor&Xéf— 1 coincides
with the number ofj-cyclotomic classes moduld and each such factor has
multiplicity p°.

The factorization algorithm

Here are the steps we can follow to facfof — 1 overF,. If n = n’p® with
ged (', ) = 1, factorX™ — 1 by going through the steps below for the case
ged (n, ¢) = 1 and then count every factor with multiplicigy.

So we may assume thgdd (n,q) = 1 and in this case we can proceed
as follows:

1) Findm = e, (q), the order of; in Z* . Definer = (¢ — 1) /n.
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2) Find and irreducible polynomidl € F[X] of degreem and letF’ =
F[X]/(R).

3) Find a primitive element of F’ and letw = o".

4) Form the listC of ¢-cyclotomic classe€’ modulom, and for each
such clasg’ computefc = [ ;o (X —w/).

5) The{fc}cec is the set of monic irreducible factors & — 1 (hence
X" —-1= HCEC fe).

It is instructive to compare this algorithm with the lifRScript for the
factorization algorithmand to look at the example attached there.
For another example, sé&FactoringX'” — 1 overZi3

Summary

e The splitting field ofX™ — 1 over a finite fieldF = F, is, assuming
ged (n,q) = 1 and settingn = e,(q), the fieldF' = Fym. If
is a primitive element of’, » = (¢™ — 1)/n andw = a”, then
X" =1 =[]} (X = ).

e Cyclotomic classes modutloand the factorization theorem, which as-
serts (still with the conditiogced (1, ¢) = 1) that the monic irreducible
factors of X™ — 1 over[F are the polync_)mialg"c = [[jcc(X —u’),
whereC runs over the set af-cyclotomic classes modulo.

e The factorization algorithm. Ip is the characteristic of andn =
n/p® with ged (n/,p) = 1, thenX” — 1 = (X — 1)?" reduces the
problem to the factorization ak™ — 1. If n is not divisible byp
(this is equivalent to saying thatd (n, ¢) = 1), then the factorization
theorem gives an effective factorization procedure.

e Cyclotomic polynomials (they are introduced and studied in the prob
lems P.3.7-P.3.8).

Problems

P.3.5 Show that ag-ary cyclic codeC of lengthn is invariant under the
permutatiory such that (j) = ¢j (mod n).

P.3.6 We have seen that ovér we haveX!! — 1 = (X — 1)gog1, Where

Go=X"-X34+X?-X-1) andg = (X" + X' - X3+ X2-1).
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1) With the notations introduced in the example includedbanipt for
the factorization algorithm , show that the roots afy (g1) arew?,
wherej runs over the nonzero quadratic residues (over the quadrat
non-residues) of.;.

2) If k € Z7, is aquadratic non-residue (8c {2,6,7,8,10}) andny is
the permutatiori — ki of Z1; = {0, 1, ..., 10}, prove thatr,(Cy,) =
Cy, (here then are two distinct cyclic codes that are equivalent).

P.3.7. In the factorization ofX™ — 1 € F,[X]| given by lemma 3.8, let

Qn = H (X - wj)
ged(j,n)=1
(this polynomial has degreg(n) and is called the:-th cyclotomic polyno-
mial overF,). Prove that:
1) X" = 1=y, Qa
2) Deduce from 1 thaf),, € Z,[X] for all n, wherep is the characteristic
of IF,. Hint: Use induction om.

3) Prove that
Qn = H(Xn/d — )M,
din

Note in particular that),, is independent of the fiellf,, and that it
can be computed for any positive integer although it can be the
n-th cyclotomic polynomial ovef, (or overZ,) if and only if n is
not divisible byp. Hint: Use the multiplicative version of Mobius
inversion formula.

4) Use the formula in 3 to prove thatiifis prime then
Qn:anl+Xn72++X+1

and .
an(X) = Qn(Xn )
For example@s = X4+ X3 + X% + X + 1 and

Qa5(X) =Qs5(X°) = X0+ X+ X104 X7 + 1.

5) If m denotes the order af modulon (so we assumecd (n, q) = 1),
prove that(),, factors ovell, into ¢(n)/m distinct irreducible poly-
nomials of degreen each. For exampleys(7) = 4 andy(25) = 20,
and so()»5 splits overZz as the product of five irreducible polynomi-
als of degree 4 each (s€emputation of cyclotomic polynomials ).
Hint: the degree over, of any root ofQ,, is equal tom.
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85Computing the cyclotomic polynomials

P.3.8 If P;(n,X) is the product of all monic irreducible polynomials of
degreen overF,, prove that

Py(n. ) = [ Qu(x)

for all n > 1, where the product is extended over the &&fq,n) of all
divisorsm > 1 of ¢" — 1 for whichn is the multiplicative order of modulo
m (see 8Computation of the set M(qg,n) Hint: First show that the roots of
P,(n, X) are the elements of degreén F .

3.12 Remark(On computing cyclotomic polynomials)rhe procedure ex-
plained in P.3.7 to find the-th cyclotomic polynomial involves cumbersome
computations for large. For example, ifr = 11! thenQ(n, X) is a poly-
nomial of degreeo(n) = 8294400 with 540 terms (the number of divisors
of n) and it took 45 seconds to evaluate in a Compag Armada E500. Fo
tunately there is a better scheme based on P.3.9. It is preseriéitisnt
computation of cyclotomic polynomials and is the one implemented in
the internal functiortyclotomic_polynomial(n,T).
For the key mathematical properties of the cyclotomic polynomials on whicl
this function is based, see P.3.9.
With the internal function, and = 11!, Q(n, X) was obtained in 0.23 sec-
onds, while the same function coded externally (the last quoted listing) toc
0.25 seconds. If we want to calculate a list of cyclotomic polynomials, the
direct method may be much better, because it does not have to factor a
find the divisors of many integers.

87Efficient computations of cyclotomic polynomials

P.3.9 Let @, (X) be then-th cyclotomic polynomial#{ > 1). Prove that:
1) Qmn(X) divides@,,(X™) for any positive integers: andn.
2) Qumn(X) = Qn(X™) if every prime divisor ofim also dividesa.

3) For anyn, Q,(X) = Q,.(X"/"), wherer is the product of the prime
divisors ofn.
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3.3 Roots of a cyclic code

An alternative specification of a cyclic code can be made in
terms of the roots, possibly in an extension field, of the genera-
tor g(X) of the ideal.

W.W. Peterson and E.J. Weldon, Jr., [19], p. 209.

Essential points

e Determination of a cyclic code by the set of roots of its generating
polynomial.

e Bose—Chaudhuri-HocquengheBt{) codes. Th&CH lower bounds
on the minimum distance and the dimension.

e The Reed-Solomon primitive codes &@H codes.

Introduction

Let C be the cyclic code of length and letg be its generating polynomial.
By definition, theroots of C' = C|, are the roots of; in the splitting field
F' = Fgm of X — 1 overF,. If w € F,n is a primitiven-th root of unity
and we letE, denote the set of alt € Z,, such thats* is a root ofg, then
we know thatE, is the union of the-cyclotomic classes corresponding to
the monic irreducible factors @f.

Let E; C E, be a subset formed with one element of eaatyclotomic
class contained i, Then we will say that\/ = {w*|k € E/} is a
minimal set of rootef C,.

3.13 Proposition. If M is a minimal set of roots of a cyclic codéof length
n, then
C={acFz],|a(§) =0 forall {£ec M}.

Proof: If a € C, thena is a multiple ofg, whereg is the generating polyno-
mial of C, and hence it is clear that{) = 0 for all £ € M. So we have the
inclusion

C C{aelFz],|a(§) =0 forall £ € M}.

Now leta € F|z], and assume thatx(§) = a({) = 0 forall ¢ € M.
By definition of M, there isj € E, such that = w7, and so.’ is a root
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of ax. Since the minimal polynomial af’ overF is fc,, we have that
fc;lax and henceux is divisible by]_[jeE;] fe; = g, and this means that

a€(g)=0Cy. O

E.3.14 If we define agenerating set of rootef C, as a set of roots of,
that contains a minimal set of roots, check that Proposition 3.13 remains trt
if we replace ‘minimal set’ by ‘generating set'. O

The description of’, given in Proposition 3.13 can be inverted. If

52517---757"6qu

aren-th roots of unity, then the polynomiaisc FF|x],, such that(;) = 0,
i=1,...,r, form an idealC, of Fz],,, which will be called theyclic code
determined b¥. If g; is the minimum polynomial of; overF,, thenC¢ =

Cy, whereg is thelcm of the polynomialsyy, . .., g-. This observation will

be used below for the construction of codes with predetermined properties

Finding a control matrix from the roots

Let us find a control matrix of’s. For eachi € {1,...,r}, the con-
dition a(§;) = 0 can be understood as a linear relation, with coefficients
1,&,... ,5{‘*1 e F, (&), that is to be satisfied by the coefficients (that we
will regard as unknownsyy, . ..,a,_1 Of a. If we express eacﬁf as a
linear combination of a basis @&,~ overF,, the relation in question can
be understood as linear relations that are to be satisfiedday. .., a,,—1.
Therefore the conditions that defidg are equivalent tonr linear equa-
tions with coefficients irif,. A control matrix forC¢ can be obtained by
selecting a submatrikl of the matrixA of the coefficients of this linear sys-
tem of equations such that the rows@fare linearly independent and with
rank (H) = rank (A) (for an implementation of this method, see the listing in
Remark 4.2).

3.14Example(The Hamming codes revisitedlet m be a positive integer
such thated (m,g—1) = 1, and definer = (¢™ —1)/(¢—1). Letw € Fym
be a primitiven-th root of unity (if o is a primitive element off,~, take
w = a4~ 1). ThenC,, is equivalent to the Hamming code of codimension
Hamg(m).

Indeed,n = (¢ — 1)(¢"™ 2 +2¢™ 3+ ...+m — 1) +m, as it can
easily be checked, and hengei (n,q — 1) = 1. It follows thatw?~! is a
primitive n-th root of unity and hence that(@—1) £ 1fori=1,...,n — 1.
In particularw’ € F,,. Moreoverw® andw’ are linearly independent ovey,
if i # j. Sincen is the maximum number of vectors Bf that are linearly
independent oveF, (cf. Remark1.39), the result follows from the above
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description of the control matrix af',, and the definition of the Hamming
codeHamy(m) (p. 44).

BCH codes

An important class of cyclic codes, still used a lot in practice,
was discovered by R. C. Bose and D. K. Chaudhuri (1960) and
independently by A. Hocquenghem (1959).

J. H. van Lint, [29], p. 91.

Letw € F,m be a primitiven-th root of unity. Let§ > 2 and¢ > 1 be
integers. WriteBCH,, (4, ¢) to denote the cyclic code of lengthgenerated
by the least common multiplg of the minimal polynomials;; = p,e+i,
i € {0,...,6 — 2}. This code will be said to be BCH code (for Bose—
Chaudhuri-Hocquenghem) witlesigned distanc&andoffset(. In the case
¢ = 1, we will write BCH,,(d) instead ofsCcH,,(J, 1) and we will say that
these arestrict BCH codes. ABCH code will be said to bgrimitive if n =
g™ — 1 (note that this condition is equivalent to say thats a primitive
element off' ;).

3.15 Theorem(BCH bound) If d is the minimum distance &cH,,(d, /),
thend > ¢.

Proof: First note that an element € F[x],, belongs toBCH,, (4, ¢) if and
only if a(w*?) = 0foralli € {0,...,5 — 2}. But the relatioru(w’*?) = 0
is equivalent to

a0+ a1’ + .+ a4y DED — g

and therefore

1, Wit 2D w(nfl)(eri))

is a control vector oBCH,, (4, ¢). But the matrixd whose rows are these
vectors has the property, by the Vandermonde determinant, that-aryof

its columns are linearly independent. Indeed, the determinant of the colum
j1,---,Js-1 isequal to

wit wlo—1t 1 . 1
whte+) wis—1(€+1) ' _ w1 o wis—1
— it ydet

wh+6=2)  ds—1(£+6-2) wh(=2) ds-1(6-2)

which is nonzero ifjy, .. ., js_1 are distinct integers. O
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3.16Example The minimum distance of BCH code can be greater than
the designed distance. Let= 2 andm = 4. Letw be a primitive element

of Fi6. Sincew has order 15, we can apply the preceeding results in tht
caseq = 2, m = 4 andn = 15. The 2-cyclotomic classes module are
{1,2,4,8}, {3,6,12,9}, {5,10}, {7,14,13,11}. This shows, if we write
Cs = BCH,(6) andds = dc; for simplicity, thatCy = Cs, hencely = ds >

5, andCg = C7, hencealg = d7; > 7. Note that the dimension @f, = C5 is
15—-2-4="7,andthedimension afy = C7is15 —2-4—2 = 5.

3.17Example This example is similar to the previous one, but npw 2
andm = 5. Letw be a primitive element df 3. The2-cyclotomic classes
modulo 31 are
{1,2,4,8,16}, {3,6,12,24,17}, {5, 10,20, 9, 18},
{7,14,28,25,19}, {11, 22,13, 26,21}, {15, 30,29, 27, 23}
and so we see, with similar conventions as in the previous example, th
Cy = C5,C6 = Cr,Cg = Cy = C1p = C11 andCp = C13 = Cy = Cis.
Therefored, = ds =2 5,dg =d7y =2 7,ds = dg = dig = d11 > 11 and
diy = dig = d14 = dy5 > 15. If we write ks = dim (Cj), then we have
ky=31-2-5=21,k¢g=31—-3-5=16,kg =31 —-4-5 =11 and
kio=31—-5-5=6.

E.3.15 Let C be a cyclic code of length and assume that' is a root ofC

foralli € I, wherel C {0,1,...,n—1}. Suppose thgt'| = § — 1 and that
(141 mod n) € I foralli e I. Show that the minimum distance 6fis

not less tham.

E.3.16 If w is a primitive element oFg4, prove that the minimum distance
of BCH,,(16) is > 21 and that its dimension itS. O

In relation to the dimension @&cH,, (4, ¢), we have the following bound:

3.18 Proposition. If m = ord,,(¢), then
dim BCH,,(6,¢) > n —m(d — 1).
Proof: If g is the generating polynomial @&CH,, (4, ¢), then
dim BCH,, (9, ¢) = n — deg (g).
Sincey is the least common multiple of the minimum polynomials
Di =Dyt+i, t=1,...,0—1,

anddeg (p,e+:) < [Fgm : Fy] = m, itis clear thatleg (g) < m(d — 1), and
this clearly implies the stated inequality. O
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Improving the dimension bound in the binary case

The bound in the previous proposition can be improved considerably fc
binary BCH codes in the strict sense. L€} be the2-cyclotomic class of
modulon. If we write p; to denote the mimimum polynomial af , wherew

is a primitiven-th root of unity, therp; = po;, since2i modn € C;. Itturns
out, ift > 1, that

lcm(p1, p2, - .., pat) = lem(p1,p2, ..., p2t—1) = lem(p1, p3, ..., p2r—1). [3.5]

Now the first equality tells us th@cH,, (2t + 1) = BCH,,(2¢), so that it is
enough to consider, among the bin@yH codes in the strict sense, those
that have odd designed distance.

3.19 Proposition. In the binary case, the dimensidnof a binary code
BCH,, (2t + 1) of lengthn and designed distancé = 2t + 1 satisfy the
following inequality:

k>n—tm,
wherem = ord,,(2).
Proof: Let g be the polynomial [3.5]. Since the first expressiongoin
[3.5] is the generating polynomial @8CH,, (2t + 1), we know thatc = n —
deg (¢). Butlooking at the third expression gfin [3.5] we see thatieg (g)

is not higher than the sum of the degree®qfps, ..., ps;—1 and therefore
deg (g) < tm because the degree of egghs not higher thamn. O

Table 3.1: Strict BCH binary codes of length 15 and 31, whepg . ;. =
pi1 e pir'

5 g k| d
5 g k1d 1 1 31| 1
1 1 15| 1 3 P1 26| 3
3 P1 11 3 5 p173 21 5
5 p173 7 5 7 p1’375 16 7
7 P1,3,5 5 7 9,11 P1,3,5,7 11| 11
9-15| X% —1| 0| - 13,15 | p13579 | 6|15

17-31| X3 1| o] -

3.20Example The lower-bound of the above proposition, when applied to
the codescH,,(8) = BCH,,(9) of the example 3.17, gives us that

k>2n—tm=31—-4-5=11.

Since the dimension of this code is exactly 11, we see that the bound
guestion cannot be improved in general (cf. P.3.18). O
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E.317 Letf =2t + 23 + 2% + 2+ 1 € Z[X], F = Z[X]/(f) anda @
primitive element of'. Find the dimension and a control matrixguH,, (5).

The Golay code is probably the most important of all codes, for
both practical and theoretical reasons.
F.J. MacWilliams, N.J.A. Sloane, [14], p. 64.

3.21Example(The binary Golay code)Letq = 2,n = 23 andm = ord,,(2)
= 11. So the splitting field ofX2?3 — 1 € Zy[X] is L = Fyu. The 2-
cyclotomic classes modulo 23 are as follows:

Co = {0}
Ci = {1, 2,4,8,16,9,18,13, 3,6, 12}
Cs = {5, 10,20,17,11,22,21,19,15,7, 14}.

If w € L is a primitive 23rd root of unity, the generating polynomial of
C =BCH,(5) is
g = lem(p1, p2, p3, pa) = p1.

As deg (p1) = |C1| = 11, it turns out thatdim (C) = 23 — 11 = 12.
Moreover,C' has miminum distance 7 (see E.3.18), and’5@ a perfect
binary code of typé23, 12, 7]. It is known that all codes of typg3, 212, 7)
are equivalent ta@’' (cf. [29] for an easy proof) and any such code will be
said to be dinary Golay code

E.3.18 Show that the minimum distance of the binary code introduced in th
example 3.21 is 7Hint: Prove that the parity extension 6fhas minimum
distance 8 arguing as in Example 3.6 to prove that the extended ternary Gol
code has minimum distance 6 (for another proof, see P.3.11).

88Normalized generating matrix of the binary Golay code

Primitive Reed—Solomon codes

NASA uses Reed—Solomon codes extensively in their deep space
programs, for instance on their Galileo, Magellan and Ulysses
missions.

Roman [1992], pag. 152.

We have introduce@s codes in Example 1.24. It turns out that in the
casen = ¢q — 1 theRs codes are a special type BEH primitive codes.
Before proving this (see Proposition 3.22), it will help to have a closer lool
at such codes. L&t be a finite field and ley € F be a primitive element.
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Let § be an integer such that< ¢ < n. Consider the cod€’ = BCH,,(9).
The length of this code is = ¢ — 1 and its generating polynomial is

9= (X —w)(X —o?) - (X =),

as the minimum polynomial ab’ overF is clearly X — w’. In particular,
k =n — 60+ 1, wherek is the dimension of’. Thusé = n — k + 1, and
sinced > 4, by theBCH bound, andl < n — k + 1, by the Singleton bound,
we have thatl = § = n — k + 1, and soC is an MDS code.

3.22 Proposition. The codecH,,(9) coincides with the Reed—Solomon code
RSy, wn-1(n—36+1).
Proof: According to Example 1.30, the Vandermonde matrix

H=Vis-1(1,w,... ;W

is a control matrix ofC’ = RSy,  n-1(n —d + 1). Thei-th row of H
is (1,w,...,w'™ 1) and so the vectors = (ag,ay,...,a,_1) of C are
those that satisfyy + a1w’ + - - - + ap_ 1w » ) =0,i=1,...,6 — 1. In
terms of the polynomiad y, this is equivalent to say that is a root ofax

fori =1,...,6 —1 and therefor& agrees with the cyclic code whose roots
arew, ...,w’ ' But this code is jusBCH,,(6). O
Summary

e Determination of a cyclic code by the set of roots of its generating
polynomial. Construction of a control matrix from a generating set of
roots.

e The BCH codes and the lower bound on the minimum distance (the
minimum distance is at least the designed distance). Lower bounds ¢
the dimension (the general bound and the much improved bound fc
the binary case).

e The primitiveRS codes ar@CH codes.

Problems

P.3.10(Weight enumerator of the binary Golay codegt a = 22 a;2°

anda = 7% a;2' be the weight enumerators of the binary Golay cate
and its parity completio, respectively.
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l) Prove thata; = aq3_; fori = 0,...,23 anda; = agy_; fori =
0,...,24.

2) SinceC only has even weight vectors and its minimum distance is 8
we have

a=1+ agzg + &10210 + 612212 + @10214 + nglG + 224,
Use the MacWilliams identities faf' to show thatig = 759, @19 = 0
andaio = 2576.
3) Show thata; + ag = as, ag = a190 = 0 anday; = a3 = 612/2.

4) Use the MacWilliams identities fof' to prove thate; = 253 and
ag = 506. Hence the weight enumerator @fis

14 25327 + 50628 + 128821 + 1288212 + 5062'° + 253216 + 224,

P.3.11 The complete factorization ovéh, of X3 — 1 has the form
X23 —1= (X — 1)9091-

wheregy andg; have degree 11. The binary Golay cadéas been defined
asCy,.
1) With the notations of the example 3.21, show that the roots ¢f)
have the formu’, wherej is a nonzero quadratic residue (a quadratic
non-residue) oZo3.

2) Using thatk = —1 is not a quadratic residue modulo 23, check that
w_1 is the mapa — a that reverses the order of vectors. In partic-
ular we havegy = g1 (this can be seen directly by inspection of the
factorization ofX 23 — 1 overZs).

P.3.12 A codeC of lengthn is calledreversibleif a = (ag, a1, ...,an—1) €
C implies thata = (ay,—1,an—2,...,a9) € C.

1) Show that a cyclic code is reversible if and only if the inverse of eact
root of the generating polynomialof C is again a root of;.

2) Describe the form that the divisgrof X™ — 1 must have in order that
the cyclic codel’ is reversible.

P.3.13 Forn = 15 andn = 31, justify the values ofj, kK andd on the table
3.1 corresponding to the different valuesjof

P.3.14 Find a control matrix for a binargCH code of length 31 that corrects
2 errors.
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P.3.15 Find a generating polynomial of BCH code of lengthl1 and de-
signed distance 5 ovéft,.

P.3.16 Find the dimension of acH code oveif; of length80 and with the
capacity to correct 5 errors.

P.3.17 Calculate a generating polynomial of a ternagH code of length
26 and designed distan&eand find its dimension.

P.3.18 Letm > 3 andt > 1 be integersq a primitive element of,» and
k(m,t) the dimension of the cod&cH,, (2t + 1) (thus we assume that <
2m —1). Let f = |m/2] andt,, = 2f~1. Prove thak(m,t) = 2™ — 1 —mt
if ¢t <t
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3.4 The Megqitt decoder

The basic decoder of Section 8.9 was first described by Meggitt
(1960).
W.W. Peterson and E.J. Weldon, Jr., [19], p. 265.

Essential points

e Syndrome of the received vector (polynomial).
e The Meggitt table.
e The Meggitt decoding algorithm.

Syndromes

Let g € Flz] be the generating polynomial of a cyclic cofeof lengthn
over F. We want to implement the Meggitt decoder 1©r(as presented,
for example, in [18], Ch. XVII). In this decoder, a received vecjor=
[Y0, - . ., yn_1] iS S€€N @S @ polynomigh+y1z+- - -+y,_12" ' € Fz], and
by definition thesyndromeof y, S(y), is the remainder of the Euclidean divi-
sion ofy by g (in computational termsemainder(y,g). The vectors with zero
syndrome are, again by definition, the vector§’'ofNote that since divides
X™—1, 5(y) coincides with the:-cyclic reduction ofremainder(y(X),g(X).

In the sequel we will not distinguish between both interpretations.

3.23 Proposition. We have the identit§(zy) = S(xS(y)).

Proof: By definition ofS(y), there existg € F[z],, suchthaly = qg+S(y).
Multiplying by x, and taking residue mogl we get the result. O

3.24 Corollary. If we setSy = S(y) andS; = S(27y), j = 1,...,n— 1,
thenSj = S(.%Sj_l). O

The Meggitt table

If we want to correct errors, wheré is not greater than the error-correcting
capacity, then the Meggitt decoding scheme presupposes the computat
of a tableE of the syndromes of the error-patterns of the fara®—! + e,
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wherea € F* ande € F[z] has degrees — 2 (or less) and at mogt— 1
non-vanishing coefficients.

3.25Example(Meggitt table of the binary Golay codeThe binary Golay code
can be defined as the length= 23 cyclic code generated by

g=al' 2% T 428 + 25 x4 1 € Zoa]

and in this case, since the error-correcting capacity is 3 (see Example 3.2
the Meggitt table can be encoded iDisor as shown in the linR?Meggitt
table for the binary Golay code

Thus we have thal'(s) is O for all syndromes that do not coincide with
the syndrome o£2?, or of 22 4 z% fori = 0,...,21, or of 2?2 4+ 2% + z7
fori,5 € {0,1,...,21} andi > j. OtherwiseE(s) selects, among those
polynomials, the one that has syndrome

3.26 Example(Megagitt table of the ternary Golay cod€ejhe ternary Golay
code can be defined as the length 11 cyclic code generated by

g=2"+ 2t + 223 + 2% 4+ 2 € Z3[x]

and in this case, since the error-correcting capacity is 2, the Meggitt tab
can be defined as indicated in the li*fkVieggitt table for the ternary Golay
code

The Meggitt algorithm

If y is the received vector (polynomial), the Meggitt algorithm goes as fol-
lows:
1) Find the syndrome = s of y.
2) If s =0, returny (we knowy is a code vector).
3) Otherwise compute, for = 1,2,...,n — 1, the syndromes; of 27y,
and stop for the firsf > 0 such that = E(s) # 0.
4) Returny — e/x7.

In 2 Megitt decodewe can see the definition of the functimreggitt(y,g,n)
which implements the Meggitt decoding algorithm. Its parameterg,ate
polynomial to be decoded, the polynomial generating the code, andhe
length. That link also contains an example of decoding the ternary Gola
code. This example can be easily modified so as to produce a decoding ¢
ample for the binary Golay code. Note that Meggitt decoding of the Gola:
codes is complete, as these codes are perfect.

Summary




3.4. The Meggitt decoder 145

e The syndromeS(y) of the received polynomial is defined asemain-
der(y,g). Itis zero if and only ify is a code polynomial. The syndromes
S; = S(27y) satisfy the relatiors; = S(zS;_1) for j > 0.

e The Meggitt table. The entries in this table have the form
S(az™ ' +e) — az" ! +e,

wheree is a polynomial of degree: n — 1 and with at most nonzero
terms ¢ is the correcting capacity) andis a nonzero element of the
field.

e The Meggitt decoding algorithm. B (y) # 0, finds the smallest shift
27y such thatS; = S(z7y) # 0. Then we know that the term of
degreen — 1 — j of y is an error and that the error coefficient is the
leading term ofE/(S}).

Problems

P.3.19 Consider the Hamming codeamy(r), regarded as the cyclic code
C,, whereq is a primitive root ofFy-. What is the Megitt table in this case?
Forr = 4, with o* = o + 1, decode the vectats|01o with the Meggitt
algorithm.

P.3.20Q Let o be a primitive element df¢ such thain* = o + 1 and let
gx) =20+ 28+’ +at 2?4+ 1

be the generating polynomial of a binagH code of typg15, 5]. Assuming

that we receive the vector

v = 000101100100011,

find the nearest code vector and the information vector that was sent.

P.3.21 LetC = BCH,(5), wherea € Fs3 is a root of the irreducible polyno-
mial X5+ X2 +1 € Zy[X]. ThusC corrects two errors. What is the dimen-
sion of C? Assuming that the received vector has syndramé011101,
and that at most two errors have occurred, find the possible error polynorn
als.

P.3.22 LetC' = BCH,(7), wherea € F3, is aroot ofX° + X2 +1 € Fo[X].
1) Find the generating polynomial @f.
2) Decode the vectay000000111101011111011100010000.
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4 Alternant Codes

Alternant codes are a [...] powerful family of codes. In fact, it
turns out that they form a very large class indeed, and a great
deal remains to be discovered about them

F. MacWilliams and N.J.A. Sloane, [14], p. 332

In this chapter we will introduce the class of alternant codes @yeby
means of a (generalized) control matrix. This matrix looks like the contro
matrix of a general Reed—-Solomon code (Example 1.26), but it is define
over an extensioff,~ of IF, and theh; need not be related to the. Lower
bounds for the minimum distance and the dimension follow easily from the
definition. In fact these bounds generalize the corresponding lower boun
for BCH codes and the proofs are similar.

The main reasons to study alternant codes are that they include, in ad
tion to general Reed—-Solomon codes, the family of classical Goppa codes
class that includes the striBCH codes), that there are good decoding algo-
rithms for them, and that they form a family of asymptotically good codes.

For decoding, the main concepts are the error-location and the errc
evaluation polynomials, and the so-called key equation (a congruence) tf
they satisfy. Any method for solving the key equation amounts to a de
coding algorithm. The most effective methods are due to Berlekamp ar
Sugiyama. Although Berlekamp’s method is somewhat better for very larg
lengths, here we will present Sugiyama’s method, because it is conside
ably easier to understand (it is a variation of the Euclidean algorithm for th
ged) and because it turns out that Berlekamp’s method, which was disco
ered first (1967), can be seen as an optimized version of Sugiyama’s meth
(1975). Since the decoder based on Berlekamp’s method is usually called t
Berlekamp—Massey decoder, here the decoder based on Sugiyama’s met
will be called Berlekamp—Massey—Sugiyama decoder.

We also present an alternative method to solve the key equation based
linear algebra, which is the basis of the Peterson—Gorenstein—Zierler decoc
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developed by Peterson (1960) and Gorenstein—Zierler (1961).
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4.1 Definitions and examples

The alternant codes were introduced by H. J. Helgert (1974).
J. H. van Lint, [29], p. 147.

Essential points

e Alternant matrices. Alternant codes.

e Lower-bounds on the dimension and on the minimum distance (altel
nant bounds).

e GeneralRs are alternant codes. Generalized Reed—Solomon code
(GRS) and its relation to alternant codes.

e BCH codes and classical Goppa codes are alternant codes.
e The classical Goppa codes include BgH codes.

Let K = I, andK = Fym. Letoy,...,a, andhq,. .., h, be elements of
K such thath; # 0 for all i ando; # «; for all ¢ # j and consider the
matrix

H =V, (a1,...,ap)diag (hi,...,h,) € M (K), [4.1]
that is,
hi e hn
h1a1 NN hnan
H= . : [4.2]
hioi™t L hpalt

We say thatf is thealternant control matrixof orderr associated with the
vectors
h=[hi,...,hy] and a = [a1,...,ay)].

To make explicit that the entries &f anda (and hence off) lie in K, we
will say thatH is defined overy .

In order to construct the matrix 4.2, observe that each ofiitsvs is, ex-
cept the first, the componentwise product of the previous rowbidence
we introduce the functionomponentwise product(a, b), then use it to con-
struct the Vandermonde matri% («), with vandermonde_matrix(c, r), and
finally the formula [4.1] is used to defiraternant_matrix(h, o, ), our main
constructor of alternant matrices. S&&€onstructing alternant matrices
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We will also need (in the decoding processes studied in sections 2-4) tt
vector

B =1[01,...,0n], Where 5, =1/a; (i=1,...,n),

which of course is defined only if all the; are not zero. The computation
of this vector is done with the functiadnvert_entries, which yields, when
applied to a vector, the result of mapping the pure functien— 1/x to all
components ob (see?3Inverting the entries of a vectpr

Alternant codes

The K-codeAk (h, o, r) defined by the control matrik is the subspace of
K™ whose elements are the vectarsuch thatt 7 = 0. Such codes will
be calledalternant codes|f we define theH/-syndromeof a vectory € K
ass = yH' € K', thenAk(h,a,r) is just the subspace di™ whose
elements are the vectors with zekbsyndrome. Ifh = a, we will write
Ak (a,r) instead ofA g (a, a, ). On the other hand, we will simply write
A(h,a,r) or A(ee, ) whenK = Z.

The main constructor of alternant codesliernant_code(h, o, 7). It re-
turns atable€={h_=h,a =a,r_=r,b_=8, H_=H}, whereB=invert_entries(c)
and H=alternant_matrix(h, o, 7). The fields of this table, sap_, can be
accessed as eith@(H_) or, more convenientlyH_(C). As it will become
clear later on, the tabl€ stores the data constructed frdm « andr that
are needed to decode alternant codes, and in particular by means of 1
Berlekamp—Massey—Sugiyama algorithmKlfis a finite field, the function
call alternant_code(h, o, r, K) adds to the table the enty = K, which is
meant to contain the base field of the code.

It should be remarked that in expressions suctC@s ), H_ is local
to C, in the sense that there is no interference with another identifier
used outside, even if this identifier is bound to a value. The alternative
expressiom_(C), however, only works properly H_ has not been assigned
a value outside.

94Constructing alternant codes

4.1 Proposition(Alternant bounds) If C' = Ax(h,a,r), thenn — r >
dmC > n —rmanddc > r+ 1 (minimum distance alternant bound).

Proof: Let H' be therm x n matrix over K obtained by replacing each
element ofH by the column of its components with respect to a basi& of
over K. Then(C is also the code associated to the control makfixand
since the rank of’ over K is at mostrm, it is clear thatim (C') > n—rm.
Now ther x r minor of H corresponding to the columris, ..., . is
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equal to
hi, . hi, ... 1
hilail .. hiraz-7, Oy N (o7
: : = hiy - hi,
hilagl_l . hi,a;—1 0451_1 . a;-"r_l
= hil te hiTDT(aiU cee O[i,r),
which is non-zero (we writd,. (o, , . .., ;) to denote the determinant of
the Vandermonde matri¥. («;,, . .., «;,)). This means that any columns

of H are linearly independent ovéf and consequently the minimum dis-
tance ofC'is at least- + 1 (proposition 1.25).

Finally, dim (C') < n + 1 — d¢ by the Singleton bound, which together
with do > r+ 1 givesdim (C') < n—r. And with this the proof is complete.
O

4.2 Remark. The mapH — H'’ explained at the beginning of the previous
proof (recall also the method for finding a control matrix for the cyclic code
C¢ explained on page 135) can be implemented as follows: Asdiinge
finite field and thatF = K is obtained as=extension(K,f(t)), where f is

an irreducible polynomial of degree over K. Let H be a matrix of type

r x n over . Then the matrixH’ of type rm x n over K obtained by
replacing each entry off by the column of its components with respect to
the basidl, ¢,...,t™ ! is provided by the functioblow(H,F). Note that the
call blow(h,F), whereh is a vector with components iRy, is the auxiliary
routine that delivers the result of replacing each entrj bl therow of its
components with respect tot, ..., t" ! (see®>The functionblow(H,F)).
We also include the functioprune(H) that selects, given a matriéf of rank

r, r rows of H that are linearly independent (s¥&The functionprune(H)).

4.3Example Leta € Fg and assume that®> = o+ 1. Consider the matrix

H_lllllll
T\l a a2 & ot o af

and letC be the alternant binary code associateditoLet us see that' =
[7,3,4],sothatd =4 >3 =r+ 1.

First the minimum distancé of C'is > 4, as any three columns &f are
linearly independent ovélf,. On the other hand, the first three columns and
the column ofa® are linearly dependent, for® = a?+«a+ 1, and sal = 4.
Finally the dimension of” is 3, because it has a control matrix of rank 4
overFy, as the link®” Computing the dimension of alternant cogé®ws.
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Reed-Solomon codes

Given distinct elements, ..., a, € K, we know from Example 1.26 that
the Reed—-Solomon code = RS, .. ., (k) € K" (see Example 1.24) has
a control matrix of the form

H =V, i(aaq,...,ap)diag (h1,...,hy),

with
hi = 1/([ [(ay = e2)). [4.3]
J#i
Hence
RSa,,..an(k) = Ax(h,a,n — k),

whereh = (h1,...,h,) is given by [4.3]. Note that in this casé = K,
hencem = 1, and that the alternant bounds are sharp, because we know tf
the minimum distance of’ isn — k + 1 = r + 1, wherer is the number

of rows of H, andk = n — r. The idea that Reed—Solomon codes can be
defined as a special case of alternant codes is implemented in the functi
call RS(«,k) defined in®®General RS codes

4.4 Remark (Generalized Reed—Solomon code$he vectorh in the def-
inition of the coders,, ..., (k) as an alternant code is obtained frem
(formula [4.3]). If we allow thath can be chosen possibly unrelateddo
but still with components ink, the resulting codes!x (h, a,n — k) are
calledGeneralized Reed—Solomoodes, and we will writ&Rs (h, o, k) to
denote them. SE¥ GRS codegor an implementation. It should be clear at
this point thatRs (h, «, k) is scalarly equivalent tBS o (k).

Note that by definition of alternant codes, we have the following relation
if K is a finite field,r a positive integer ant, o € K, the linear code over
K defined by the alternating control matik of orderr associated té& and
a is the generalized Reed—Solomon cais (h, o, ) and

Ak (h,o,r) =GRS(h,a,r) N K"

E.4.11f K’ = (hy,...,hy) is a nonzero vector in the kernel of
Vi—1(ai,...,an)diag (hy, ..., hy),

prove that the dual o6RS(h, a, ) is GRS(h’,a,n — ). This result can
be seen as a generalization of the formula for the control matrix of a Reec
Solomon code.



152 Chapter 4. Alternant Codes

BCH codes

BCH codes are of great practical importance for error correc-
tions, paticularly if the expected number of errors is small com-
pared with the length.

F. MacWilliams and N. J. A. Sloane, [14], p. 257.

Let nowa be an element ok, d a positive integer antla non-negative
integer. Letn denote the order ok. Then we know that a control matrix
of C' = BCH,(d,!) (the BCH code overK associated ta with designed
distanced andoffset exponert) is

1 al a? .. a1

1 o+ Q204D (=D
H =

i a(l+.d—2) a2(l-i.-d—2) . a(n—l).(l-i-d—Z)

which is the alternant control matrix of ordér— 1 associated to the vectors
h = (1,0/,a2l7 ... ,a(”*l)l) and a = (1,a,02,...,a" 1),

Thus we see that’ can be defined aslternant_code(h, o, 7) with h set to
the vectorgeometric_series(a!, n), « to the vectorgeometric_series(a, n),
andr to d — 1 (see'®°ConstructinggcH code3. By default we také = 1
(BCH codes in the strict sense). Note that the alternant bound coincides wi
theBCH bound.

E.4.2 Prove that the minimum distance of tBeH code defined irCon-
structing BCH codes is 7.

Primitive RS codes

Beside serving as illuminating examples of BCH codes, they
are of considerable practical and theoretical importance.
F. MacWilliams and N. J. A. Sloane, [14], p. 294.

Given a finite fieldK = I, and an integek such that0 < k < n,
n = ¢ — 1, the Reed-Solomon code of dimensibrassociated td< is
RSy ... wn—1(k), Wherew is a primitive element of’. But we know (Propo-
sition 3.22) that this code coincides;rif= n — k, with BCH,,(r + 1). This
is the formula used int°! Constructing primitiveRs codeso define the fun-
tion RS(K,k). Since in this case we know for certain tHatis the field over
which the code is defined, we include the table-fi€ld= K in the definition
of the code.
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E.4.3. Show that ifa is a primitive element of a finite fieldl', then the matrix
Vi(a, ..., a" )T is a control matrix fors (F, k).

E.4.4. Let p be a real number such that< p < 1 andt a positive integer.
If K denotes an arbitrary finite field, show that the minimgr | K| such
that the cod®s (K, k) has rate at leagtand corrects errors satisfies

Conversely, givem € (0,1) and a positive integer, if ¢ satisfies the condi-
tion andK = [, then the cod®s(K,n — 2t), n = ¢ — 1, has rate at least
p and it corrects errors. Seé®2The function next_gf, ). For example, if
we want a rate o8/4 and that 7 errors are corrected, then we nged59.
For correcting 10 errors we need= 81.

Generating matrix. Letw be the primitive element ok used to construct
the control matrixd of C' = RS(K, k). Since

C=RSy, w1(k) (n=q-1,k=n—r),
a generating matrix of’ is given by the Vandermonde matrix
Vi(1,w, ... ,w”_l).

This matrix is supplied by the function_G(w, k).
103 Generating matrix of RS(K,r)

Mattson—Solomon matrix. If « is an element of a finite fiel&k’, andn =
ord (), then x n matrix (a/), where0 < i, j < n—1, is called theVlattson—
Solomon matrixof . The Mattson—Solomon matrix df is defined to be
the Mattson—Solomon matrix of a primitive elementtaf

104 Mattson—Solomon matrix of an element and of a finite field

E.4.5 (Mattson—Solomon transformilet X be a finite field andv € K an
element of orden. Let M = M, be the Mattson—Solomon matrix of.
Then the linear mag™ — K" such thatr — xM is called theMattson—
Solomon transfornef K™ relative toa. Show that ify = M, thenyM =
nx, wherex = (zo, zp—1,...,21).

Classical Goppa codes

In order to solve the problem of coding and decoding powerful
methods from modern algebra, geometry, combinatorics and
number theory have been employed.

V.D. Goppa, 7], p. 75.
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Letg € K[T] be a polynomial of degree> 0 and leta = ay, ..., v, €
K be distinct elements such thata;) # 0 for all i. Then theclassical
Goppa codever K associated witly anda, which will be denoted’(g, «),
can be defined (see [14], Chapter 12phlsrnant_code(h, «, r), whereh is
the vector[1/g(a1),...,1/g(ay)]. In this way it is clear from Proposition
4.1 that the minimum distance bfg, ) is > r + 1 and that its dimension
k satisfiesn —rm <k <n—r.

The codd (g, «) is provided by the functiogoppa(g,«). See'?®Constructir
classical Goppa codes

E.4.6. Let K = Zy; anda = [4]11. Thena has orders and ifa =
[1,a,...,a%, thena = [1,4,5,9,3]. Letg = (X —2)(X —6)(X —7) €
K[X]andC = I'(g,a). Show that” ~ [5,2,4];1, hence MDS, and check
thatC' is not cyclic.

The next proposition shows that the (striBQH codes are Goppa codes.

4.5 Proposition(Strict BCH codes are Goppa codedj w is a primitive el-
ement ofK = F,» andd is an integer such that < ¢ < n, then the code
C = BCH,,(8) coincides withC’ = T'(X°~!, &), where

a= (1w, . .. ,af("fl)).

Proof: Since theh-vector of the control matri¥!’ of C’ is

(]_’th—l7 o ’w(é—l)(n—l))7

thei-th row of H' is equal to(1,w’ %, ..., w®=D"=1) Thus we see that
H' is the control matrixd that define€”, but with the rows in reversed order
(note that the number of rows &f’ is deg (X°~!) = 6 — 1). O

4.6 Example(A non-strictBCH code that is not Goppa L et C' be the binary
cyclic code of length 15 generated py= 22 + = + 1. Leta € F14 be such
thata* = a + 1. Then the roots of in Fi¢ are3 = o® andf? = «'0 and
henceC = C3 = BCH,(2, 5) (the designed distanceisand the offset i§).
The (generalized) control matrix of this cod€is3, 32, ..., 1, 3, 3%]. This
cannot have the forrfl/g(ao), ..., 1/g(a14)], with theo; distinct andf a
linear polynomialg with coefficients inF,4. HenceC' is not a Goppa code.

Summary

¢ Alternant matrices. Alternant codes. Reed—Solomon codes (not ne
essarily primitive) and generalized Reed-Solomon codgrs).
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e Lower-bounds on the minimum distancé & » + 1, wherer is the
order of the alternant control matrix used to define the code) and o
the dimensionk > n — mr, wherem is the degree ok overK). We
also have the dimension upper-boun&. n — r.

e The classical Goppa codes are alternant codes. BOhecodes are
classical Goppa codes (Proposition 4.5). Non-sB@# codes, how-
ever, need not be alternant (4.6).

e In particular we will be able to decode Reed—Solomon codes and cla:
sical Goppa codes (hence aBoH codes) as soon as we know a gen-
eral decoder for the alternant codes (fast decoders of such codes :
constructed in the last two sections of this chapter).

Problems

P.4.1 Consider a Reed-Solomon code o¥grand assume its minimum
distance is odd] = 2¢ + 1.

1) If we fix ¢ and need a rate of at legstshow thatt is bounded above
by | (1 —p)(¢—1)/2].

2) If we fix ¢ and the error-correcting capacityshow that the rate is
bounded above by — 2t/(q — 1).

3) Fix ¢ = 256 and regard the elementsBi;s asbytes(8 bits) by taking
components of the field elements with respect to a basisZyek et
C be ars code oveif'ys6. What is the maximum number of bytes that
can be corrected witt if we need a rate of at leagf10? What is the
maximum rate of”' if we need to correct 12 bytes? In each case, wha
is the length of”' in bits?

P.4.2 Use K = Figandg = X3 + X + 1 to construct a binary Goppa
codeC = I'(g, @) of maximal length and find its dimension and minimum
distance.

P.43 UseK = Fy; andg = X3 — X + 1 to construct a ternary Goppa
codeC = T'(g, ) of maximal length and find its dimension and minimum
distance.

P.4.4 By the alternant bound, the minimum distance distahcEthe Goppa
code defined in the linonstructing Goppa codes  satisfiesd > 7. Prove
thatd = 8.
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P.4.5 (Examples of Goppa codes that are not cycli®t n be a positive
divisor of ¢ — 1 (¢ a prime power) € F, a primitive n-th root of unity
anda = [1,a,...,a""!]. LetC = I'(g,a) be the Goppa code ové¥
associated to a monic polynomigle F[X]| of degreer and the vecton
(hence we assumga’) # 0fori =0,...,n — 1).
1) Show thatG' = (aijg(a?)),for0 <i<n—r—1land0 <j<n—1,
is a generating matrix af’.

2) Deduce that the elements Gfhave the form

vr = [fWg(1), fl@)g(a),...., f(a"Hg(a" )],

with f € F[X],_,.

3) Prove thatifC is cyclic theng = X", and hence that' is aBCH code.
Hint: If C is cyclic, the vectorig(a”1), g(1),...,g(a"1)] has to
coincide withv, for somef, but this can only happen jf is constant
and from this one can deduce thgt X".

P.4.6 (Alternative definition of Goppa coded)et K = F, andK = Fm,
m a positive integer. Ley € K[T] be a polynomial of degree > 0 and
leta = ay,...,a, € K be distinct elements such that;) # 0 for all 4.
Originally, Goppa defined the cod&g, o) as

{CLGK”|Z$?O{ =0 mod g}. [4.4]
=0

)

In this problem we will see that the code defined by this formula is indee:
I'(g, ).

1) Givena € K such thag(a) # 0, show thatr — « is invertible modulo
g and that

L1 g e
r—a  gla) -« dg

(note that(g(x) — g(«))/(z — «) is a polynomial of degree: r with
coefficients inkK).
2) Show that the conditioR " —%_ =0 mod g in the definition
r — Oy
[4.4] is equivalent to

—~ a;i g(x)—gla) _
; glay) —a 0-
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3) Use the relation in 2 to prove that the code defined by [4.4] has
control matrix of the form

H* =U-H=U"-V.(ay,...,ap) -diag (h1,...,hy),

whereh; = 1/g(o;) and, ifg = go+ 1 X+ -4+ 9, X", U = (gr—i+;)
(1 <4,j < n), with the convention thag; = 01if [ > r.

4) SinceU is invertible, the code defined by [4.4] has also a control ma-
trix of the formH = V,.(a, . .., ay,)diag (b1, . . ., h,), and hence that
code coincides with'(g, c).

P.4.7 (Improved minimum distance bounds for binary Goppa cad&&h

the same notations as in the preceeding probleng, bet thesquare closure

of ¢ (g is the lowest degree perfect square that is divisible laypd can be
obtained frommy by replacing each odd exponent in the irreducible factoriza-
tion of g by its even successor). We will see (cf. [14], Ch. 12,83) that if
K = Zs, thenl'(g,a) = I'(g, @) and hence thal > 7 + 1, whered is the
minimum distance of'(g, ) andr the degree of;. In particular we will

haved > 2r 4+ 1 if g hasr distinct roots.
1) Leta € K" satisfyZ?zoL = 0 mod g and setS = S(a)

r — Q4
to denote the support af, so that|.S| = s is the weight ofa. Let

fa =[l;cs(X — ;). Show that

1 /
faZX_ai:fa

i€S

(the derivative off,).
2) Use the fact thatf, and f, have no common factors to show that

Yies ¥ = 0 mod g if and only if g| f..

3) Show thatf! is a square and hence thay! if and only if g| /.. Con-
clude from this that'(¢g, ) = I'(g, ), as wanted.

P.4.8 (MacWilliams—Sloane, [14], p. 345) Let C' = T'(g, «) be a binary
Goppa code and suppoge= (X — (1) --- (X — 3,), wherefy,..., 3, €
K = Fam are distinct elements. Show that Bauchy matrix1/(6; — o)),
1<i<r,1<j< n,isacontrol matrix foiC.
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4.2 Error location, error evaluation and the key equa-
tion

Helgert (1975) gave the key equation for decoding alternant
codes.
F. MacWilliams and N.J.A. Sloane, [14], p. 367

Essential points

e Basic concepts: error locators, syndrome (vector and polynomial forn
error locator polynomial and error evaluator polynomial.

e Basic results: Forney’s formula and the key equation.

e Main result: the solution of the key equation (Berlekamp—Massey-
Sugiyama algorithm).

Basic concepts

Let C be the alternant code associated to the alternant métmt orderr
constructed with the vectods anda (their components lie ik’ = F,m).
Let¢ = |[r/2], that is, the highest integer such tRat< r. Note that if we
lett’ = [r/2], thent +t' = r (we will use the equivalent equality— t = ¢’
in the proof of Lemma 4.12).
Letz € C (sent vectoyande € F™ (error vector, or error patterr). Let
y = = + e (received vectgr The goal of the decoders that we will present
in this chapter is to obtaim from y and H whens = |e| < t.
Let M = {m4,...,ms} be the set of error positions, that is, € M
if and only if e,,, # 0. Let us define therror locatorsn;, i = 1,...,s, by
the relation); = o,,,. Since thex; are different, the knowledge of the error
locators is equivalent to the knowledge of the error positions (given'#)e
Define thesyndrome vectof = (.S, ..., .S,—1) by the formula

(So,...,S.—1) =yHT.
Note thatS = eH”, aszH” = 0. Consider also theyndrome polynomial
S(z) =Sy +S1z4+--+ S,«_lzr_l.

SinceS = 0 is equivalent to saying thatis a code vector, henceforth we
will assume thats' # 0.
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E.4.7. Check thatS; = 35| husem,) (0 < j <7 —1).

E.4.8. AssumingS # 0, prove that the least such thatS; # 0 satisfies
j < s, hence alsg < t. Sinceged (2", 5(2)) = 27, ged (27, S(2)) has
degree strictly less tha) hence also stricly less thanSimilarly, prove that
deg (S(z)) > t. Hint: If it were j > s we would haveSy = --- = Ss_1 =0
and the expressions féf; in E.4.7 would imply a contradiction. O

Theerror locator polynomials (z) is defined by the formula

S

o(z) = H(l — niz).

i=1

Thus the roots of are precisely the inverses of the error locators.
We also define therror evaluator polynomiaby the formula

s

€(z) = Z B, €m, H (1- TIJ‘Z)-
=1

J=Lj#1

4.7 Remark. Itis possible to define the error-locator polynomial as the moni
polynomial whose roots are the error-locators. In that case the definitio
of the error-evaluator and syndrome polynomials can be suitably modifie
to insure that they satisfy the same key equation (Theorem 4.9), and th
the errors can be corrected with an apropriate variation of Forney’s formul
(Proposition 4.8). For the details of this approach, see P.4.9

Basic results

4.8 Proposition(Forney’s formula) For k = 1,. .., s we have
o el )
S oY)

whereo’ is the derivative of.
Proof: The derivative oty is

o'(z) == _n [ - n;2)
i G#i
and from this expression we get that

o' (") = —me [T (L= ni /mw)-
jk
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On the other hand we have, from the definitiore athat

6(77];1) = hmkemk H(l - 77]'/7716)'
i#k
Comparing the last two expressions we get the relation

nke(nlzl) = _hmkemkgl(nlzl)a
which is equivalent to the stated formula. O

4.9 Theorem(key equation) The polynomials(z) i o(z) satisfy the con-
gruence

€(z) =o0(2)S(z) modz".

Proof: From the definition ot it is clear that we also have

hin,€m,
E(Z) = O'(Z) Z 177’02
i=1 !

But

S

1nfi7m; Z hmzemL Z nzz)j

i=1 i=1 §>0

where we have used E.4.7 for the last step. O

4.10 Remark. The key equation implies thaeg (ged (2", S)) < t, because
ged (27, S) dividese (cf. the first part of E.4.8).

E.4.9. In the case of the codgcH,,(d, 1) overF,, prove that the syndromes
So, ..., Ss_o are the values of the received polynomial (or also of the errol
polynomial) onw!, ... w!T9=2. Deduce from this tha$,; = (S;)?if j,qj €
{i,....,1+—2}.
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Solving the key equation

Nevertheless, decoding using the Euclidean algorithm is by far
the simplest to understand, and is certainly at least comparable
in speed with the other methods (for n < 10°) and so it is the
method we prefer.

F. MacWilliams and N.J.A. Sloane, [14], p. 369.

The key equation shows that there exists a unique polynartialsuch that
€(z) =7(2)2" + 0(2)S(2).

This equation is equivalent to the key equation and one of the main steps
the decoding of alternant codes is to find its solutiemfide) in terms ofz"
andS(z).

Here we are going to consider the approach based on a modification
the Euclidean algorithm to find theed of two polynomials. This modifica-
tion is usually calledsugiyama’s algorithnffor classical Goppa codes it was
published for the first time in [27]).

Sugiyama'’s variation on the Euclidean algorithm

The input of this algorithm is the pair of polynomiais = =" andr; = S(z)
(remember that we have assunteet 0) and it works as follows:

1) Letr;, i = 0,...,j, be the polynomials calculated by means of the
Euclidean algorithm applied tey andr;, but with j the first index
such thatdeg (r;) < t. Fori = 2,...,j, letg; be the quotient of the
Euclidean division of; - by r; 1, sothat; = r;_o — ¢;r;_1.

Note that sinceleg (1) = deg (S) > ¢ by E.4.8, we must havg > 2.
On the other hand the integgexists, for the greatest common divisor
d of rg andr; has degree less thar(see E.4.8, or Remark 4.10) and
we know that the iteration of the Euclidean algorithm yields

2) Definevg, v1,...,v; sothatvy = 0,v; = 1 andv; = v;—2 — q;v;—1.
3) Output the paifv;,r;}.
1065 giyama’s Euclidean algorithm
In order to prove that Sugiyama’s algorithm yields the required solutior
of the key equation (Lemma 4.12), it is convenient to compute, in paralle

with vg, v1, ..., v;, the sequenceg, uy, ..., u; such thatug = 1, u; = 0,
andui = U;—2 — qiUj—1 fori = 2, . ,j.

E.4.10 Prove thatforali =0, ..., j we haveu;rg + v;r1 = r;.
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4.11 Remark(Extended Euclidean algorithm)f in the description of the
Sugiyama algorithm we Igtbe the last integer such that# 0, thend = r;
is theged (g, 1) and E.4.10 shows thap = «; anda; = v; yield a solution
of a Bezout identityigrg + a;r1 = d. The vectord, ag, a1] is returned by
the functionbezout.

107Example of a call tdbezout

Main results

We keep using the notations introduced in the description of Sugiyama
algorithm. Recall also thdt = [r/2] and that- — ¢ = ¢'.

4.12 Lemma. Leté = r;, T = uj, 0 = v;. Then
é(z) = 7(2)2" +5(2)S(z) and deg (5) <t', deg(e) <t.

Proof: According to E.4.10u;rg + v;r1 = r; fori = 0,..., 7, which for
i = j is the claimed equality.
Now let us prove by induction onthat

deg (v;) = r — deg (r;—1)

fori = 1,...,7 (hence, in particular, thateg (v;) is strictly increasing
with 7). Indeed, the relation is certaily true for= 1. We can thus assume
that; > 1. Thenv; = v;_o — qiVi—1 and

deg (v;) = deg (g;) + deg (vi—1) (deg (vi—2 < deg (v;—1)) by induction)
= deg (1;—2) — deg (rj—1) + r — deg (r;—2)
=r —deg (r;—1)

(in the second step we have used the definitiop; gnd the induction hy-
pothesis). In particular we have

deg (6) = deg (v;) =7 —deg (rj_1) <r—t =1,
which yields the first inequality. The second inequality is obvious, by defi-
nition of j ande. O

E.4.11 With the same notations as in Lemma 4.12, use induction fon
show that
uivi—1 — viui—1 = (—1),

i=1,...,7,anddeduce from it thatd (u;, v;) = 1. In particular we obtain
thatged (7,5) = 1.
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4.13 Theorem. With the notations as ihemma 4.12there existp € Fyn
such thatr = pg ande = pe.

Proof: Multiplying the key equation (Theorem 4.9) lay, the equality in
Lemma 4.12 by, and subtracting the results, we obtain the identity
oe—éo = (617 —To)z".
Now the degree of the polynomial on the lefiisr, because
deg (7€) =deg (7) +deg (e) <t +t—1=r—1
and
deg (0€) =deg (o) +deg (6) <t +t—-1<r—1.
Since the right hand side of the identity contains the factowe infer that

Therefore

oloe, a|To.
Sinceged (0,¢) = 1, for no root ofo is a root ofe, andged (7,5) = 1, by
E.4.11, we get that|c andc|o, and hencer = po ande = pe for some
pEFym. O

4.14 Remark. Theorem 4.13 shows that and o have the same roots, so
we can use& instead ofo in order to find the error locators. In addition,
Forney’s formula proves that we can us@nde instead ofs ande to find
the error values, because it is clear that

memy ) meeln )

P& (1) R0’ (1)

Summary

e Basic concepts: error locators;), syndrome (vectof and polyno-
mial S(z)), error locator polynomiald(z)) and error evaluator poly-
nomial ((2)).

e Basic results: Forney’s formula (Proposition 4.8) and the key equatio
(Theorem 4.9).

e Main result: Sugiyama’s algorithm (which in turn is a variation of
the Euclidearged algorithm) yields a solution of the key equation
(Theorem 4.13) that can be used for error location and error correctic
(Remark 4.14).
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e The error-locator polynomiat(z) can also be defined so that its roots
are theerror-locators (rather than the inverses of the error locators).
If we do so, and adopt suitable definitions$fz) ande(z), we still
get a Forney’s formula for error-correction and a key equatieh =
o(z)S(z) mod 2" that can be solved with the Sugiyama algorithm
(P.4.9).

Problems

P.4.9(Alternantive syndrome, Forney’s formula and key equatiSuappose
we define the syndrome polynomi#(z), the error locatoe (z) and the error
evaluator as follows:

S(z) =Szt -+ 5,

S

o(z) =[]z = m),

=1

e(2) = = huem [[ Gz~ m)
=1

J#
(now o is the polynomial whose roots ang, . . . , ;).
1) Show that

o'(mk) = [ [ om —ny) and e(mk) = —humyemyni | [ 0 — nj)
7k J#k

and hence that we have the following alternative Forney’s formula:

(k) .
Py 0 (k)

Em, = —

2) Prove that we still have the same key equation

€(z) = 0(2)S(z) modz".

Note that if we let{¢, 5} be the pair returned byugiyama(z”,S.t), then the
zeros ofz give the error locators, and the alternative Forney’s formula with
€ andg finds the error values.
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P.4.1Q With the notations introduced in P.4.6, prove that the syndrsine
with respect to the control matri* = U - H = U - V,.(«) - diag (h) of the
received vectoy corresponds to the polynomial

n—1
S;(z) _ Z yi g9(z) — Q(Oéi)7

g(a;) z—q

i=0
which is the unique polynomial of degreer such that

n—1

Sy(z) = — Z Y% mod g(2).

Z — Q4
i=0 v

Show also that);(z) = S;(z), wheree is the error vector.

P.4.11 Continuing with the previous problem, define an error-locator poly-
nomialo*(z) = [[;_,(z — ;) (as in P.4.9) and an error-evaluator polyno-
mial €*(2) = >77_; em, [[;(z — mi). Thendeg (c*) = s, deg (¢*) < s
andged (0*,¢*) = 1. Prove thatk,,, = ¢*(n;)/c*'(n;) (the form taken by
Forney’s formula in this case) and the following key equation:

0" (2)S*(z) = €*(2) mod g(z).

P.4.12 Modify Sugiyama’s algorithm to solve the key equation in the pre-
ceeding problem.
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4.3 The Berlekamp—Massey—Sugiyama algorithm

Decoding. The main source is Berlekamp [Algebraic Coding
Theory, [3] in our references].
F. MacWilliams and N.J.A. Sloane, [14], p. 292.

Essential points

Algorithm BMS (Berlekamp—Massey—-Sugiyama)

Main result: BMS corrects at least= /2] errors.

Alternant decoder (AD): the functicaiternant_decoder(y) that imple-
ments BMS.

Auxilary functions for experimenting with AD.

Introduction

It is fairly clear that the deepest and most impressive result in
coding theory is the algebraic decoding of BCH-Goppa codes.
R.J. McEleice, [15], p. 264.

As indicated at the beginning of this chapter, one of the nice features ¢
alternant codes is that there are fast decoding algorithms for them.

Our functionalternant_decoder (AD) is a straightforward implementa-
tion of the algorithm, obtained by putting together the results in the last set
tion, with some extras on error handling. This is a fundamental algorithn
which we will call, for lack of a better choic8erlekamp—Massey—Sugiyama
algorithm BMS (cf. [33], §81.6, p. 12-15). There are other fast decoders fo
alternant codes. However, they can be regarded, with the benefit of hin
sight, as variations of the BMS algorithm, or even of the original Berlekamy
algorithm. The next section is devoted to one of the earliest schemes, ham
the Peterson—-Gorenstein—Zierler algorithm.

Let H be the alternant control matrix of orderassociated to the vec-
torsh,a € K", and letC = Cy C K™ be the corresponding code.
As explained at the beginning of Section 4.1 (page 149) we will3set
(01, ..., 0] to denote the vector formed with the inverses of the element
oy, thatis,3; = a; '. We also set = |r/2].
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Next we will explain in mathematical terms the BMS decoding algorithm
to decodeC'y. It takes as input a vectar € K™ and it outputs, ify turns
out to be decodable, a code vectorMorevover,z coincides with the sent
vector if not more tham errors occurred.

The BMS algorithm

In the description belovError means “a suitable decoder-error message”.
1) Find the syndrome = yH”, says = [sq, ..., Sr_1].
2) Transforms into a polynomialS = s(z) in an indeterminate (S is
calledpolynomial syndronje

S=s9+812+ 4812

3) Let {0, ¢} be the pair returned bsugiyama(z”,S,t).

4) Make a listM = {my,...,m,} of the indicesj € {1,...,n} such
thato(3;) = 0. These indices are calleiror locations If s is less
than the degree af, returnError.

5) Letz be the result of replacing the valygby y; +¢;, for eachj € L,

where
o — % €(5))
T ho'(B))
ando’ is the derivative ofr, providede; lies in K. If for some; we

findthate; & K, returnError. Otherwise return if = is a code-vector,
or elseError.

4.15 Theorem. The Euclidean decoding algorithm corrects at least
|r/2] errors.

Proof. Clear from the discussions in the previous sections. O

Implementing BMS

Given an alternant cod@, we wish to be able to cadliternant_decoder(C)
and have it return the pure functign— z’, wherez' is the result of applying
the BMS algorithm for the cod€’ to y. If this were the case, we could set
g=alternant_decoder(C) and then apply to the various vectorg that we
need to decode.
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Auxiliary functions

To work out this plan, we first explain two auxiliary functions. The first,
zero_positions(f,a), returns, given a univariate polynomigland a vector,
the list of indices;j for which a; is a root of f. It goes through all the;;
and retains thg for which the value off is O (this is often referred to as the
Chien search

108 The functionzero_positions(f,a)
We will also needlip(v,L). This function replaces, for ajlin the list L, the
valuev; of the vector by 1 — v;. In fact,v can also be a list, in which case
the value of flip is a list, and in either cagecan be a vector.

109The functionflip(v,L)

The function alternant_decoder

As we said before, this functiorAD in shorthand) implements the BMS
decoding algorithm and can be found in the ik The function alter-
nant_decoder Following an observation by S. Kaplan, the present versior
includes the computation of Forney values, and checking whether they lie:
the base field, even for the base figlgl Knowing the error positions in the
binary case would be enough to correct the received véfctoe knew that
the error values given by Forney’s formula atebut the point is that these
values may lie in some extension 8% if the number of errors exceeds the
correcting capacity.

If C is an alternant code of length over the fieldK andy € K",
thenalternant_decoder(y,C) yields the result of decodingaccording to the
BMS algorithm relative t@ (or the value 0 and some suitable error message
if some expected conditions are not satisfied during decoding). The ce
alternant_decoder(C) yields the functiory—alternant_decoder(y,C).

The link 1A BCH code that corrects 3 errois adapted from [24]
(Examples 8.1.6 and 8.3.4). The reader may wish to work it by hand i
order to follow the operation of all the functions. Note that in polynomial
notations the received vectorlist 25 + =7 + 2® 4 z!'2 and the error vector
is 2t + 212,

A few more examples can be foundif?Goppa examples of the alter-
nant_decoder

Some tools for experimenting with the alternant decoder

To experiment withalternant_decoder, it is convenient to introduce a few
auxiliary functions, which incidentally may be useful in other contexts. We
will use the function caltandom(1,k) (k a positive integer), which produces
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a (pseudo)random integer in the rarigé.

Random choice oin elements of a given set.If X is a non empty set, the
functionrd_choice(X) chooses an element &f at random, anedl_choice(X,m)
(for a positive integem less then the cardinal df) extracts a random subset
of m elements ofX. Finally, if n is a positive integer, therd_choice(n,m)
(for a positive integern less tham) choosesn elements at random of the
set{1,...,n}.

113Choosing elements of a set at randath ¢hoice)

Random list of given length of elements of a finite field For a finite field
(or ring) K of cardinalg, the functionelement(j,K) returns thej-th element
of K, where0 < j < ¢ — 1, with a built-in natural order (for example, in the
rangej = 0,...,p — 1, p the characteristic oK', element(j,K) is the residue
class ofj modpinZ, C K). Hence we can generate a random eleme#f of
by pickingj at random in the range < j < ¢— 1. Similarly, we can choose
anonzero element df by choosingj at random in the range< j < ¢—1.

114Choosing an element of a finite field at random
Usingrd (or rd_nonzero) s times (s a positive integer) we can produce a list
of s elements (or nonzero elements) ak (see the function callsi(s,K)
andrd_nonzero(s,K)) in 115Choosing a list of elements of a finite field at
random

Random error patterns. Given the length of the code, a weights with
1 < s < n, and the field (or even a ringlX, a random error pattern of
lengthn, weights and entries ik’ can be produced by picking randomly
positions in the rangé..n ands nonzero elements d and using them to
form a lengthn vector whose nonzero entries are precisely thosiements
of K placed at those positions.

116Generating random vectors of a given length and weight

Finding code vectors. If G is the generating matrix of a linear co@eover

the finite field K, the functionrd_linear_combination(G,K) returns a random

linear combination of the rows @¥, that is, a random vector @f.
117Generating random linear combinations of the rows of a matrix

Decoding trials. To simulate the coding + transmission (with noise) + de-
coding situation for an alternant code we can set up a function that general
a random code vectar, that adds to it a random error patterrof a pre-
scribed numbes of errors, and that callslternant_decoder ony = x + e.

If the result is a vector’, to make the results easier to interprete we return
the matrix[x, e, x + €] in caser’ = x and the matriXx, e,z + e, 2] in case
the simulation has resulted in an undetectable error. Incasenot a vector
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(hencer’ = 0), there has been a decoder error and then we simply return tf
matrix [z, e].
118The functiondecoder _trial

Examples

In this subsection we will look at a few examplesRsf codes that show how
the machinery developed in this section works.

First we will consideRrs codes of the fornC' = RS(K, ), whereK is
a finite field andr is a positive integer less than= ¢ — 1, ¢ = |F| (see
E.4.3). Recall that has type[n,n — r,r + 1] and that it correctgr /2|
errors. We will also consider an example of the farsYa, k), wherek is
the dimension and € K™.

Example: RS[12,6,7]

Suppose we want an RS code with rate at least 1/2 which can correct 3 errc
The table in the listing after E.4.4 tells us that the least posgitsié3. So let

us takeqg = 13, hencen = 12. Sincet = 3, the least possible codimension
isr = 6, thusk = 6.

We can construct this code with the function ¢ai(Z,5,6), and we can
observe its working by means of callsdecoder _trial for diverses, as illus-
trated in the next example.

119pecoding trials of RS[12,6,7]

We see that for an error-pattern of weight 4, which is beyond the correc
ing capacity of the code, in one case we got an undetectable error and in t
other a decoder error. Error-correction in the case of 1, 2 or 3 errors work
as expected.

Example: RS[26,16,11]

Suppose now that we want an RS code with rate at l@&stwhich can
correct at least 5 errors. This time the table in the listing after E.4.4 tells u
that the least possiblgis 27. So let us set = 27, thusn = 26. Sincet = 5,

the least possible codimensionris= 10 and sok = 16.

The construction of this code, and also the observation of its workin
by means of calls talecoder_trial(s), is illustrated in the next example for
variouss. Note that we use the shorthand notation given byithgetable.
Note that up to 5 errors it behaves as expected, but that in the case of 6 err
it lead to a decoder error.

120pecoding trials of RS[26,16,11]
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Example RS[80,60,21]

Suppose we want &S code with rate3/4 and correcting 10 errors. Then
d = 21, hencek = n — 20. On the other han& = 3n/4 and son =
80. We could takeK = g1, but sinceZgs has simpler arithmetic, we can
choose this latter field a& and use only 80 of its nonzero elements. We
can letn = 80 anda = (a,...,a,), Wherea; = [j], and use the code
RS(a,60). Happily, this code is alternant (and in general such codes ar
neither Goppa nagCH) and hence that can be decoded withAlbedecoder.
In the following example we have indicated a decoder trial of 10 errors, bu
we have not displayed the result because of its length.

121RS with rate 3/4 that corrects 10 errors

Detractors of coding research in the early 1960s had used the
lack of an efficient decoding algorithm to claim that Reed—Sol-
omon codes were nothing more than a mathematical curiosity.
Fortunately the detractors’ assessment proved to be completely
wrong.

Wicker—Bhargava, [33], p. 13.

Example: A Goppa code[24,9, > 11]

In this example we construct the co@e= I'(T'°, a), wherea contains all
the nonzero elements B%5. If w is a primitive root ofFy5, C' coincides with
BCH,,(11), which could be constructed 8€H(w,11).

122 A classical Goppa [24,9,11]

Summary

e The Berlekamp—Massey—Sugiyama algorithm (BMS) for alternant co
which corrects up te = |r/2] errors. Here- is the order of the al-
ternant matrix used to define the code. In the special case of (gener:
RS codes;r is the codimension. In the case of Goppa codds,the
degree of the polynomial used to define the code. B&H codes,
possibly not stricty is d — 1, whered is the designed distance.

¢ Implementation of the BMS algorithm (the functialternant_decoder
and several auxiliary functions that allow to experiment with the algo-
rithm).

o Examples of decodings codes, both general and primitive, Goppa
codes an@cCH codes.
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Problems

P.4.13 Find aRs code that has ratg/5 and which corrects 25 errors. What
are its parameters? Which is the field with smallest cardinal that can be use
Estimate the number of field operations needed to decode a vector with t
AD decoder.

P.4.14 Consider the cod€ = T'(T'° +T? + T + 3, a) overZs, wherea is
the vector formed with the nonzero element&egf. Show thatim (C) = 4.
Note that this coincides with the lower bouhd> n — mr for the dimension
of alternant codes, as = 24, »r = 10 andm = 2. Note also that with the
polynomialT'? instead of7® + T2 + T + 3 the corresponding Goppa code
has dimension 9, as seen in the last example above.

P.4.15 Write a functionalternative_decoder to decode alternant codes using
the alternative definitions &f(z), o(z) ande(z), and the alternative Forney
formula and key equation that were introduced in P.4.9.

P.4.16 Write a functiongoppa_decoder to decode Goppa codes based on
the polynomialsS*(z), o*(z) ande*(z) introduced in P.4.10 and P.4.11, on
Forney’s formula and the key equation established in P.4.11, and on the <
lution to this key equation given in P.4.11.
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123The function alternant_decoder
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4.4 The Peterson—Gorenstein—Zierler algorithm

Furthermore, a simply implemented decoding procedure has
been devised for these codes [BCH codes].
W. W. Peterson and E. J. Weldon, Jr., [19], p. 269.

Essential points

¢ Finding the number of errors by means of the matridegformula
[4.6]).

e Finding the error-locator polynomial by solving a system of linear
equations.

e The algorithm of Peterson—Gorenstein—Zierler (PGZ).

We will present another algorithm for decoding alternant codes. Let us us
the notations introduced at the beginning Section 4.2, but define the errc
locator polynomiab as:

s

o(z) = H(z — i), [4.5]

i=1
so that the roots of are now the error locators.
We will assume henceforth that< t.

Finding the number of errors

For any intege¥f such thats < ¢ < t, define

So St ... Spq
S Sy ... S
A= :1 :2 . :K [4.6]
Se-1 Se ... S

This matrix is usually called thelankel matrixassociated with the vector
(S0, 51, .., 520-2).

4.16 Lemma. We have thatlet(A,) = 0 for s < ¢ < t anddet(As) # 0.
In other words,s is the highest integefamong those satisfying < ¢) such
thatdet(As) # 0.
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Proof: Let M" = {m/,...,m,} C {0,...,n — 1} be any subset such that
M C M'. Fori = 1,..../, setn; = @,;. As we have seen, fof =
0,...,r —1we have

S _thkemk X Zh ’em’nk

k=1
Let
D:diag(h 1€ /7"‘7hm2€m2)’

so that it is clear thadet(D) # 0 if £ = s and thaidet(D) = 0if £ > s. Let
us also write

W= Vf(nh "'777()7

whereVy(n, ..., n¢) is the Vandermonde matrix éfrows associated with the
elements);. Note that in particular we hawigt(WW) # 0. We also have

wbDw?T = A,

since thei-th row of W (i = 0,...,¢ — 1) is (ni,...,n}), the j-th row of
DWT (j=0,...0~1)is (Pun €t 1 ++os hug €)™, @nd their product is
Ei:l P, em;nlzc = Vit

Thus we havelet(A,) = det(D) det(W)2, which vanishes if > s (in
this caselet(D) = 0), and is nonzero if = s (in this caselet(D) # 0 and
det(W) # 0). O

Finding the error locator polynomial

Once the number of errors, is known (always assuming that it is not greater
thant), we can see how the coefficients of the error locator polynomial [4.5
are obtained. Note that

S
o(z) = H(z —ni) =25+ arz¥ !+ a2t 4 L+, [4.7]
i=1

wherea; = (—=1)0; = oj(n,...,ns) is the j-th elementary symmetric
polynomial in then; (0 < j < s).

E.4.12 Showthatl+a; z+- - -+asz® is the standard error locator polynomial
[[i—o(1 = mi2).

4.17 Proposition. If a = (as, ...,a1) is the vector of coefficients of and
b= (S,...,5%s-1), thena satisfies the relation

Asa=-b

and is uniquely determined by it.
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Proof: Sincedet A = 0, we only have to show that the relation is satisfied.
Substitutingz by n; in the identity

S
H(z —m) =2 +a1z 4t a
i=1

we obtain the relations

ni+am 4 +a, =0,
wherei = 1, ...,s. Multiplying by f,,,e,,.77) and adding with respect o
we obtain the relations

Sijys +a1Sj4s—1+ -+ as:S; =0,

wherej = 0, ..., s — 1, and these relations are equivalent to the stated matri;
relation. O

Algorithm PGZ

Putting together Lemma 4.16 and Proposition 4.17 we obtain an algorithm-
decode alternant codes. In essence this algorithm is due to Peterson, Gotr
stein and Zierler (see [19]). In detail, and with the same conventions as
the BMS algorithm concerning the meaningifor, we have:

1) Calculate the syndrome vectay” = (So,...,S,_1). If S = 0,
returny.

2) Thus we can assume thét # 0. Starting withs = ¢, and while
det(A;) is zero, set = s — 1. At the end of this loop we still have
s > 0 (otherwiseS would be0) and we assume thatis the number
of errors.

3) Solve fora in the matrix equatiom a = —b (see Proposition 4.17).
After this we haveu,, ..., as, hence also the error-locator polynomial

4) Find the elements; that are roots of the polynomial If the number
of these roots i< s, returnError. Otherwise letyy, ...,ns be the
error-locators corresponding to the roots and\det {m,...,ms},
wheren; = ayy,.

5) Find the error evaluataf(z) by reducing the product
(I4+a1z+---+as2%)S(2)

mod z" (see E.4.12).
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6) Findthe errors,,, using Forney’s formula with the error-locator poly-
nomiall + a1z + - - - 4+ asz® and the error-evaluatexz). If any of the
error-values is not i<, returnError. Otherwise returny — e.

4.18 Proposition. The algorithm PGZ corrects up toerrors.
Proof: Itis an immediate consequence of what we have seen so far[]

4.19 Remark. In step 5 of the algorithm we could use the alternative poly-
nomial evaluratolS(z) = Spz" + S12" 1 + --- + S,_1, find the alternative
error evaluator as the remainder of the divisiow¢£)S(z) by 2" and then,

in step 6, we would use the alternative Forney formula (see Remark 4.7).

4.20 Remark. In step 5 of the algorithm we could determine the error coef-
ficientse,,, , ..., em, Dy solving the system of linear equations

hmlemﬁ?lj + hm26m2772j + ...+ hmsemsnsj =S,

which is equivalent to the matrix equation

hm1 hm2 e hms €my S()
[ Rimym2 .. hm.Ms €ms S

hml 77% hmz 77% cee P 77? €ms | = So

1

hm1771871 hm277287 hms773371 €mg Ss—l

and then retury — e (or an error if one or more of the componentsedé
notin K).

124The PGZ decoder

Summary

e Assuming that the received vector has a nonzero syndrome, the nur
ber of errors is determined as the fifsh the sequencgt—1, ... such
thatdet(Ay) # 0, whereA, is the matrix [4.6].

e The error-locator polynomial [4.7] is found by solving a system of
linear equationsi;a = —b defined in Proposition 4.17.

e The error values are obtained by finding the error evaluator polyno
mial via the key equation, and then applying Forney’s formula, or by
solving the system of linear equations in Remark 4.20.

e The three steps above summarize the PGZ algorithm.
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Problems

P.4.17. We have explained the PGZ algorithm under the assumption the
s < t. If the received vector is such that> ¢, analyze what can go wrong
at each step of the algorithm and improve the algorithm so that such erro
are suitably handled.

P.4.18 Let o be a primitive root off ;¢ satisfyinga* = o + 1 and consider
the codeC = BCH,(5). Decode the vectar00100110000100.

1) with the Euclidean algorithm;
2) with the PGZ algorithm.

4.21 Remark. Most of the books cited in the bibliography contain a good
deal of exercises and problems. One reference to take into account in tf
regard, and also for many other topics not presented here, is [21]. For a bo
exclusively devoted to exercises and problems on error-correcting codes, a
related topics, the reader is referred to [20].



Appendix: The wiris/cc system

The syntax rules of the language state how to form expressions,
statements, and programs that look right.
C. Ghezzi and M. Jazayeri, [8], p. 25.

A.1 (User interface)The WIRIS user interface has sevegalettesand each
palette has sever&ons Palette icons are useful to enter expressions tha
are typeset on the screen according to standard mathematical conventic
In the Operations palette, for example, we have icons for fractions, pow-
ers, subindices, roots, and symbolic sums and products. Here is a sam
expression composed with that palette?> SomewIRIS expressions

In addition to the above styleWiRIS or palette styl@thewiRris interface
also supports keyboard stylewhich only requires the keyboard to compose
expressions. In some cases the keyboard style is indistinguishable from t
palette style, as for example theoperator, but generally it is quite different,
asa.i for the subindex expressian, or zZn(n) for Z,, (the ring of integers
modulon).

A.2 (Blocks and statementg)t any given moment, &/IRIS session has one
or moreblocks A block is delimited by a variable height.' Each block con-
tains one or morstatementsA statement is delimited by a variable length
|. A statements either an empty statement or an expression or a successit
of two or more expressions separated by semicolons. The semicolon is r
requiered if next expression begins on a new line. ekpressioris either

a formula or an assignment. farmulais a syntactic construct intended to
compute a new value by combining operations and values in some explic
way. Anassignmenis an expression that binds a value to a variable (see A
for more details).

Theactive block(active statemepdisplays the cursor. Initially there is
just one empty block (that is, a block that only containsrthiestatement).
Blocks can be added with thgicon in theEdit palette (the effect is a new
empty block following the active block, or before the first if the cursor was a
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the beginning of the first block). Pressing taiterkey adds aull statement
just before or just after the current statement according to whether the curs
is or is not at the beginning of that statement.

The semantic rules of the languge tell us how to build meaning-
ful expressions, statements, and programs.
C. Ghezzi and M. Jazayeri, [8], p. 25.

A.3 (Evaluation) The evaluationof all the statements in the active block
is requested with eitheCtrl+Enter or by clicking on the red arrow. The
value of each statement in the block is computed and displayed next to
with the red arrow in between (the value of a statement is the value of its la
expression). After evaluation, the next block, if there is one, becomes tt
active block; otherwise an empty block is appended.

In the following we will typeset input expressions irsans serif font,
like in a+b, and the output values in the usual fonts for mathematics, like ir
a + b, if this distinction may possibly be helpful to the reader.

A.4. Integers, like 314, and operations with integers, l[ike+ 3) - (11 — 7)
or 254, are represented in the usual wa¥®Integers

In the link above there are two text lines. These lines were entered |
the usual way and converted to text with theécon in theEdit menu. In
general, this icon converts the active statement into text and vice versa. Te
is not evaluated and retains all its typographical features. In particular, a
the services for composing expressions are available while editing it. Finall
note that text is not delimited by a variable heiglih the way statements
are.

Why should a book on The Principles of Mathematics contain a
chapter on ‘Proper Names, Adjectives and Verbs'?
A. Wood, [?], p. 191.

A.5 (Naming objects)Let x be anidentifier (a letter, or a letter followed
by characters that can be a letter, a digit, an underscore or a question ma
capital and lower case letters are distinct). kdie a formula expression.
Then the construct=e bindse (the value ok) to x. On evaluating, the value
of x is e. On the other hand the constructe bindse (note) to x. When we
request the value of, we get the result of evaluatingat that momement,
not the result of having evaluatedonce for all at the moment of forming
the construct (as it happens withe).

If instead ofx=e we uselet x=e, then all works as witlx=e, but in addi-
tion x is used to denote the valde
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An identifier that has not been bound to a value is said tofoeesiden-
tifier (or free variablg. Otherwise it is said to be bound identifier(or a
bound variablg.

Syntactic constructs that have the fokre, x:=e or let x=e are called
assignmentor assignment expressians

127 Assignment examples

A.6 (Modular arithmetic and finite prime fieldshhe construction of the ring
Z, of integers modulo the positive integeris performed by the function
Zn(p), in keyboard style, and with the subindex operation to the sy bol
WIRIS style. If we putA=zn(p) andn is an integer, then the class ofmod
p is the value of the expressionA (for more details on this construct, see
A.15). Operations in the ring are denoted in the usual way28Zs; . Note
that the inverse of 22 mod 35 is 8, and that the inverse of 7 mod 35 does n
exist (this is whyl/x is left unevaluated and an error message is reported’
Note also thawiris does not display the value of a statement which ends
with a semicolon. The reason for this is that in this case the last expressit
of the statement actually isull (cf. A.2).

Forj =0,...,n — 1, the value oklement(j,Z,) is the clasg;],.

The ringZ, is a field if and only ifp is prime. Note, in particular, that
Zn(2) constructs the field of binary integerd?°7. .

A.7 (Construction of field and ring extension§uppos« is a ring and that
fe K[x] is @ monic polynomial of degree Then the functiorextension(K,f),
which can be also called with the expressidxi/(f), constructs the ring’’ =
K[z]/(f). The variablex is assigned the class #fmod f and K is a subring
of K. The name oK[x]/(f) is still K[x], but herex is no longer a variable,
but an element of’ that satisfies the relatiofi(z) = 0. WhenK is finite
with ¢ elements, therk” is finite with ¢" elements. IfK is a field andf is
irreducible overk, then K’ is a field. If we want to use a different name
for the variablex of the polynomials and the variabte to which its class
modulo f is bound, we can usextension(K,a,f).

If R is a finite ring,cardinal(R) yields the number of elements Bfand
characteristic(R) yields the minimum positive number such thatn:R is
zero. Ifn is the cardinal ofR, the elements oR can be generated with
element(j,R), for j in the range..(n-1).

To test whether a ring( is a finite field, we can use the Boolean function
Finite_field(K), or its synonymGF(K), which is defined as the expression
is?(K,Field) & (cardinal(K)<infinity)?

130The call extension(K,a,f)

A.8 (Sequencespequences are generated with¢bhmma operator,’. The
only sequence with 0 terms iill. If s andt are sequences withh andn
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terms, respectively, thest is the sequence with + m terms obtained by
appendingtos. In the latter construction, any object which is not a sequenc:
acts as a sequence of one term. The number of terms of a segusmiesn

by number_of_items(s) (or its synonym_items(s)) and itsj-th element by
item(j,s).

A.9 (Ranges)lf a, b andd are real numberg] # 0, then theanger defined
by a, b, d is the value of the expressian.b..d. It represents the sequence
of real numbers: in the interval[a, b] that have the formx = a + jd for
some nonnegative integgr Note that the sequence is increasing it 0
and decreasing if < 0. Itis non-empty if and only if eithett = borb — a
andd have equal sign. The expressianb denotes a sequence of values
in the interval[a, b] that depends on the function usiagb as an argument.
However, it is usually interpreted asb..1, as we will continue to do unless
stated otherwise.

A.10 (Aggregates and pairingdn the sequel, we will say that an object is
anaggregatdf it is a range or a sequence of objects enclosed in braces or
sequence of objects enclosed in brackets.

The sequence of objects that we enclose in braces or brakets is uni
stricted with the exception of a special kind that here will be cgtleiings
and which may belong to four flavours: relations, tables, substitutions ar
divisors. The table summarizes how these flavours are constructed.

Pairing flavours

a—b x=a | a=b
{} | relation| table | substitution
[ 1 | divisor | table

Here is a more detailed description. If one term of an aggregate delimite
with braces has the form — b (a—>b in keyboard style), where andb ara
arbitrary objects, then all other terms must have the same form (otherwi
we get an error on evaluation) and in this case the resulting object is callec
relation (itimplements a list of ordered paird)ivisorsare like relations, but
using brakets instead of bracdablesare like divisors (hence delimited by
brakets), but instead of terms of the fotm— b they are formed with terms
of the formx = a, wherex is an identifier and: any object (tables can also
be delimited with braces)Substitutions are like relations (hence delimited
with braces), but its terms have the fonm=- a (x=>a in keyboard style),
with x an identifier anch any object. In this case, occurs more than once,
only the last term in which it occurs is retained.

Given a pairingP, the set of values for which there exists an objebt
such thab—b is a term inP is called thedomainof P and it is the value of
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domain(P). In the case of divisors, we get the same value wifbport(P).

Pairings have a functional charater. To see this, let us consider ea
flavor separately. IR is a relation (respectively a table) aads an object
(an identifier), the value of the expressiR(a) is the sequence (possibly the
null sequence) formed with the valuksuch thab—b (a=b) is a term inR.
The value oR is the relation (tableR whose terms have the forin— R(a)

(a = R(a)) wherea runs overdomain(R).

131Relation examples

A nice additional feature of tables is thatxiis any identifier, therm(x)
can also be obtained afr). This often makes clearer the meaning of expres-
sions.

132Table examples

Now let us consider a divis@. If a is an object, the value of the expres-
sionD(a) is the sum (possibly 0) of the valuésuch that—b is a term inD.
The value oD is the divisorD whose terms have the form— D(a), where
a runs overdomain(D). Divisors can be added. The surE of the divisors
D andE is characteristized by the ru{p+E)(a)=D(a)+E(a) for all a.

133Djvisor examples

Finally if S is a substitution and is any objectS(b) returns the result
of replacing any occurrence gfin b by the valuex corresponding ta in S,
for all x in the domanin of.

1345ybstitution examples

In all cases, the ordering of the valireof a pairingP is done according
to the internal ordering adomain(P).

If x is an aggregate, the number of elements,isayn, is the value of
length(x). We remark that the number of terms in a sequenisenot given
by length(s), but by number_of_items(s) (with synonymn_items(s)). The
functionrange(x) returns the rangé..n. Moreover, ifi is in the rangd..n,
thenx; (or x.i in keyboard style) yields théth element ofr; otherwise it
results in an error.

Let x still denote an aggregate of lengthandk a positive integer in the
rangel..n. Thentake(x,k) returns an aggregate of the same kind (except
as we explain below, whenis a range) formed with the firét terms ofz.

To return the lask terms ofx, write -k instead ofk. The functiontail(x)
is defined to be equivalent take(x,-(n-1)). Whenx is a range of length,
take(x,k) is thelist of the firstk terms ofz (andtake(x,-k) is the list of the
lastk terms ofz; in particular tail(x) is the list of the last — 1 terms ofz).

If x andy are aggregates of the same kind, but not ranges, tlygor
join(x,y)) yields the concatenation @fandy.

135More pairing examples

A.11 (Lists and vectors)Aggregates delimited by braces (brakets) and which
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are not pairings are calldibts (vectors.

Let x denote a range, a list or a vector. Then the taléx(a,x) gives
0 if a does not appear im and otherwise yields the position index of the
first occurrence ot: in x. Here we again remark that sequences behave
differently, for thei-th element of a sequenceis given byitem(i,s). To
reverse the order ofwe have the functioreverse(x). In the case of a range,
reverse(a..b..d) yieldsb..a..-d.!

136Reverse examples

For a list or a range, vector(x) returns the vector formed with the ele-
ments ofz (this is the same dg] if x is a range; whem is a list, however,
[x] is a vector withz as unique component). On the other hdist{x) yields
the list with the same elements asvhenx is a vector, and just a list whose
only element ist whenx is a range. More generally, ¥ is a sequence of
ranges, thefx] is the vector formed with the elements of all the ranges,in
while {x} is just the list of the ranges in the sequence.

To append an object to a list or vectorx, we have the functiomp-
pend(x,a). It can also be obtained witki{a} if x is a list orx|[a] if x is a
vector.

137 Append examples

The functionconstant_vector(n,a) yields, if n is a positive integer ana
any object, a vector of lengthwhose entries are all equaldq(it is denoted
a,). The functionconstant_list(n,a) behaves similarly, but produces a list
instead of a vector.

If j lies in the rangel..n, then the expressiogpsilon_vector(n,j) yields
the vector of lengtm whose entries are all 0, except th#h, whichis 1. The
same expression fgpnot in the range..n yields the zero-vector of lengti,
which can also be constructed with the expressiamstant_vector(n,0), or
simply zero_vector(n).

The sum of the elements of a range, list or veatis given bysum(x).
Similarly, min(x) yields the minimum element of

To form the set associated to a lisive haveset(L). This function dis-
cards repetions ih and returns the ordered list formed with the remaining
(distinct) values.

Finally, the callzero?(x) returnstrue if the vectorx is zero andfalse
otherwise 138Vectors, lists and ranges

A.12 (Hamming distance, weight and scalar produtt)e Hamming dis-
tance between vectossandy of the same length is given by the function

1The functionindex(a,x) also works for pairings, but the returned values are usually dif-
ferent from what we would expect from the order in which they were defined, as the term
in pairings are internally ordered according to the internal order given to the domain of th
pairing. This is especially manifest with the functi@verse(x), which returnsc whenx is a
pairing.
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hamming_distance(x,y) (or by its synonymhd(x,y)). Similarly, weight(x) (or
its synonymwt(x)) yields the weight of vectox. The scalar product of two
vectorsx andy is delivered by(x,y) (or x-y in keyboard style)!3°Hamming
distance and weight

A.13 (Matrices) Structurally, matrices are vectors whose entries are vector
of the same length. So if we s&t[[1,2],[2,-3]], thenA is a2 x 2 matrix whose
rows are the vectofg,2] and[2,-3]. Writing matrices and working with them
can be done quickly using thMdatrices palette!4°Matrix expressionk

The expressiomdimensions(A), A a matrix, gives a sequenee, n such
thatm andn are the number of rows and columnsAfrespectively. The in-
tegersm andn can also be obtained separately as the values of the functior
n_rows(A) andn_columns(A), which are abbreviations afimber_of _rows(A)
andnumber_of_columns(A). The transpose of is AT (or transpose(A)).

If A'is a matrix,x is a vector, and the number of columns (rowspadaé
equal to the length of, then the valuesiz” (respectivelyr A) are obtained
with the expressions.x (respectivelyx-A). In the expressioa-x the vector
x is automatically interpreted as a column vector. Similarlyy &indB are
matrices, and the number of columnstois equal to the number of rows of
B, thenA.B computes the produdi B.

The element in row columnj of A can be obtained with the expression
Ajj (orA.ijin keyboard form). On the other hand) &ndJ are lists A, forms
a matrix with the intersections of the rows dfspecified byl (if these rows
exist) andA, ; forms a matrix with the intersections of the rows and columns
of A specified byl andJ, respectively (provided these rows and columns
exist).

If A andB are matrices with the same number of rows (columns), then th

matrix A| B (respectivelyg) is the value of the expressi@yB (respectively
A&B).

The expressioitlentity_matrix(r) (or alsoly in WIRIS) yields I.., the iden-
tity matrix of orderr. Another basic constructor onstant_matrix(m,n,a),
which yields anm x n matrix with all entries equal ta. The expression
constant_matrix(n,a) is equivalent taonstant_matrix(n,n,a).

In the case of square matricasits determinant is given bjA| (or de-
terminant(A)). Similarly, trace(A) returns the trace ofl. If |A| # 0, thenA~!
(orinverse(A)) gives the inverse oAl.

A.14 (Boolean expressionsyhe basic Boolean values arae andfalse. In
general, 8oolean expressiofa Boolean functiorin particular) is defined as
any expression whose valuetise or false.

If a andb are Boolean expressions, thest a (or not(a)) is thenegation
of a, anda&b, alb are theconjunctionanddisjunctionof a andb, respec-
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tively. The negation oé is true if and only ifa is false. Similarly, the con-
junction (disjunction) ot andb is true (false) if and only if both expressions
are true (false).
Another way of producing Boolean expressions is with the question mar
(?) placed after a binary relation, as for exampi ?, whose value isrue,
or 3==2?, whose value is false. Since is considered a literal character,
and hence it can be used to form identifiers, the space befweequired
if, appended to the preceeding token, it would form a valid identifier. If in
doubt, use parenthesis to surround the binary relation. On the othershand
may be omitted when the binary relation is used in a context that expects
Boolean expression, as for example inittfeeld of a conditional expression.
There are a few Boolean functions whose identifiers end with a questic
mark. For example:

even?(n)
Yieldstrue if the integem is even andalse otherwise.

invertible?(x)
For a ring element, it yields true whenx is invertible in its ring, andalse
otherwise.

irreducible?(f,K)
For a fieldk and a polynomiaf with coefficients inK, tests whethef is
irreducible oveK or not.

is?(x,T)
Tests whethex has typeT (see page 187)

monic?(f)
Decides whether a polynomigis monic or not.

odd?(n)
Yieldstrue if the integem is odd andalse otherwise.

prime?(n)
Decides whether the integeiis prime or not.

zero?(x)
For a vectol, it returnstrue if x is the zero vector and false otherwise.

Most of the deep differences among the various programming
languages stem from their different semantic underpinnings.
C. Ghezzi, M. Jazayeri, [8], p. 25

A.15 (Functions) A WiRIs functionf (wheref stands for any identifier) with
argument sequenceéis defined by means of the synt§X) := F, whereF
(thebodyof the function) is the expression of what the function is supposec
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to do with the parameteps. The same namiecan be used for functions that
have a different number of arguments.

Often the value of a function is best obtained through a s&riefscon-
secutive steps. Formally we take this to mean gt a statement (see A.2,
page 179). But a statemestwith more than one expression is not con-
sidered to be an expression and hence cannot by itself form the body of
function. To make an expression out®¥ve have the construbtgin S end.

As any statemeng may optionally be preceeded by a declaration of the
formlocal V, whereV is a sequence of indentifiers. These identifiers can be
used as variables inside the staten&nthis means that these variables will
not interfere with variables outsidg that might happen to have the same
name. The identifiergin V may be optionally replaced by assignments,

e any expression.

A.16 (Functional programming construct§ach object is assignedtgpe

(or domair), so that all objects are first class objects. Some of the basic pre
defined types areBoolean, Integer, Float, Rational, Real, Complex, Field,
Ring, Polynomial, Sequence, Range, List, Vector, Matrix, Relation, Table, Di-
visor, Function, Substitution, Rule. All predefined types begin with a capital
letter.

The main use of types is in the definition of functions (A.15). It is im-
portant to realize that any object (in particular a function) can be returned ¢
a value by functions (or passed as an argument to functions).

To test whether an objegtis of a typeT, we have the Boolean funtion
is?(x,T), orxeT in palette style. For a given, this is a Boolean function of

141Type examples

An argumentx of a function can be checked to belong to a given type
T with the syntax:T. In fact T can be any Boolean expression formed with
types and Boolean functions. This checking mechanism, which we fihll a
ter, allows us to use the same name for functions that have the same numl
of arguments but which differ in the type of at least one of them.

A further checking mechanism for the argumextsf a function is that
betweenX and the operator= it is allowed to include a directive of the
form check b(X), whereb(X) stands for a Boolean expression formed with
the parameters of the function. Several of the features explained above ¢
illustrated in the link'42A sample function

A.17 (Structured programming constructipt us have a look at the basic
constructs that allow a structured control of computations. In the descriptior
below we use the following conventionsis any expressior is a Boolean
expressionS andT are statements andis an aggregate.
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if b then S end
Evaluates in case the value df is true.

if bthen S else T end
Evaluate ofS or T according to whether the value of the Boolean expressior
b is true or false.

while b do S end
Keep evaluating as long a® evaluates tarue.

repeat S until b
EvaluateS once and keep doing it so long as the valué &ffalse.

for x in X do S end
Evaluates for anyx running over the items of.

for I; b; U do S end

Start evaluatind, which must be a sequence of expressions. Then evalua
S andU (U must also be a sequence of expressions) as lohgealuates to
true.

continue

The presence of this directive somewhere in $hef a while, repeat or for
iterators skips the evaluation process of the remaining expressi@arai
continues from there on.

break
The presence of this directive somewhere in $hef a while, repeat or for
iterators exits the iteration and continues as if it had been completed.

with, such_that

The expressiofe with x in X such_that b } groups with braces the expres-
sionse that satisfyb, where the Boolean expressionlepends o, which

in turn runs over the terms of. The expressiofx in X such_that b } groups
with braces the terms of X that satisfyb. There are similar constructions
using brakets instead of braces. The directites$_that andwhere are syn-
omyms.

return R
Exit a function with the value of the expressiBn

A.18 (Symbolic sums and related expressiohgt e denote an expression,

i a variable and a list, vector or range. For each valuef r, let e(i) denote

the result of substituting any occurrencei @i e by i. Then the expression

sigma e with i in r (keyboard style) orzze (palette style) yields the sum
rnr

> icr€(i). The expressioproduct e with i in r works similarly, but taking

products instead of sums.
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If bis a Boolean expression, theigma e with i in r such_that b yield a
sum like} ., e(4), but restricted to thé € » such thab(:) is true. In palette

style, H e (to get a new line for the conditiob, pressShift-Ente). The
iinr
case of products works similarly.
143Sum and product examples
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Index of Symbols

F,, GF(q)
g

[L: K]

1,

My (A)

n!/k!l(n — k)! (binomial number)

Greatest integer that is less than or equal

Smallest integer that is greater than or equal

Vector|t, ..., t] of lengthn. Examples used oftei,, and1,,
Concatenation of andy (z andy may be vectors or lists)
x1y1 + ...+ x,y, (scalar product of vectors andy)
Number of elements of a sét

Group of invertible elements of the ring

Ring of polynomials inX with coefficients inA

Ring of integers modula

Field of g elementsq must be a prime power)

Group of nonzero elements Bf,

Degree of a field. over a subfield<

Identity matrix of orden-

Matrices of typek x n with entries inA

Other than the general mathematical notations explained above, we list sy!
bols that are used regularly in the book, followed by a short description an
enclosed in parenthesis, the key page number(s) where they appear. We
not list symbols that are used only in a limited portion of the text.

Probability of a symbol error in a symmetric channel (2)
Source alphabet (11)

Channel alphabet (11, 13)

A general code (12)

Cardinal of the channel alphaldEt(13)

Dimension of a cod€’ (13)

Rate of a codé€’ (13)

Hamming distance between vectarandy (14)
Minimum distance of a cod€' (14)

Type of a code, with short forrn, M), (14)

Type of a code, with short forim, k], (14)

Weight of vectorr (14, 31)

Componentwise product of vectarsandy (14)
Relative distance of a code (14)

Correcting capacity of a code (17)

Hamming ball of centex and radius- (17)

Set of minimum distance decodable vectors (17)
Upper bound for the code error probability (19)
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Index of Symbols

Upper bound for the error-reduction factor (20)
Maximum rateR among code$n, M, d), (21)
Maximum dimensiork among code$n, k, d], (21)
Maximum cardinall/ among codesn, M, d), (21)
Maximum ¥ among linear codels:, k, dJ,, (68)

Parity completion of a binary code (23)

Cardinal of B(z, 1) (23)

Linear code generated by the rows of matex32)
Reed-Solomon code of dimensibron o (33)
Vandermonde matrix of rows on the vectow (33)
Vandermonde determinant ef = a1, .. ., a, (35)
Theg-ary Hamming code of codimension(44)

The g-ary dual Hamming code (44)

First order Reed—Muller code of dimension+ 1 (54)
Residue ol” with respect to: € C' (66)

Krawtchouk polynomials (74)

Euler’s function (87)

Mabius’ function (99)

Number of irreducible polynomials of degreeoverF, (100)
Order ofa (103)

Index ofx with respect to the primitive element(107)
Trace ofa € L over K (114)

Norm of a € L over K (114)

Cyclic code defined by a polynomigl(119)

BCH code of designed distanéeand offset/,

w a primitive n-th root of unity (136)

Alternant code defined ovédt corresponding to

the alternant control matrix of orderassociated

to the vectorsh, o € K (149)

Classical Goppa code (154)

Error locators (158)

Syndrome vector and polynomial for alternant codes (158)
Error-locator polynomial (159)

Error-evaluator polynomial (159)

The table below includes the basirIS /ccexpressions explained in the Ap-

pendix which might be non-obvious. The first field contains the expressio
in a keyboard style, optionally followed by the same expression in palett
style (A.1, page 179). The second field is a brief description of the expre:
sion. ThewlIRIs/ccfunctions used in the text are included in the alphabetica

index.
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= Assignment operator
=, = Delayed assignment operator
== = Binary operator to create equations

=, — Operator to create pairs in a relation or divisor
I=, #£ Not equal operator

>= > Greater than or equal operator

<=, < Less than or equal operator

=>, = Operator to create pairs in a substitution or rule
$$ Operator to create compound identifiers (76)

| Disjunction (and concatenation) operator (185)
& Boolean conjunction operator (185)

Zn(p), Z, Ring of integers mog@, F), if p is prime (181)

n:A Natural image of in A (181)

x=e Bounds the value of to x (180)

a..b.d {z €la,b]|z=a+jd,j€Z,j >0} (182)

a..b Usuallya..b..1 (182)

[X1,---,X%,] Vector whose components are x- - , X, (184)
{x1,---,%,} Listofthe objectsx,---, X, (184)

Al The inverse of an invertible matrix (185)

AT The transpose of a matrix (185)

A The determinant of a square matAx185)

A|B If A andB are matrices with the same number of rows,

the matrix obtained by concatenating each row of
with the corresponding row @& (185)

A&B Matrix A stacked on matris (A.13, page 185)

XY, (X,Y) The scalar product of vectorsandy (A.12, page 185)



Alphabetic Index, Glossary and Notes

The entries of the index below are ordered alphabetically, with the convention th:
we ignore blanks, underscores, and the arguments in parenthesis of functions. E
entry is followed by information arranged in two fields. The first field, which is op-
tional, consists of the page number or numbers, enclosed in parenthesis, indicat
the more relevant occurrences of the entry. The second field may be a pointer
another index entry or a brief summary of the concept in question.

There are two kinds of of entries: those that refer to mathematical concept
which are typeset likalphabet , and those that refer MIRIS /cC constructs, which
are typeset likeaggregate . Those entries that do not refer directly to a concept
introduced in the text (see, for exampdeyering radius or Fermat's little theorem )
constitute a small set of supplementary notes.

In the summaries, terms or phrases writteiitatics are mathematical entries.
Acronyms are written in italic boldface, likeSC. Terms an phrases typesetaas
gregate refer towIRIS /cC entries.

A

active block (179) In awIRIS session, the block that displays the blinking cursor (a
thick vertical bar).

active statement (179) In aWIRIS session, the statement that displays the blinking
cursor (a thick vertical bar).

AD(y,C) (168) Equivalent t@lternant_decoder(y,C).

additive representation  (106) [of an element of a finite field with respect to a subfield]
The vector of components of that element relative to a given linear basis of the fie
with respect to the sufield. Via this representation, addition in the field is reduced 1
vector addition in the subfield.

aggregate (182) A range, list, vector or pairing.

alphabet A finite set. Seesource alphabeaindchannel alphabetSee alsdinary
alphabet

alternant bounds (149) For an alternant codg, dc > r + 1 (alternant bound for the
minimum distance) and—r > k¢ > n—rm (alternant bounds for the dimension),
wherer is the order on the alternant control matfixe M!(K) that define€’ and
m= K : K.

alternant codes (149) An alternant code over a finite field is a linear code of the
form {z € K"|2HT = 0}, whereH € M/ (K) is an alternant control matrix
defined over a finite field< that contaings. GeneraRS codes an@®CH codes are
alternant codes (see page 151R% codes and page 152 fBCH codes).

alternant_code(h,a,r) (149) Creates thalternant codeassociated to the matron-
trol_matrix(h,a,r).

alternant control matrix ~ (148) A matrix H of the form H = V,(«a)diag (h) €
M!(K), wherer is a positive integer (called the order of the control matrix) and
h,a € K™ (we say thatf is defined overx).

alternant_decoder(y,C) (168) Decodes the vectgiaccording to the BMS decoder for
the alternant code.
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alternant_matrix(h,a,r) (148) Creates thalternant control matrixof orderr associ-
ated to the vectors anda (which must be of the same length).

append(x,a) (184) Yields the result of appending the objadb the list or vectox. It
can also be expressedx&a} or x|[a] if x if x is a list or vector, respectively.

assignment expression  Seeassignment.

asymptotically bad / good families  (78) See Remark 1.79.

asymptotic bounds  (80) Any function ofé = d/n that bounds abovim sup k/n
(when we letn — oo keepingd/n fixed) is called an asymptotic upper bound
(asymptotic lower bounds are defined similarly). To each of the upper (lower
bounds for4,(n, d) there is a corresponding asymptotic upper (lower) bound.

McEliece, Rodemich, Rumsey and Welsh (page 79) have obtained the best L

per bound. Corresponding to the Gilbert-Varshamov lower bound fot, d) there
is an asymptotic Gilbert—Varshamov bound (see E.1.55).

B

Bassalygo—Elias bound ~ SeeElias bound

BCH Acronym for Bose—Chaudhuri-Hocquenghem.

BCH(e,d,)) (152) Creates the codgCH,(d,!) of designed distancé and offsetl
based on the element

BCH bounds SeeBCH codes

BCH codes TheBCH code of lengthn, designed distancé and offset¢ overF,,
which is denotedC = BCH,, (6, /), is the cyclic code with roots/**?, for i =
0,...,0 — 2, wherew is a primitive n-th root of unity in a suitable extension of
F,. The minimum distance af is at leasty (BCH bound of the minimum distance,
Theorem 3.15). The dimensidnof C satisfiesr — (6 — 1) > k > n —m(d — 1),
wherem is the degree ol overF, (BCH bounds of the dimension, Proposition
3.18). Inthe binary case, the dimension lower bound can be improvegta —mt
if & = 2t + 1 (Proposition 3.19). Wheldi = 1, we write BCH,,(¢) instead of
BCH,, (4, 1) and we say that these are stiitH codes. PrimitiveBCH codes are
BCH codes withn = ¢™ — 1 for somem.

begin S end (187) This construct builds an expression ougtafement S.

BER Acronym forbit error rate.

Berlekamp algorithm  [for factoring a polynomial oveF,] In this text we have only
developed a factorization algorithm f&™ —1 (page 130). There are also algorithms
for the factorization of arbitrary polynomials. For an introduction to this subject,
including detailed references, see [17], Chapter 2.

bezout(m,n) This function can be called on integers or univariate polynonnigls.

It returns a vectofd, a, b] such thatd = gcd (m,n) andd = am + bn (Bezout's
identity). In facta andb also satisfyja| < |n| and|b| < |m/| in the integer case, and
deg (a) < degn anddeg (b) < deg m in the polynomial case.

binary alphabet (12) The sef0, 1} of binary digits or bits. Also called binary num-
bers.

binary digit (2,12) Each of the elements of the binary alphaltet }. With addition
and multiplication modulo 2{0, 1} is the fieldZ. of binary numbers.

binary symmetric channel  (2) In this channel, the symbols sent and receivedése
and it is characterized by a probabilityc [0, 1] that a bit is altered (the same for
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0 and 1). Sincev denotes the average proportion of erroneous bits at the receivin
end, it is called the bit error rat8ER) of the channel.

bit (2, 12) Acronym forbinary digit. It is also the name of the fundamental unit of
information.

bit error rate  (2) Seebinary symmetric channel

block (179) In awIRIS session, each of the sets of statements delimited by a variabl
height {'. Each statement in a block is delimited with a variable height

block code (13) If T is thechannel alphabetindq = |T'|, a g-ary block code of
lengthn is a subsef” of T™.

block encoder (12) Anencoderf : S — T such thatf(S) C T™ for somen (called
the length of the block encoder).

blow(h,F) (150) For a finite fieldF=K[x]/(f) and a vectoh with entries inF, it creates
a vector with entries itk by replacing each entry of by the sequence of its com-
ponents with respect to the basise, ..., 2"~ ! of F as aK-vector space. If is a
matrix with entries irF, thenblow(H,F) is the result of replacing each colurhrof
H by blow(h,F).

BMS (166) Acronym forBerlekamp—Massey—Sugiyama

BMS algorithm (167) A decoding algorithm for alternant codes based on Sugiyama’
method for solving thé&ey equatiorand onForney’s formulafor the determination
of the error values.

Boolean expression (185) An expression whose valuetige or false.

Boolean function (185) An function whose value tgue or false.

BSC Acronym forbinary symmetric channel

C

capacity (4) It measures the maximum fraction of source information that is available
at the receiving end of a communication channel. In the casebofaay symmet-
ric channelwith bit error probabilityp, it is a functionC(p) given by Shannon’s
formulaC(p) = 1+ plog,(p) + (1 — p)log,(1 — p).

cardinal(R) (181) The cardinal of a ring.

Cauchy matrix (157) A matrix of the form(1/(a; — 3;)), whereay, ..., «, and
b1, ..., Bn belong to some field and; # §; for 1 <4, j < n.

cauchy_matrix(a,b) Given vectora andb, this function constructs th@auchy matrix
(1/(a; — b;)), provided thata; # b; for all ¢, j with ¢ in range(a) and all j in
range(b).

channel Short form ofcommunication channel

channel alphabet (11) The finite sefl” of symbols (called channel symbols) with
which the information stream fed to ttemmunication channét composed. It is
also called transmission alphabet. Although we do make the distinction in this tex
let us point out that in some channels the input alphabet may be different from tt
output alphabet.

channel coding theorem (4) If C'is thecapacityof aBSC, and R ande are positive
real numbers witlR < C, then there exist block codes for this channel wite at
leastR andcode error rateless thare.

channel symbol  Seesymbol

characteristic  [of a ring or field] Seecharacteristic homomorphism

characteristic(R) (181) The characteristic of a finite riry
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characteristic homomorphism  (91) For a ringA, the unique ring homomorphism
¢a: Z — A. Note that necessarilys(n) = n-14. The image of is the minimum
subring ofA (which is called the prime ring o). If ker (¢4) = {0}, thenA is said
to have characteristic 0. Otherwise the characteristi¢ &f the minimum positive
integer such that - 14 = 0. In this case, there is a unique isomorphism fram
onto the prime ring ofd. If A is a domain (has no zero-divisors), then the prime
ring is Z if the characteristic is 0 and the field, if the characteristig is positive
(p is necessarily prime, because otherwigevould not be a domain).

check b(X) (187) In the definition of a function, between the argument sequgf)ce
and the operatar= preceeding the body of the function, it is allowed to include a di-
rective of the formcheck b(X), whereb(X) stands for a Boolean expression formed
with the arguments of the function. This mechanism extends the filtering mech:
nism with types (A.16, page 187).

check matrix (34) For a linear cod€’, a matrix H such that: € C if and only if
xHT = 0. Also called parity-check matrix, or control matrix. For an introductory
illustration, see Example 1.9.

classical Goppa codes (154) Alternant code§’ = Ag (h, o, 7), h,a € K™, such
that there exists a polynomigl € K[X] of degreer with g(a;) # 0 andh; =
1/g9(cew;), i = 1,...,n. As shown in P.4.6, this definition gives the same codes
as Goppa’s original definition, which looks quite different at a first glance. The
alternant bounds givéc > r +1andn — 7 > ke > n—1rm, m = [K : K].
StrictBCH codes are classical Goppa codes (Proposition 4.5). In the case of bina
classical Goppa codes we haidg > 2r + 1 if g does not have multiple roots
(P.4.7).

clear X Assuming thaX is a sequence of identifiers, this command undoes all the
assignments made earlier to one or more of these identifiers.

code In this text, short form oblock code

code efficiency Seecode rate

code error (3) It occurs when the received vector either cannot be decoded (decod
error) or else its decoded vector differs from the sent vector (undetectable erro|
The number of erroneous symbols at the destination due to code errors is usue
bounded above using the observation that for a code of dimeks#énode error
produces at mosgt symbol errors.

code error rate (3) The probability of a&code error For an introductory example, see
Rep(3).

code rate (13) For a code”, the quotient:/n, wherek andn denote thalimension
and thelengthof C, respectively. It is also called code efficiency or transmission
rate. For an introductory example, seep(3).

code vector (13) A code word

code word (13) An element of the image of ancoder or an element of &lock
code Itis also called a code vector.

coefficient(fx,j) For a polynomialf, the coefficient ofz/. If f is multivariate, it
is considered as a polynomial inwith coefficients which are polynomials in the
remaining variables.

coefficient_ring(f)  This function gives the ring to which the coefficients of a polyno-
mial f belong.

collect(f,X) (119) AssumingX is a list of variables anfla multivariate polynomial,
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this function returng seen as a polynomial in the variablgs(with coefficients
which are polynomials in the variablesfofvhich are not inX. The argumenx can
be a single variablg, and in this case the call is equivalenttslect(f,{x}).

communication channel (11) The component of @@mmunication systethat effects
the transmission of the source information to the destination or receiver.

communication system  According toShannofs, widely accepted model, it has an
information source, which generates the messages to be sent to the information d
tination, and a communication channel, which is the device or medium that effec
the transmission of that information.

complete decoder A full decoder

Complex (187) The type associated to complex numbers. Der@tiedoalette style.

conference matrix (60) A square matridxC with zeroes on its diagonal:1 entries
otherwise, and such th&tC* = (n — 1)1,,, wheren is the order of.

conference_matrix(F) (60) Computes the conference matrix associatedititafield
F of odd cardinal.

conjugates (113) The set of conjugates of € L, L a finite field, over a subfield
of Lis

{a,af, aqz, cee oﬂpl},

whereq = |K| andr is the least positive integer such thet = o. If K is not
specified, it is assumed that it is the prime field of

conjugates(a,K) (113) Yiels the list of conjugates af overK. The element is as-
sumed to belong to a finite field that contaihas a subfield. The caibnjugates(a)
is equivalent taonjugates(a,K), wherek is the prime field of the field od.

constant_list(n,a) (184) The list of lengt all of whose terms are equal &0

constant_matrix(m,n,a) (185) The matrix withm rows andn columns all whose en-
tries are equal ta. constant_matrix(n,a) iS equivalent taonstant_matrix(n,n,a).

constant_vector(n,a) (184) The vectom,, (the vector of length all of whose com-
ponents are equal o).

constrained_maximum(u,C)  Computes the maximum of a linear polynomiabith
respect to the constraings(a list of linear inequalities). This function is crucial for
the computation of the linear programming bowmdn,s).

control matrix  Seecheck matrix

control polynomial  (120) For a cyclic cod€’ over K, the polynomial( X™ — 1) /g,
wheren is the length ofC andyg its generator polynomialThe control polynomial
is also called check polynomial.

correcting capacity (16) A decoderg : D — C for ag¢-ary block codeC C T" has
correcting capacity (¢ a positive integer) if for ang € C and anyy € T™ such
thathd(x, y) < t we havey € D andg(y) = .

covering radius  If C' C T™, whereT is finite set, the convering radius 6f is the
integer

r = maxmin hd (y, x).

Thusr is the minimum positive integer such that] B(z,r) = T™. The Gilbert
zeC
bound (Theorem 1.17) says thatdf is optimal thenr < d — 1, whered is the

minimum distance of’.
crossover probability  In abinary symmetric channgihe bit error probability.
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cyclic code (118) Said of a linear code' C Fy such that(a,, ai,...,a,-1) € C
when(as,...,a,_1,a,) € C.

cyclic_control_matrix(h,n)  (124) Constructs the control matrix of the cyclic code of
lengthn whose control polynomial is.

cyclic_matrix(g,n) (122) Constructs a generating matrix of the cyclic code of length
n whose generator polynomial gs

cyclic_normalized_control_matrix(g,n) ~ (123) Constructs the normalized control gen-
erating matrix of the cyclic code of lengthwhose generator polynomial gscorre-
sponding tacyclic_normalized_matrix(g,n).

cyclic_normalized_matrix(g,n)  (123) Constructs a normalized generating matrix of
the cyclic code of length whose generator polynomial gs

cyclic_product(a,b,n,x) (119) Equivalent tayclic_reduction(a-b,n,x), assuming that
a and b are polynomials,h a positive integer ana a variable. We may omit
x for univariate polynomials. Finally the catlclic_product(a,b) works for two
vectorsa andb of the same length, say, and it yields the coefficient vector of
cyclic_reduction(a”-b”,n), wherea” andb” are univariate polynomials whose coeffi-
cient vectorsa andb. The result is padded with zeros at the end to make a vector o
lengthn.

cyclic_reduction(f,n,x) (119) Replaces any monomiai in the polynomia¥ by z/".
The polynomialf can be multivariate. The cadlclic_reduction(f,n) works for uni-
variate polynomials and is equivalentdyclic_reduction(f,n,x), wherex is the vari-
able off.

ciclic_shift(x) (15) If x is the vecton(zy, ..., x,), the vectox,,, z1,...,Zp_1).

ciclic_shifts(x) (15) If x is a vector, the list of cyclic permutations xof

constant_matrix(m,n,a) (185) Them x n matrix whose entries are all set equahto
The callconstant_matrix(n,a) is equivalent ta@onstant_matrix(n,n,a).

cyclotomic class  (129) For an integeg such thatged (¢,n) = 1, the g-cyclotomic
class of an integef modulon is the set{;j¢* mod n}o<i<, Wherer is the least
positive integer such thay” = j modn.

cyclotomic_class(j,n,q) (129) The value of this function is thecyclotomic class of
an integerj mod a positive integen, whereq is required to be a positive intger
relatively prime withn.

cyclotomic_classes(n,q) (129) For two relatively prime positive integefsaandgq, it
gives the list of they-cyclotomic classes moad

cyclotomic polynomial  (132) Then-th cyclotomic polynomial oveF, (see P.3.7) is
Qn = Tlged (jny=1 (X — w?), wherew is a primitiven-th root of unity in a suitable
extension field of, (for exampleF;~, m = ord,,(q)).

cyclotomic_polynomial(n,T)  (133) Providech is a positive integer and a variable,
it returns then-th cyclotomic polynomia),,(T') € Z[T].

D

decoder A decoding function

decoder error (16) It occurs when the received vectonisn-decodable

decoder_trial(C,s,K) (170) For a code& over a finite fieldk and a positive integed,
this function generates a random vectoof C, a random error vectar of weight
s, and callsalternant_decoder(x+e,C). If the resultz’ coincides withz, [z, e,z +
e] is returned. Ifz’ # x, but otherwise is a vectofg, e, z + e, z’] is returned.
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If 2’ is not a vector,xz, ¢] is returned. The calldecoder_trial(C,s) is equivalent
decoder_trial(C,s,K), wherekK is the base field of.

decoding function (16) For a block cod&” C 7™, a mapg : D — C such that
C C D CT™andg(x) =z forallz € C. The elements oD, the domain of;, are
said to bey-decodable.

degree (112) 1 The degree of a finite field. over a subfieldk’, usually denoted
[L : K], is the dimension of. as aK-vector space. I is not specified, it is
assumed to be the prime field bf 2 The degree ofv € L over a subfields of L
is [K[a] : K]. It coincides with degree of th@inimum polynomiabf « over K. If
K is not specified, it is assumed to be the prime field.of

degree(f) Yields the degree of a polynomitl

designed distance SeeBCH codes

determinant(A) (185) AssumingA is a square matrix, the determinant 4f(|A| in
palette style).

diagonal_matrix(a) (148) Creates the diagonal matrix whose diagonal entries are th
components of the vectar

dimension (13) The dimension of g-ary block codeC of lengthn is k¢ = log,, (M),
whereM = |C].

dimensions(A) (185) For a matribA with m rows andn columns, the sequenagn.

discrete logarithm ~ Seeexponential representation

Divisor (187) The type associated to divisors.

divisor (182) A WIRIS divisor is a sequence of terms of the form— b, where
a andb are arbitrary objects, enclosed in brakets. Divisors can be thought of &
a kind of function. Indeed, iD is a divisor andx any object, therD(x) returns
the sum (possibly 0) of the valugssuch thax—y appears irD. Divisors can be
added. The sunb+D’ of two divisorsD and D’ is characterized by the relation
(D+D’)(a)=D(a)+D’(a),. for all a.

divisors(n) (88) The list of positive divisors of a nonzero integer

domain A ring with no zero-divisors. In other words, a ring in which y = 0 can
only occur whenr = 0 ory = 0.

domain(R) (182) For a relatiofRr, the set of valuea for which there is a term of the
form a—b in R. A similar definition works for the other pairing flavours. In case
is a divisor, it coincides witupport(R).

dual code (34) If C'is a linear code over,, the code

1 n
C—={helF;| (z|h) =0 forall z e C}.

dual Hamming code (45) DenotedHam?(r), it is the dual of the Hamming code
Ham,(r). It is equidistant with minimum distaneg —* (Proposition 1.43). These
codes satisfy equality in thelotkin bound(Example 1.65).

E

Element(Field) The type of objects that happen to be an element of some field.

element(j,R) (181) For afinite ring R of cardinaln, this function yields the elements
of R whenj runs over the range..(n-1).

elias(x) (79, 80) Computes thasymptotic Elias upper bound



Index-Glossary 203

Elias bound (72) For positive integerg, n,d,r with ¢ > 2, » < gn (whereg =
(¢ —1)/q) andr? — 23nr + Bnd > 0,

pnd q"
r2 —2fnr + Bnd vol,(n,r)’

Ag(n,d) <

encoder (12) In acommunication systenan injective mapf : S — T* from the
source alphabet to the sefl™ of finite sequences athannel symbols
entropy (78) Theg-ary entropy function is

Hy(z) = zlog,(q — 1) — xlog,(x) — (1 — x)log, (1 — =)

for0 < z < 1. Forg = 2, Hy(z) = 1 —C(z), whereC(x) is thecapacityfunction.
The entropy plays a basic role in the expression of some aighimptotic bounds

entropy(x,q) (78, 80) Computes the entropy functiéfy,(z). The callentropy(x) is
equivalent toentropy(x,2).

epsilon_vector(n,j) (184) Ifjis in the rangel..n, the vector of lengtm whose com-
ponents are all 0, except ti#h, which is 1. Otherwise, the vectoy,.

equidistant code (46) A code such thald (z,y) is the minimum distance for all
distinct code words: andy.

equivalent codes Seeequivalence criteria

equivalence criteria (15, 15) Twog-ary block code€” andC’ of lengthn are said to
be equivalent if there exist permutatiomss S,, andr; € S, (i = 1,...,n) such
thatC” is the result of applying; to the symbols in position for all words ofC,
i =1,...,n, followed by permuting thes components of each vector according
to 0. In the case where thgary alphabefl” is a finite field and each; is the
permutation of 7" given by the multiplication with a nonzero element @f the
codes are said to be scalarly equivalent.

erf(n,t,p) 20 Computes therror-reduction factorof a code of lengthn and error
correcting capacity for a symmetric channel with symbol error probabitity

error detection (15, 27) A block code ominimum distancd can detect up td — 1
errors. It can also simultaneously correetrors and detect > t errorsift+s < d
(P.1.2).

error-locator polynomial (159, 174) [in relation to an alternant code (h, o, r)
and an error pattera] 1 In the BMS decoding approach, the polynomialz) =
[1;_,(1 — n;z), whereny, ..., n, are theerror locatorscorresponding to the error
patterne. 2 In the PGZ approach, the polynomialz) = [];_, (z — n;). This defi-
nition can also be used, with suitable modifications, in the BMS approach (Rema
4.7 and P.4.9).

error locators  (158) [in relation to an alternant codex (h, a, ) and an error pattern
e] The valuesy; = ay,, (1 < @ < s) where{my,...,ms} C {1,---,n} is the
supportof e (the set of error positions).

error-evaluator polynomial  (159) [in relation to an alternant codéx (h, , ) and
an error pattera] The polynomiak(z) = >=7_; hm,em, [[52; ji(1 —ni2), where
m,...,Ms are theerror locatorscorresponding to the error pattern

error pattern (158) Seeerror vector.

error-reduction factor (3, 20) The quotient of the symbol error rate obtained with a
coding/decoding scheme by the symbol error rate without coding.
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error vector (158) Also called error pattern, it is defined as the difference x
between the sent code vectoand the received vectagr

Euler’s function ¢(n) (87) For an integen > 1, ¢(n) counts the number of integers
ksuchthatl < k < n— 1andged (k,n) = 1. It coincides with the cardinal of the
groupZ:. The value ofp(1) is conventionally defined to be

evaluate(f,a) Yields the value of a polynomidlata. Herea is a list with as many
terms as the number of variables fofas inevaluate(x>+y® {3,2}). In the case of

a single variable, the braces surrounding the unique object can be omitted (th
evaluate(x3+x° {17}) andevaluate(x*>+x®,17) are equivalent).

evaluation (180) In awIRIS session, the action and result of clicking on the red ar-
row (or by pressingCtrl+Enter). The value of each statement of the active block
is computed and displayed, preceeded by a red arrow icon, to the right of the sta

ment.

even?(n) (186) This Boolean function tests whether the integereven.

exponent [of a monic irreducible polynomial] Sgaimitive polynomial

exponential representation  (106) The expression = o' of a nonzero element of
a finite field L as a power of a given primitive elememnt The exponent is called
the index (or discrete logarithm) afwith respect tax, and is denotethd, (z). If
we knowi = ind, (z) andj = ind,(y), thenzy = o*, wherek =i + j modq — 1
(¢ the cardinal ofL). This scheme for computing the product, which is equivalent
to say thatnd, (zy) = ind, +ind,(y) modg — 1, is called index calculus (with
respect tax). In practice, the index calculus is implemented by compiling a table,
called an index table, whose entries are the elemeafd. (for example inadditive
notatior) and whose values are the corresponding indiags(x).

expression (179) A formula or an assignment (ss@tement

extension(K,f) (95, 181) Given a ring and a polynomiafcK[x] whose leading co-
efficient is invertible (a monic polynomial in particular), thextension(K.,f), or the
synomym expressiok[x]/(f), constructs the quotiedt [x] /() and assigns the class
of x to x itself (thus the result is equivalent to the rifigz], with f(z) = 0. If we
want another name for the class ofc, then we can use the cadtension(K,q,f).

F

factor(f,K) Given a fieldk and a polynomial with coefficients ink, finds the factor-
ization off into irreducible factors.

factorization algorithm  (130) Whenged (¢,n) = 1, the irreducible factors of the
polynomial X" — 1 € Fy[X] are fo = [[;co(X — w?), whereC' runs over the
g-cyclotomic classes mod andw is a primitive n-th root of unity inFym, m =
ord,(q).

false (185) Together withrue forms the set of Boolean values.

Fermat's little theorem It asserts that i is a prime number and is any integer
not divisible byp, thena?~! = 1 (modp). This is equivalent to say that any
nonzero element of the fieldZ, satisfiesa?~! = 1. We have established two
generalizations of this statement: one for the gréjp(see E.2.5) and another for
the multiplicative group of any finite field (see E.2.6).

Field (187) The type associated to fields.

field (84) A commutative ring for which all nonzero elements have a multiplicative
inverse.
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field(a) Assuminga is an element of some fief this function returng. For exam-
ple, the value ofield(2/3)is Q, and the value ofield(5:Z11) IS Z1; .

filter (187) Any Boolean expressidh which may include types, used in the foxF
to check that an argumerbf a function has the required properties.

Finite_field(K) (181) This Boolean function, or its synony@F(K), tests whethek
is a Galois field.

finite fields (92) A finite field (also called a Galois field) is a fielkd whose cardinal
is finite. If ¢ = | K|, theng must be a prime power (Proposition 2.8):= p", p
the characteristicof K andr a positive integer. Conversely,jifis a prime number
andr a positive integer, then there is a finite fieldgdfelements (Corollary 2.18).
Furthermore, any two fields whose cardinapisare isomorphic (Theorem 2.41).
This field is denoted,, or GF(¢). Note thafF, = Z,, the field of integers mog.
For any divisors of r there is a unique subfield @f,~ whose cardinal i$®, and
these are the only subfields Bf- (E.2.15).

flip(x,l) The components; of the vectorx indicated by the elementof the listl are
replaced byl — z;. For a binary vector this amounts to complement the bits at the
positions indicated by. We remark that can be a range or a vector. On the other
hand flip(x) is equivalent tdlip(x,1..n), n the length oi.

Float (187) The type of decimal numbers.

formula (179) Seestatement

formula expression (179) Seestatement

Forney’s formula (159) Expression for the error values in terms of the error-locator
and error-evaluator polynomials (Proposition 4.8).

Frobenius automorphism (93) 1 If L is a finite field of characteristip, the map
L — L such thatr — 2P (absolute Frobenius automorphismif. 2 If K is a
subfield of L with | K| = ¢, the mapL — L such that: — x7 is an automorphism
of L over K (Frobenius automorphism @f over K).

frobenius(x) (93) If x lies in a field of characteristig, the valuez?. The callfrobe-
nius(K,x), wherekK is a finite field ofq elements, yields:?.

full decoder (16) A decoderg : D — C such thatD = T™ (hence all lengtm
vectors are decodable).

Function (187) The type associated to functions, in the sense of A.15, page 186.

G

gcd(m,n) The greatest common divisor of two integers (or of two univariate polyno-
mials)m andn.

geometric_progression ~ See(geometric_series).

geometric_series(x,n) (86) Given expressior and a non-negative integérreturns
the vector1, z, ..., 2"~ 1] (note than is its length). The caljeometric_series(a,x,n),
wherea is an expression, is equivalentd@eometric_series(x,n). Synonym:geo-
metric_progression.

gilbert(x) (78, 80) Computes thesymptotic Gilbert lower bound

g-decodable Seedecoding function

Galois field (29) Sedfinite fields

Gauss algorithm  (109) A fast procedure for finding primitive elemenbf a finite
field (P.2.10).
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generalized Reed-Solomon codes (151) Alternant codesAk (h, «,r) for which
K = K (and hence such that o € K™).

generating matrix (32) For a linear cod€’, a matrixG whose rows form a linear
basis ofC'. In particular,C' = (G).

generator polynomial (120) For a cyclic cod€’ over K, the unique monic divisog
of X — 1 such thalC' = C, (Proposition 3.3).

GF(K) (181) Synonym ofFinite_field(K), which tests whetheK  is a Galois field.

Gilbert lower bound  (26) A4(n,d) > ¢™/voly(n,d — 1).

Gilbert-Varshamov bound  (44) A,(n,d) > ¢" if (n,k,d) satisfy theGilbert-Var-
shamov condition

Gilbert-Varshamov condition  (43) For positive integers, k, d such that: < n and
2 < d < n+1,therelationvol,(n — 1,d — 2) < ¢"*. Itimplies the existence of
alinear[n, k, d], code (Theorem 1.38).

Golay codes (124, 139) The binary Golay code is a cyclit3, 12, 7] code (see Ex-
ample 3.21, page 139). The ternary Golay code is a cytlic6, 5]; code (see
Example 3.6, page 124). For the weight enumerators of these codes, and their pa
completions, see P.3.3 (ternary) P.3.10 (binary).

Goppa codes Seeclassical Goppa codes

Griesmer bound (67) If [n, k, d] are the parameters of a linear code, then we have
(Proposition 1.58§7, (k, d) < n, whereG,(k,d) = 1~ [d/q"] (this expression
is called Griesmer function).

griesmer(k,d,q) (67, 68) Computes the Griesmer functi6f(k, d) = Zf:ol [W
ql

which is a lower bound on the lengthof a linear codén, k, d|,.

Griesmer function SeeGriesmer bound

GRS Acronym forGeneralized Reed—Solomon

GRS(h,a,r) (151) Creates th&RScode of codimensionassociated to the vectois
anda, which must have the same length.

H

Hadamard codes (61) If H is aHadamard matrixof ordern, the binary cod€'y ~
(n,2n,n/2) formed with the rows off and—H after replacing—1 by 0 is the
Hadamard code associateddo A Hadamard 32, 64, 16) code, which is equivalent
to theReed—Muller cod®&M4(5), was used in the Mariner missions (1969-1972).
For the decoding of Hadamard codes, see Proposition 1.55 (page 62).

hadamard_code(H) (61) Returns theHadamard codeassociated to théeladamard
matrix H.

hadamard_code(n) (61) For positive integen, this function returns théladamard
codeassociated to theladamard matrixH (™).

hadamard_code(F) (61) For a finite fieldF of odd cardinal, we get theladamard
codeassociated to theladamard matrixof F.

Hadamard matrix (55, 60) A square matriX! whose entries arg-1 and such that
HHT = nI,,, wheren is the order ofH.

hadamard_matrix(n) (56) The2" x 2" Hadamard matrixH ("),

hadamard_matrix(F) (60) TheHadamard matriof afinite field F of odd cardinal.

Hadamard decoder (63) The decoder fddadamard codebased on Proposition 1.55.
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hadamard_decoder(y,H) (63) Decodes vectoy by the Hadamard decodepf the
Hadamard codassociated to theladamard matrixH.

hamming(x) (79, 80) Computes thasymptotic Hamming upper bound

Hamming code (18, 44) Any linear code ovef = [, that has a check matrii ¢
M (F) whose columns form a maximal set with the condition that no two of them
are proportional. They are perfect codes with length- (¢" — 1)/(¢ — 1) and
minimum distance, and are denotedam, (). The check matrix{ is said to be a
Hamming matrix. The binary Hamming coéiam,(3) is the[7, 4, 3] code studied
in Example 1.9. For the weight enumerator of the Hamming codes, see Examf
1.46. The Hamming codes are cyclic (Example 3.14, page 135).

Hamming distance (14) Given a finite s€f’ andx,y € T™, itis the number of indices
i in the rangel..n such that; # y; and it is denotedid (x, y).

hamming_distance(x,y) (184) TheHamming distancéetween the vectors andy.
For convenience can be called with the synomydix,y).

Hamming matrix (44) SeeHamming code

Hamming’s upper bound  (23) A4(n,d) < ¢"/voly(n,t),t = [(d —1)/2].

hamming_weight_enumerator(q,r,T)  (50) The weight enumerator, expressed as a poly
nomial in the variablg’, of the codimensiom Hamming code over a field of cardi-
nalq. The callhamming_weight_enumerator(r,T) is equivalent tthamming_weight_-
enumerator(2,r,T).

Hankel matrix (174) The matrix(S;+;), 0 < 4,7 < ¢ — 1, associated to the vector
(S0, Se—1).

hankel(S) (174) Produces the Hankel matrix associated to the vector

hd(x,y) (184) Synonym ohamming_distance(x,y), which yields theHamming dis-
tancebetween the vectorssandy.

icon (179) Each of the choices in a palette menu of WARIS user interface, often
represented with an ideogram.

ideal (85) An additive subgroup of a commutative ringd such that: - € I for all
a € Aandz € I.

identifier (180) A letter, or a letter followed by characters that can be a letter, a digit
an underscore or a question mark. Capital and lower case letters are distinct. Ide
tifiers are also called variables.

identity_matrix(r) (185) The identity matrix of order, I,..

if bthen Send (188) Evaluates stateme®ivhen the value of the Boolean expression
b is true, otherwise it does nothing.

if b then S else T end (188) Evaluates stateme@twhen the value of the Boolean
expressior is true, otherwise evaluates statemant

incomplete decoding  (42) A correction-detection scheme for linear codes used wher
asking for retransmission is possible. It corrects error-patterns of weight up to tr
error-correcting capacity and dectects all error-patterns of higher weight which al
not code vectors.

index(a,x) (184) For a vector or list, 0 if the objecta does not belong t®, otherwise
the index of first occurrence afin x.

index calculus  Seeexponential representation

index table Seeexponential representation



208 Index-Glossary

ind_table(a) (107) Given an element of a finite field, it returns the relatiofu’ —
J}o<icn—1, n the order ofa. In order to incluce O, we also add the pg@ir_} (here
we use the underscore character, but often the symbiglused instead).

infimum(f,r) (80) For a functiorf and a range, it returns the minimum of the values
f(t) whent runs oven. If fis continuous on a closed interval b], we can approx-
imate the minimum of in [a, b], as closely as wanted, by choosim@..b..c with ¢
small enough.

information source  (11) The generator of messages is@mmunication systenmA
(source) message is a streansofirce symbols

inner distribution  (74) For a a cod€' ~ (n, M), the set of numbers, = A; /M,
i=1,...,n,where4, is the set of pair§z, y) € C x C such thatd(x,y) =i. In
the case of a linear code it coincides with theight distribution

input alphabet Seechannel alphabet

Integer (187) The type associated to integers. Dendiéd palette style.

inverse(x) 1 The inversegz—! or 1/x, of an invertible ring element. 2 If R is a
relation, the relation formed with all paits—a such that—b is a pair ofR.

invert_entries(x) (149) Gives the vector whose components are the inverses of th
components of the vectar

invertible?(x) (186) For a ring elemen, it yieldstrue whenx is invertible in its ring,
andfalse otherwise.

is?(x,T) (187) Tests whetherhas typeT or not. Takes the formeT in palette style.

ISBN (30) Acronym for International Standard Book Number (see Example 1.19).

is_prime_power?(n) (30) For an integen, decides whether it is a prime power or
not.

irreducible?(f,K) (186) For a fieldk and a polynomiaf with coefficients inK, tests
whetherf is irreducible oveK or not.

irreducible_polynomial(K,r,T) ~ (100) Given a finite fiel, a positive integer and a
variableT, returns a monic irreducible polynomial of degreim the variablel” and
with coefficients inK. Since it makes random choices, the result may vary from
call to call.

item(i,s) (182) Thei-th term of a sequence

J

Jacobi logarithm ~ SeeZech logarithm

Johnson’s upper bound (73, 73) An upper bound for binary codes which improves
Hamming'’s upper bound (Theorem 1.72, and also Proposition 1.71).

join(x,y) (183) The concatenation afandy (both vectors or both lists). It coincides
with x]y.

K

keyboard style (179) Conventions for representing the action of palette icons by
means of a keyboard character string. For example, the syvhfml the ring of
integers that can be input from the Symbol palette has the same valoedgs.
Similarly, the fraction% composed by clicking the fraction icon in ti¥perations
menu has the same valueas.

key equation (160) For alternant codes defined by an alternant matrix of arder
the error-evaluator polynomialz) is, moduloz", the product of the error-locator
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polynomialo(z) times the syndrome polynomi&l(z) (Theorem 4.9).
Krawtchouk polynomials  (74) Theg-ary degreej Krawtchouk polynomial for the

lengthn is |
stena =50 () (e

s=0

As shown by Delsarte, these polynomials play a fundamental role ilimérer pro-
gramming boundcf. Propostion 1.74 and Theorem 1.75).

L

Ib_gilbert(n,d,q) (26) The value of ¢" /vol(n,d — 1, q)], which is the Gilbert lower
bound for4,(n, d). The expressiotv_gilbert(n,d) is defined to béb_gilbert(n,d,2).

Ib_gilbert_varshamov(n,d,q) (26) The values*, wherek is the highest positive in-
teger such thatol,(n — 1,d — 2) < ¢"* (Gilbert-Varshamov conditign The
expressiorb_gilbert_varshamov(n,d) is defined to béb_gilbert_varshamov(n,d,2).

Ilcm(m,n) The least common multiple of two integers (or of two univariate polynomi-
als)m andn.

leaders’ table (39) A tableE = {s — es}seF;ﬁk formed with a vectoe, € Fy
of syndromes with respect to a check matrik of a code[n, k], and which has
minimum weight with that condition. The vectey is called a leader of the set of
vectors whosé7-syndrome iss.

Legendre character (57, 58) Given a finite fieldf of odd cardinaly, the map

x: F*— {£1}

such thaty(z) = 1if x is a square (also called a quadratic residue)xand = —1
if = is not a square (also called a quadratic non-residue). Conventiop@llyis
defined to be.

left_parity_extension(G)  Seeparity_extension(G).

legendre(a,F) (58) Yields theLegendre charateof the elemené of a finite fieldF.

length (12)1 The length of a vector, word, or list is the number of its elemehihe
length of ablock encodepr of ablock codes the length of any of its words.

length(x) (183) Thelengthof x (an aggregate).

let (180) The sentendet x=e binds the value oé to x and assigns the nameo this
value.

linear codes (30) A code whose alphabét is a Galois field and which is a linear
subspace daf™.

linear encoding (32) If G is a generating matrix of a linear code over F,, the
encodingf? — F7 given byu — uG.

linear programming bound  (76) A,(n, d) is bounded above by the maximum of the
linear functionl + a4 + - - - + a,, Subject to the constraints > 0 (d < i < n) and

(?)JrZain(i)}O for je{0,1,...,n},
i=d

whereK; = K;(z,n,q),j =0,...,n, are theKrawtchouk polynomials
List (187) The type associated to lists.
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list(x) (184) Ifx is a range or vector, the list whose components are the elements of
The expressiofx} is, in both cases, a list of length 1 withas its only element.

local X (187) A directive to insert at the beginning of a statement a sequérmte
local variables for that statement. These variables do not interfere with homony
variables defined outside the statement. The variables introduced withcthe
directive can be assigned values, abal x, y=0 (x is left free, whiley is assigned
the valueD).

LP(n,d) (76, 76) Computes thknear programming bounaf A,(n,d). The three-
argument calLP(n,d,X), with X a list of inequalities, finds a constrained maximum
like LP(n,d), but with the Delsarte constraints (see Theorem 1.75) enlarged with th
inequalitiesx.

M

macwilliams(n,k,q,A,T)  (50) The polynomial—*(1+ (¢ —1)T)"A(T), whereA(T)
is the expression obtained after substituting the varidble A by (1 — T')/(1 +
(¢ — 1)T). The callmacwilliams(n,k,A,T) is equivalent tanacwilliams(n,k,2,A,T).

MacWilliams identities  (50) These determine the weight enumerator of the dual of &
linear codeC in terms of the weight enumerator 6f(see Theorem 7).

main problem (22) Seeoptimal code

Mariner code (61) See alséiadamard codes

Matrix (187) The type associated to matricesRIfs a ring,Matrix(R) is the type of
the matrices whose entries areRn

Mattson—Solomon matrix  (153) A matrix of the formM = (a),0 <i,j <n —1,
wherea is an element of a finite field witbrd («v) = n. The mapr — =M is called
a Mattson—Solomon transform.

mattson_solomon_matrix( o) (153) Creates th®attson—Solomon matrian the ele-
menta.

Mattson—-Solomon transform  (153) SeéViattson—Solomon matrix

maximum distance separable (21) Codes[n, k, d], that satisfy equalityX + d =
n + 1) in the Singleton boundi(+ d < n + 1).

mceliece(x) (79, 80) Computes the McEliece, Rodemich, Rumsey and Véeigimp-
totic linear programming upper bound

MDS Acronym formaximum distance separable

Meggitt algorithm  (144) A decoding algorithm for cyclic codes based okleggitt
table

Meggitt decoder (144) A decoder for cyclic codes that implements kbheggitt algo-
rithm.

meggitt(y,g,n) (144) For a positive integer and a polynomiay=y(x) of degree< n
representing the received vector, this function returns the result of decpuliith
the Meggitt decodenf the cyclic code defined by the monic divigpof ™ — 1. It
presupposes thatMeggitt tableF is available.

Meggitt table (144) Given a cyclic code of length overF,, the tableE = {s —
az™~! + e}, wherea is any nonzero element @, e is any polynomial of degree
< n — 1 and weight< t, wheret is the error correcting capacity of the code, and
is the syndrome ofz” ! + e.

min(x) (184) For a range, list or vectar the minimum among its terms.
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min_weight(X) (41) Given a list of vector¥, the minimum among the weights of the
vectors inX.

min_weights(X) (41) The sublist of a list of vectobs whose weight isnin_weight(X).

minimum distance (14) GivenC C T™, whereT is a finite set, the minimum distance
of C'is

dc = min{hd(z,2') |z,2' € C,z # '},

wherehd (z, ') is theHamming distanceetweenz andz’.

minimum distance decoder (17) For ag-ary block codeC' C T™, the decoder
g:Dc — C (Do = |l,cc B(z,t), t = [(d—1)/2]) such thatg(y) = = for
ally € B(z,t). Its correcting capacitys t.

minimum polynomial  (112) Given a finite fieldl and a subfields, the minimum
polynomial ofa € L over K is the unique monic polynomial, € K[X] of least
degree that has as a root. Note that, is irreducible.

minimum_polynomial(a,K,X) (112) Calculates the minimum polynomial afover
K, with variableX. The element is assumed to belong to a finite field that con-
tains K as a subfield. The cakinimum_polynomial(a,X) is equivalent tomini-
mum_polynomial(a,K,X) with K set to the prime field of the field af

minimum weight (31) For a linear code, the minimum of the weights of its nonzero
vectors. It coincides with the minimum distance.

Mobius function p(n) (99) If n > 1is an integeru(n) is O if n has repeated prime
factors. Otherwise is 1 or1 according to whether the number of prime factors
is even or odd. The value ¢f(1) is conventionally defined as If n andn’ are
positive integers such thgtd (n,n’) = 1, thenp(nn’) = pu(n)u(n’). One useful
property of the function. is that it satisfies the Mobius inversion formula (E.2.18).

Mébius inversion formula ~ SeeMObius functionu(n).

mod Seeremainder.

monic?(f) (186) Tests whether the polynomfas monic or not.

mu_moebius(n) Computes, for a positive integar Mébius functiory(n).

N

n_items(s) (181) The number of terms of the sequence

n_columns(A) (185) Abreviation ofnumber_of_columns(A). Yields the number of
columns of the matriA.

n_rows(A) (185) Abreviation ofnumber_of rows(A). Yields the number of rows of
the matrixA.

Nm(a,L,K) (115) For an elemerd and a subfielkK of a finite fieldL, this function
returnsNmy, , i («). The callNm(a,L) is equivalent ttNm(a, LK) is with K the prime
field of L. The callTr(c) is equivalent tolr(a,L) with L=field(c).

noiseless channel (12) A channel that does not alter the symbols sent through it.

noisy channel (12) A channel that is notoiselesgsymbols sent through it may thus
be altered).

non-decodable (16) Given a decoder, said of a vector that is not in the domain of this
decoder.

norm (31, 114)1 The weight is a norm off’y (E.1.20). 2 The norm of a finite
field L over a subfieldk is the homomorphisnNm;, /x : L* — K* such that
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Nmp k() = det(my), wherem, : L — L is the multiplication bya (the K-
linear mapr — ax). For an expression ®fm,/x («) in terms of theconjugatesof
«, see Theorem 2.43.

normalized Hamming matrix  (44) See E.1.33.

normalized_hamming_matrix(K,r)  (44) Thenormalized Hamming matrigf r rows
with entries in the finite field.

not b (185) Negation of the Boolean expresstorit is equivalent taot(b).

null (181) The empty sequence (or the only sequence having 0 terms).

number_of_columns(A) (185) The number of columns of the matAx

number_of_items(s) (181) The number of terms of the sequeac€an be shortened
to n_items(s).

number_of_rows(A) (185) The number of rows of the matrix

@)

odd?(n) (186) This Boolean function tests whether the integerodd.

offset SeeBCH codes

optimal code (21) For a given length and minimum distancé, the highesi\/ such
that there exists a code, M, d),. This M is denoted4, (n, d). The determination
of the functionA,(n, d) is often called the main problem of coding theory.

order (103) 1 The order of an element of a finite groupG is the least positive
integerr such thatr” = e (e the identity element ofy). If n = |G|, thenr|n. 21n
the case of the multiplicative groug* of a finite field K, the order of, denoted
ord(«), dividesq — 1. Conversely, ifr dividesq — 1, then there are exactly(r)
elements of order in K (Proposition 2.34).3 If n > 1 is an integer, and is
another integer such thagtd (a,n) = 1, the order ofa = [a],, in the groupZ,
denoteck,, (¢) (or alsoord,, (a)), dividesp(n). 4 The order of aralternant control
matrix is the number of rows of this matrix.

order(a) (104) Ifais a nonzero element of a finite field, it computesdinger of a.

order(g,n) (128) The order of the integgrin the group of invertible elements modulo
the positive integen, providedq andn are relatively prime.

output alphabet Seechannel alphabet

P

pad(a,r,t) (119) From a vectos, say of lengt, a positive integerand an expression
t, it constructs a vector of lengthas follows. Ifn > r, the result is equivalent to
take(a,r). Otherwise it is equivalent tajconstant_vector(n-r,t). The callpad(a,r) is
equivalent tpad(a,r,0).

pairing (182) A relation, a table, a substitution or a divisor.

palette (179) Each of the icon menus of theRIS user interface. In this release
(November 2002) the existing palettes are, in alphabetical order, the following
Analysis, Combinatorics, Edit, Format, Geometry, Greek, Matrix, Operations, Prc
gramming, Symbols and Units.

palette style (179) The characteristic typographical features and conventions of inpt
expressions composed with palette icon menus. Designed to be as close as poss
to accepted mathematical practices and conventions, it is also the style in whi
output expressions are presented.

Paley codes (63) See E.1.46.
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paley_code(F) (63) Constructs the Paley code (E.1.46) associated to a Finite field.

Paley matrix (58) The Paley matrix of a finite fiel# = {z1,...,2,}, ¢ odd, is
(x(x; — ;) € My(F), 1 < 1,5 < g, wherey is theLegendre characteof F.

paley_matrix(F) (58) This function computes thHealey matrixof afinite field F of odd
cardinal.

parity-check matrix ~ Seecheck matrix

parity completion (124, 32)1 The result of appending to each vector of a binary code
the binary sum of its component bits. Thus the parity completion ¢hiai/) code
isan(n + 1, M) code with the property that the binary sum of the component bits
of each of its elements is zerd More generally, the result of adding to each vector
of a code defined over a finite field the negative of the sum of its components. Thu
the parity extension of afn, M), code is an(n + 1, M), code with the property
that the sum of the components of each of its vectors is zero.

parity_completion(G) (124) The argumer® is assumed to be a matnixx n and the
function returns a matrix x (n + 1) whose last column is the negative of the sums
of the rows ofG. The functionleft_parity_extension(G) is defined in the same way,
but the extra column is inserted at the beginningof

parity extension  Parity completion

perfect codes (24) Codes that satisfy equality in the&amming upper boundFor a
review of what is known about these codes, see Remark 1.16, page 25.

period [of a monic irreducible polynomial] Se&imitive polynomial

period(f,g) (106) Assuming is a monic irreducible polynomial with coefficients in
field of g elements, this function computes theriod (or exponent) of.

PGz Acronym forPeterson—Gorenstein—Zierler

PGZ algorithm (176) A decoding scheme for alternant codes based on a solving
linear system of equations (cf. Proposition 4.17, page 175) for the determination:
the error-locator polynomial.

phi_euler(n) (87) Compute&uler’s functionp(n).

plotkin(x) (79) Computes thasymptotic Plotkin upper bound

Plotkin bound (69) If (n, M, d), are the parameters of a code, then we have the
inequalityd < gnM /(M —1), or M(d— pn) < d, wheres = (¢—1)/q. The dual
Hamming codes meet the Plotkin bound (Example 1.65). For improvements of tt
Plotkin bound, see E.1.50 and, for binary codes, E.1.49.

Plotkin construction (27) See P.1.5.

polar representation Exponential representation

Polynomial (187) The type of (possibly multivariate) polynomials.

polynomial(a,X) (118) Given a vectoa and an indeterminatg, returnsa; + as X +
.-+ a, X"! (the polynomial inX with coefficientsa).

prime?(n) (186) Test whether the integelis prime or not.

prime ring / field Seecharacteristic homomorphism

primitive BCH codes SseeBCH codes

primitive element  (105) In a finite fieldF,, any element obrder g — 1. A primitive
element is also called a primitive root. B, there are exactly(g — 1) primitive
elements (Proposition 2.34).

primitive_element(K) (105) Returns a primitive element of the finite fidd

primitive polynomial  (106) Any monic irreducible polynomigl € K[X], whereK
is a finite field, such that = [X]; is aprimitive elemenbf the field K[X]/(f).
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Since the order af coincides with thgeriod (or exponent) off (E.2.21), which by
definition is the least divisaf of ¢ — 1 such thatf dividesX? — 1 (r = deg (f)),
f is primitive if and only if f does not divideX? — 1 for any proper diviso#l of
q" — 1.

primitive root  Seeprimitive element

primitive RS codes SeeReed-Solomon codes

principal ideal (85) Givena € A, A aring, the se{za |z € A} is an ideal ofA. It
is denoteda) 4, or just(a) if A can be understood, and is called the principal ideal
generated byt.

prune(H) (150) The result of dropping from the matrik the rows that are linear
combination of the privious rows.

Q

g-ary Seeblock code

g-ary symmetric channel ~ Seesymmetric channel

QNR(F) (58) WhenF is a finite field of odd cardinal, it yields the list of quadratic
non-residues of.

QR(F) (58) WhenF is a finite field of odd cardinal, it yields the list of quadratic
residues of.

quadratic residue  Seel.egendre character

quadratic non-residue ~ Seel.egendre character

quotient(m,n) Given integersn andn (or univariate polynomials with coefficients in
a field), computes the quotient of the Euclidean divisiomddy n.

quotient_and_remainder(m,n)  Given integeran andn (or univariate polynomials
with coefficients in a field), yields a list with the quotient and the remainder of the
Euclidean division ofn by n.

R

Range (183, 187) The type associated to ranges.

range (182) A construct of the form..b..d. It represents the sequence of real numbers
x in the interval[a, b] that have the form: = a + jd for some nonnegative integer
j. The construct..b usually is interpreted as..b..1, but it can be interpreted as
different sequence of values in the interjalb] when it is passed as an argument to
some functions.

range(x) (183) For a vector, list or pairing of length the ranget..n.

rank(A) Returns the rank of the matrix

rate (13) Short form ofcode rate

Rational (187) The type associated to rational numbers. DenQtadpalette style.

rd(K) (169) Picks an element at random from the finite fieldhe callrd(s,K) picks
s elements at random from

rd_choice(X,m) (169) Given a seX of cardinaln and a positive integemn less than
n, makes a (pseudo)random choicenofelements ofX. The callrd_choice(n,m),
where nown is an integer, chooses elements at random of the sgt, ..., n}.

rd_error_vector(n,s,K) (169) Produces a random vector of weiglih K.

rd_linear_combination(G,K) (169) Generates a random linear combination of the
rows of the matrixG with coefficients from the finite field.
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rd_nonzero(K) (169) Picks a nonzero element at random from the finite el@ihe
call rd_nonzero(s,K) pickss nonzero elements at random fran

Real (187) The type associated to real numbers. DenBtédpalette style.

Reed-Muller codes (54) The first order Reed—Muller codes are introduced in P.1.16
They are denote&M7 (m). This code is the result of evaluating the polynomials
of degree< 1 in m variablesXy, ..., X,, atn pointsx = z',...,2" € FJ'
(g™ ! < n < ¢™). The Reed—Muller codes of order which are not studied in
this book, are defined in a similar way, but using polynomials of degreein
X4,...,X,, (see, for example, [29]).

Reed-Solomon codes (33) Introduced in Example 1.24, they are dend&sy, (k).
This code is the result of evaluating the polynomials of degréein one variable
X overF, onn distinct elementsx = «;,...,«a, of F,. This code has type
[n, k,n —k+ 1],, and hence iMDS. If n = ¢ — 1 anday, .. ., a, are the nonzero
elements off';, RS, (k) is said to be a primitiv&RS code. PrimitiveRS codes are
BCH codes (Proposition 3.22).

Relation (187) The type associated tgations.

relation (182) AWIRIS relation is a sequence of objects of the faamb enclosed
in braces, whera andb are arbitrary objects. Relations can be thought as a kind o
functions. Indeed, iR is a relation anc any object,R(x) returns the sequence of
valuesy (which may benull) such thakk—y appears in the definition .

relative distance (14) For a block cod€' of lengthn andminimum distance, the
quotientéc = d/n.

remainder(m,n) Given integersn andn (or univariate polynomials with coefficients
in a field), computes the remainder of the Euclidean divisiom fy n.

Rep(3) (2) The binaryrepetition codeof length 3, orRep, (3).

repetition code (21) The coderep,,(n), of type[n, 1, n],, that consists of the con-
stant vectors,,,t € T.

residue code (66) The residue of a linear code C Fy with respectto a € C'is the
image ofC under the linear map, : Fj — F;~* which extracts, for each € Fy,
then — s components whose index lies outside supportof z (hences denotes
the length of this support).

reverse(x) (184) This yields, for a list or vectox, the list or vector with the objects
of x written from the end to the beginning. The calerse(a..b..d) gives the range
b..a..-d.

reverse_print(b) (118) By default, polynomials are displayed by decreasing degree
of its terms. This order can be reversed witherse_print(true). The command
reverse_print(false) restitutes the default order.

Ring (187) The type associated to rings.

ring (84) An abelian groupA, +) endowed with aproductx A — A, (z,y) — z-y,
that is associative, distributive with respect to the sum on both sides, and with a ut
elementl 4 which we always assume to be different from the zero elefgwf the
group(A,+). If z -y =y - x for all z, y € A we say that the ring is commutative.

ring(x) Returns the ring where the elemertielongs.

ring homomorphism (85) Amapf: A — A’ from aringA to a ring A’ such that
flx+y) = f(x) + f(y) and f(z - y) = f(z) - f(y), for all 2,y € A, and
f(la) =14

RM Acronym forReed—Muller codes
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roots (134) For a cyclic cod€’ of lengthn overF,, the roots of the generator poly-
nomial of C in the splitting field ofX™ — 1 overF,,.

roots(f,K) (114) For a univariate polynomiéhnd fieldk, it returns the list of roots of
fin K.

RS Acronym forReed—Solomon codes

RS(a,k) (151) Creates the Reed—Solomon code of dimenrsassociated to the vector
a.

Ruffini's rule  (90) A polynomialf € K[X], K a field, is divisible byX — « if and
only if f(a) = 0. It follows that f has a factoh € K[X] of degree 1 if and only if
f has aroot ink.

Rule The type of rules. Segubstitution.

S

say(t) This command displays a texat the message window at the bottom of the
WIRIS screen. The text string correspending to an expressioan be obtained
with string(e). It may be useful to note thatifis a string ana an expression, then
tle is equivalent tajstring(e).

scalarly equivalent codes  (15) Seeequivalent codes

sequence(x) (181) If x is a range, list or vector, the sequence formed with the com:-
ponents ok.

set(L) (184) From a list,, it forms an ordered list with the distinct values of the terms
of L (repetitions are discarded).

Shannon (4) Claude Elwood Shannon (1916-2001) is considered the father of th
Information Age. One of his fundamental results is the celebreltatinel coding
theorem “Look at a compact disc under a microscope and you will see music repre
sented as a sequence of bits, or in mathematical terms, as a sequence of 0’'s and
commonly referred to as bits. The foundation of our Information Age is this trans
formation of speech, audio, images and video into digital content, and the man wit
started the digital revolution was Claude Shannon” (from the obituary by Robel
Calderbank and Neil J. A. Sloane).

shortening (71) If T'is ag-ary alphabetand € T, the code(z € T" 71| (z|\) € C}
is said to be the\-shortening of the cod€ C T with respect to the last position.
Shortenings with respect to other positions are defined likewise.

shorthand(X,E) (170) Represents the entries of the vector or matrby the corre-
sponding indices on tabe (Zech logarithms). The element O is represented by the
underscore character.

Singleton bound (21) A code[n, k, d], satisfiesk + d < n + 1 (Proposition 1.11,
page 21).

source alphabet (11) The finite setS, whose elements are called source symbols,
used to compose source messages. A source message is asstream . with
s; € S (cf. information sourcg

source symbol Seesymbol

sphere-packing upper bound  TheHamming’s upper bound

sphere upper bound TheHamming'’s upper bound

splitting field (97) If K is a field andf € K[X] a polynomial of degree, there exists
afield L that contaings and elements, ..., «, € L suchthatf = H::I(X—ai)
andL = K(a,...,qa,). This field L is the splitting field off over K. It can be
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seen that it is unique up to isomorphisms. For the splitting field ®f— 1, which
plays a key role in the theory of cyclic codes, see Proposition 3.9.

square_roots(a) (104) Ifais a field element, it returns a list with its square roots.

statement (179) Either an expression or a succession of two or more expressior
separated by semicolons (the semicolon is not requiered if next expression beg
on a new line). An expression is either a formula or an assignment. A formula is
syntactic construct intended to compute a new value by combining operations al
values in some explicit way. An assignment is a construct of one of the fores
x:=e Or let x=e, wherex is an identifier ane is an expression.

strict BCH codes BCH codes with offset 1 (seBCH codes).

string(e) Seesay(t).

subextension?(K,F)  The value of this Boolean function isie if and only if K coin-
cides with one of theubextensions of F. Thesubextensions are defined recursively
as follows: ifE is a field andF=E[x]/(f), then the subextensions BfareF and the
subextensions di.

subfield (84) A subring that is a field.

subring (84) An addtive subgroup of a ring which is closed with respect to the produc
and contains the unit of the ring.

Substitution (187) The type of substitutions.

substitution (182)1 A WIRIS substitution is a sequence of objects of the foera
enclosed in braces, whereis an identifier andh is any object. If an identifiex
appears more than once, only its last occurrence is retained. Subtitutions can
thought as a kind of functions. Indeedsifs a substitution ant is any objects(b)
returns the result of replacing any occurrence iof b by the value: corresponding
toxin S. 2 If somex of the pairst = « is not an identifier, thewIRIS classifiesS
as aRule. Rules work like substitutions, but they look for patterns to be substituted
rather than variables. The type of ruleige.

such_that (188) A directive to force that a Boolean condition is satisfied.

Sugiyama algorithm  (161) Solves thdkey equation It is variation of the extended
Euclidean algorithm (see Remark 4.11) for the determination ofytide of two
polynomials.

sum(x) (184) For a range, list or vectar the sum of its terms.

support (66) The support of a vectaris the set of indices such thats; # 0.

symbol (11) An element of thesource alphabefsource symbol) or of thehannel
alphabet(channel symbol).

symmetric channel (17) A channelwith ¢g-ary alphabef’ is symmetric if any symbol
in T" has the same probability of being altered and if any of the remainingl
symbols are equally likely.

syndrome (19, 38, 143, 158) If H is acheck matriXor a linear code” of lengthn,
the syndrome with respect fé of a vectory of lengthn is the vectos = yH7T. 21f
g is thegenerator polynomiadf a cyclic code, the syndrome of a received vegtisr
the remainder of the Euclidean divisiongby g (interpretingy as a polynomial).

syndrome-leader decoder (39) The decodey — y — E(yH™), whereH is a check
matrix of a linear cod€” and F' is a leader’s table fof’.

syndrome polynomial  (158) If S = (Sy,...,S.—1) is the syndrome of a received
vector, the polynomiab(z) = Sy + S1z + -+ S,_12" %
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systematic encoding  (33) An encoding of the fornf : T% — T™ with the property
thatu € T* is the subword of: = f(u) formed with the components afat some
given set ofk indices. For example, if the generating matfixof a linear code of
the formG = (1| P), then the linear encoding — G is systematic (with respect
to the firstk positions) becauseG = u|uP.

T

Table (187) The type of tables.

table (182) A WIRIS table is a sequence of objects of the foxra enclosed in
brakets (braces are also allowed), wheigan identifier anc is any object. Tables
can be thought as a kind of functions. Indeed i§ any identifier,T(x) returns the
sequence of valuessuch thak=a is onT.

tail(x) (183) Equivalent t,n-1 if x is a list, vector or range of length

take(x,k) (183) Ifx is a list or vector of lengtt, andk is in the rangei..n, the list or
vector formed with the firsk terms ofx. If instead ofk we write -k, we get the list
or vector of the lask terms ofx. This function also makes sense wheis a range,
and in this case it yields the list of the fitstterms ofx (or the lastk for the call
take(x,-k)).

tensor(A,B) (56) Returns the tensor product of the matrideendB.

Tr(a,L,K) (115) For an elemerd and a subfielk of a finite fieldL, this function
returnsTr ;/ x (a). The callTr(a,L) is equivalent tolr(a,L,K) with K the prime field
of L. The callTr(a) is equivalent torr(a,L) with L=field(c).

trace (114) The trace of a finite field, over a subfieldK is the K-linear map
Tk : L — K suchthatlr /g (a) = Tr(m,), wherem,, : L — L is the multi-
plication by (the K-linear mapr — ar). For an expression af 1, /i () in terms
of theconjugate®f «, see Theorem 2.43.

trace(A) (185) AssumingA is a square matrix, the trace df(the sum of its diagonal
entries).

transmission alphabet ~ Seechannel alphabet

transmission rate  Seecode rate

transpose(A) (185) The matrix obtained by writing the rows afas columns. De-
notedA’.

trivial perfect codes  (24) The totaly-ary codes™, the one-word codes and the odd-
length binary repetion codes.

true (185) Together witHalse, they form the set of Boolean values.

ub_elias(n,d,q) (72) Gives theElias upper boundor A,(n, d).

ub_griesmer(n,d,q) (67, 68) The Griesmer upper bound for the functBp(n, d).
This bound has the formf*, wherek is the highest non-negative integer such that

Gy (k,d) < nandGy(k,d) = S {dw (the Griesmer function).
qL

ub_johnson(n,d) (73) Gives thelohnson upper bounfdr As(n,d). There is also the
call ub_johnson(n,d,w), which computes the upper bound introduced in Proposition
1.71 for the functionA(n, d, w). This function is, by definition, the maximud/
for binary codegn, M, d) all whose words have weight.

ub_sphere(n,d,q) (24) The value of ¢"/vol(n,t,q)], t = |(d — 1)/2], which is the
sphere-packing upper bound fdy(n, d). The expressionb_sphere(n,d) is defined
to beub_sphere(n,d,2).
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undetectable code error  Seecode errot
Univariate_polynomial(f)y (122) The value of this Boolean funtion imie if f is a
univariate polynomial polynomial arfdlse otherwise.

\Y

Vandermonde determinant  (35) The determinant, denoté¥ a4, . . ., «,, ), of a square
Vandermonde matri¥,, (a1, . .., ap).

Vandermonde matrix (33) The Vandermonde matrix ofrows on the elemenis =
1,0 is (o), with 0 <@ <7 —1andl < j < n. Itis denotedV ().

vandermonde_matrix(a,r) (148) Creates th®andermonde matrivf orderr associ-
ated to the vectou.

vanlint(x) (79, 80) Computes thesymptotic van Lint upper bound

variable Identifier.

variable(f) Retrieves the variable of a univariate polynomial.

variables(f) Retrieves the list of variables of a polynomial.

Vector (187) The type of vectors. R is a ring, the type of the vectors with compo-
nents inR is Vector(R).

vector Seecode word

vector(x) (184) If x is a range or list, the vector whose components are the elemen
of x. In the case in whicl is a rangeyector(x) is the same ak]. Whenx is a list,
however|x] is a vector of length 1 witl as its only component.

vector(p) (118) If p is a univariate polynomial; +as X + - - - + a, X" !, the vector
[Cl]_, ey an}.

volume(n,r,q) (23) The value ofy""_ () (¢ — 1)* (for ag-ary alphabet, this is the
number of lengt vectors that lie at a Hamming distance at mosif any given
lengthn vector. The value ofolume(n,r) coincides withvolume(n,r,2).

w

weight (14, 31) Given a vectog, the number of nonzero componentsaof It is
denotedx| orwt(zx).

weight(x) (184) Yields theweightof the vectorx. Synomym expressionvt(x).

weight distribution ~ Seeweight enumerator

weight enumerator  (46) Given a linear cod€’ of lengthn, the polynomiala(t) =
Z?:O a;t*, wherea; is the number of vectors i’ which have weighi. The se-
quenceug, ay, - . ., ay, is called the weight distribution of the code.

where Synonym ofsuch_that.

WIRIS/cc (ii, 6) The general mathematical system used to carry out the computatior
sollicited by the examples in this book. It includes the interface that takes care «
the editing (mathematics and text). It is introduced gradually along the text. For
summary, see the Appendix. The examples in this book can be accessed and ru
http://www.wiris.com/cc/.

with (188) A directive to make a variable or variables run over an aggregate or list ¢
aggregates. For more details see A.17.

word Seecode word

wt(x) Synonym ofweight , yields the weight of the vector

z
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zero?(x) (184) If x is a vector, returnsue if x is zero andalse otherwise.

zero_positions(f,a) (168) Given a univariate polynomiénd a vector of lengthn,
finds the list of indiceg in the rangel..n such thatf(a;) = 0.

zero_vector(n) (184) The vectoD,,.

Zn(p) (181) RingZ, of of integers mog (a field if p is prime, also denote#,,.

Zech logarithms  (108) In theexponential representationith respect to a primitive
elementx of a finite field, the Zech (or Jacobi) logarith#(;j) of an exponenj is
defined to bend (1 + o/), and sol + o/ = a#U), Thus a tablgj — Z(j)} of
Zech logarithms allows to find the exponential representation of a sum of terms al:
expressed in the exponential representation.

zero-parity code (32) For a given length, the subcode df;; formed with the vectors
the sum of whose components is zero. For its weight enumerator see Example 1.4
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